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Abstract

The Verified Programming Language Implementation project has developed
a formally verified implementation of the Scheme programming language.
This report provides a detailed proof that the operational semantics for
the highest-level interpreter (virtual machine) is faithful to the denotational
semantics used in the byte-code compiler proof.
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1 Introduction

The VLISP project employs two kinds of semantics: one denotational and
the other operational. This paper shows that the operational semantics is
faithful to the denotational semantics. (The precise definition of faithfulness
is given in section 4.) The two semantics are compared at the Tabular Byte
Code (TBC) level, since TBC is assigned both kinds of semantics. (TBC is
defined in [2].) The denotational semantics for TBC is presented as a set of
equations in [1], and the operational semantics for TBC is defined by a state
machine in [2]. This paper assumes familiarity with both [1] and [2].

The Augmented Byte Code (ABC) is an expansion of TBC defined in [2].
An ABC state is a finite sequence X of the form

<t’ b’ /U’ a” u’ k’ S>’

with the abuse of notation that b is allowed to be (). We assign each ABC
state a denotational answer a € A such that a : R or a = L. We also assign
each ABC state an operational answer a’ € A with o’ : R, provided the state
has a correctly terminating program run (in the operational semantics).
Faithfulness is defined in terms of the denotational and operational answers
assigned to well-structured ABC states—so-called “normal” states.

We will not consider the two semantics in detail for vectors and strings
since their semantics is not essentially different from the semantics for pairs.

2 Denotational Answers

We define in this section the notion of a denotational answer of an ABC
state, using some of the (denotational) semantic functions for TBC given in
[1]. Our definition requires the following new semantic functions:

Dy:v—E

D, :v* — E*
Dy:u—N—->N—L
Dy:k—>E—=C

Ds : v* - E*

The definitions of the functions take two parameters:

(1) a function p¢g : Ide — L known as globals, and



(2) a function K’ : Con — E known as immutables such that K' C K,
K'(p) is defined only if p has the form (immutable-pair c¢; c3), and
K'(p) : L x L x {immutable} if K'(p) is defined.

Also, for f: A — B, f®) : A* — B* is defined by
FPar,. . san)) = (flar),- ., f(an)),
and f: A* - B* is defined by
M ar, - an)) = (flan), -, f(a1)).

The semantic functions are defined by the following equations:

1 = Klc].
CLOSURE t u l)] = fiz (Ae.(l, (Ae*k.T; [t] pcee* Dy [Ju] (Ae.k(€))))) in E.

D,[
D,[
D,[(ESCAPE k )] = (I, single_arg(Aex.Dy[k]e€)) in E.
D, [(MUTABLE-PAIR [; l2)] = (l1,l2, mutable) in E.
D,[(sTRING [*)] = (I*, mutable) in E.
D, [(VECTOR [*)] = (I*, mutable) in E.
D,[NOT-SPECIFIED] = unspecified in E.
D, [UNDEFINED] = empty in E.

D, = DI

Dy [EMPTY-ENV] = (Avqve.L).
Dy[(ENV w I*)] = extendr Dy Ju](rev I*).

Di[HALT] = (Aéo.e : R — €[Rin A, L).
Di[(coNT (template by e) b a u k)] = Ae.B;[b]epgeDa[a]Dyu[u]Di[k]-

D, = D).
Note that the following identities hold:
(1) T;[(template b e)] = B.[b]e.
(2) Dy[(immutable-pair ¢; c2)] = K'[(immutable-pair c; cz)].

The denotational answer of an ABC state ¥ = (t,b,v,a,u, k, s), denoted
D[], is the value of

B:[blepa Dy [v]|Dala]Du]u] Di[k]Ds[s]-



3 Operational Answers

The operational semantics for TBC is defined by the Tabular Byte Code
State Machine presented in [2]. The machine actions are specified by a set
of rules called ABC rules. We define in this section the notion of a operational
answer of an ABC state, using the ABC rules.

The operational answer of an ABC state X, denoted O[X], is defined
inductively by:

(1) If b= () and v € R, then O[X] = D,[v]R in A.
(2) If b= () and v ¢ R, then O[X] is undefined.

(3) If b # (), then O[X] is the unique a € A for which there is an ABC rule
R such that a = O[R(X)] (and is undefined if there is no such unique

a).

Note that, by the definition of I on R (see [1]), if v € R, then D,[v] : R.
O'[2] is defined exactly like O[X] except that the following rule is used
in place of the Make Environment ABC rule:

Rule: Alternate Make Environment
Domain Conditions:

b = (make-env #a) :: by
Changes:

b =b

o =)

u' = add-layer'(u, #s, #a)

s’ = s (reva)
where add-layer’ is defined by:

' ) (Envu((ng+ni—1)---ng)) ifng >0
add-layer' (u,ng,ny) = { (ENV 1 () ifry =0
The special rules are Alternate Make Environment and the ABC rules
other than Make Environment.



4 Normal States and Faithfulness

Let ¥ = ((template by €),b,v,a,u,k,s) be an ABC state. The functions
Lgio, Leny, Linp, Lip, which map ABC states to finite sets of locations, are
defined by the following equations:

Lg1o(X) = ran(pg).

Leny (X) = {env-reference(u',ng,n1) : u' occurs in X, ng,n; € N,
and env-reference(u’,ng,n1) is defined.}.

Lmp(X) = {l1,l2 € L : (MUTABLE-PAIR [; l3) occurs in 3}.

Lip(¥) ={l1,l2 € L: p = (immutable-pair c; ¢3) occurs ¥ and
(K'[p]|IL x L x {immutable}) = (1,2, immutable)}.

. is normal if the following conditions hold:
(1) Lgio(X) U Leny (3) U Lip (X) U Linp (X) € dom(s).
(2) Lgio(X), Lenv(E), Lip(X), Lyp(X) are pairwise disjoint.

(3) For each p = (immutable-pair ¢; ¢3) occurring in X, there are [1,ls €
L such that (K'[p]|L x L x {immutable}) = (l1,l2, immutable), s(l1) =
c1, and s(l3) = co.

A initial state for a TBC template ¢ = (template b e) is any normal ABC
state of the form

(t,b, NOT-SPECIFIED, (), EMPTY-ENV, HALT, ).

The operational semantics for TBC is faithful if, for all TBC templates ¢ and
all initial states ¥ for ¢, D[X] = O[X] whenever O[X] is defined.

5 The Faithfulness Theorem

In this section, we shall prove that the operational semantics for TBC is
faithful.

Lemma 5.1 If ¥ is a normal ABC state, R is an ABC or special rule, and
¥ = R(X), then X' is also a normal ABC state.



Proof Let ¥ = (t,b,v,a,u,k,s) be a normal ABC state, R be an ABC or
special rule, and X/ = (¢, b',v', ', v’ k', s') = R(X). ¥’ is certainly normal
if:

(1) s is a subfunction of s’ and

(2) 3 and ¥’ contain exactly the same environments, mutable pairs, and
immutable pairs.

There are just seven ABC or special rules which cause (1) or (2) to fail to hold:
Set Global, Set Local, Make Environment, Alternate Make Environment,
Make Rest List, Primitive Cons, and Primitive Set-car!.

Set Global modifies the value in s at a location in Lg,, but creates no
new environments, mutable pairs, or immutable pairs.

Set Local modifies the value in s at a location in Le,y, but creates no
new environments, mutable pairs, or immutable pairs.

Make Environment and Alternate Make Environment both extend the
store s to s’ and increases u to u'. However,

Leny (Z) \ Leny (Z) = dom(s') \ dom(s).

Also, Make Environment and Alternate Make Environment both create no
new mutable pairs or immutable pairs and no other new environments.

Make Rest List extends the store s to s’ and makes new mutable pairs.
However,

Linp(Z') \ Linp(E) C dom(s’) \ dom(s).

Also, Make Rest List creates no new immutable pairs or environments.

Primitive Cons extends the store s to s’ and sets v’ to a new mutable pair
(MUTABLE-PAIR [y [3). However, dom(s')\ dom(s) = {l1,l2}. Also, Primitive
Cons creates no new environments or immutable pairs and no other mutable
pairs.

Primitive Set-car! modifies the value in s at a location in Ly,,, but creates
no new environments, mutable pairs, or immutable pairs.

Therefore, ¥’ is normal when R is any one of these seven rules. O

Lemma 5.2 If ¥ = (t,(),v,a,u,k,s) is a normal ABC state with v € R,
then D[X] = Dy[v]|R in A.



Proof Let ¥ = ((template be),(),v,a,u,k,s) be a normal ABC state with
v € R.

DIE] = Br[(epcDulv]Dalal Dulu] Di[K]Ds[s]
= (Aepec*pripo.c :R — €Rin A, 1)
epc Dy [v]Dola] Dy [u] Dy [k]Ds[s]
= Dy[v]|R in A

since v € R implies D,[v] : R.O
The proof of the following lemma, is postponed until section 6.

Lemma 5.3 If ¥ and ¥’ are normal ABC states such that O'[X] is defined
and X' = R(X) for some special rule R, then D[X] = D[X'].

The proof of the next lemma, is postponed until section 7.

Lemma 5.4 For each TBC template t and initial state X for t, if O[X] is
defined, then O[X] = O'[X].

Theorem 5.5 The operational semantics for TBC is faithful.
Proof Let t = (template b e) be a TBC template, and let
Y = (t,b,NOT-SPECIFIED, (), EMPTY-ENV, HALT, )

be an initial state for t. Assume O[X] = a, and so by Lemma 5.4, O'[X] = a.
We shall show that D[X] = a.

Since O'[X] is defined, there is a finite sequence X, ..., Y, of ABC states
and a finite sequence Ry,..., R, of special rules such that:

(1) ¥=%p and 0 < n.
(2) Rip1(5i) = Sips for all i with 0 <i<n— 1.
(3) X, has the form (¢, (),v,a,u,k,s") with (D,[v]|R in A) = a.

¥; is normal for all 4 with 1 < ¢ < n by Lemma 5.1, and O'[%;] = a for all
i with 0 < 4 < n by the definition of @’. Thus D[X,] = @ by Lemma 5.2,
and D[E;] = D[E;41] for all i with 0 <4 <n —1 by Lemma 5.3. Therefore,
D[E] =a=0[%]. O



6 Proof of Lemma 5.3

We use in the proof of Lemma 5.3 the following easily verified facts:
o #D,[a] = #a.

#Ds[[s] = #s.

Dy[v] = false in E iff v = false.

single (e) = e (and so Ae.single 1p(e) = 1p).

If | < #o, then updatelec = ole/l] (and so update (new o)ec =
ale/#0]).

The proof of Lemma 5.3 breaks down into 34 cases, one for each special
rule. Let ¥ and X' be normal ABC states such that O'[X] is defined and
¥ = R(X) for some special rule R. To prove Lemma 5.3, we must show
that, for each special rule R, if 3 satisfies the domain conditions of R, then
D[X] = D[X].

Case 1: R = Return-Halt.
Let ¥ = (¢, ((return)), v, a, u, HALT, s).
Then R(X) = X' = (t,(),v,a,u, HALT, s).

D[E] = B;:[{{return))]epcDy[v]|Dafa]Dy[u]Di[HALT]Ds[s]
(Aep.return)epaDy[v]Doa] Dy [u] Dk [HALT] D, [ s]
returnDy [v] Do [a] Dy [u] Di[HALT] D, [s]
(Aee*prp.1pe) Dy [v] Doa] Dy [u] Dy [HALT] D[ s]
Dy [HALT]D,[v]Ds[]
(Meo.€ : R — €[R in A, 1)D,[v]Ds[s]
= (Aepec*prpo.c 1R — €Rin A, 1)

epcDy[v]Dal[a] Du[ul Dk [K]Ds[s]
= B:[{(N]epaDy[v]Dala] Duu] Di[HALT]D; 5]
= D[X]



Case 2: R = Return.

Let ¥ = ((template b €), ((return)),v,a,u, k, s),
where k = (CONT t; by a1 uy k1) and t; = (template b eq).

Then R(Z) =Y = (tl,bl,v,al,ul,kl,s).

D]

= B:[{({return))]epaD,[v]Daa]Du]u]Di[k]Ds[s]
= (Xep.return)epcDy [v]|Daa] Dy [u] Di[k]Ds[s]

= returnD,[v]|DyJa]Dy[u] Dk [k]Ds[s]

(Aee* prp.ape) Dy []Dyla] Dy [u] Dk [K]Ds[s]
D,[HD, 1D, [5]
(Ae.B;[b1]e1paeDya1]Dyui ] Dk [k1]) Dy [v]Ds[s]
B [bi]eipcDy[v]Dalar | Dyfuir | Di[k1]Ds[s]

= D[X]

Case 3: R = Call.

Let X = ((template b e), ({call #a)),v,a,u,k,s),
where v = (CLOSURE t1 u; 1) and ¢; = (template by e).

Then R(X) = X' = (t1,b1,v,a,u1, k, s).

D[x]

B, (a1l #a))lepaDuo]DalalDu[ul Di[KID, 5]
(vep.call #a)epaDy[o]Dala] Dulul Di KD, 5]

call #aD, o] Da[a) D [ul Dy [F]D []

(Avee*prip.#e* = v — applicate e€* (single 1)),

wrong “bad stack”)#aD,[v]Dy[a]Du[u]Dk[k]Ds[s]
(#D,[a] = #a — applicate D, [v]D,[a](single Di[k]),
wrong “bad stack”)Ds[s]

applicate Dy [v] D, [a] (single Dy [k])Ds[s]

(Ae€*k.€ : F — ((e|F)1)e" K, wrong “bad procedure”)
Dy[v]Da[a](single Dy [k])Ds[s]

(Dy[o] : F = (D, [o][F)1)Da[a] (single Dy[H]),
wrong “bad procedure”)D;[s]

(A" k. T-[t1]pcDyv]€ Dy Jur](Ae.k(€)))

8



Dala] (single Dy[K])D,[s]

= T:t1]pcDy[v]Da[a]Dyui](Ae.single Di[k]{€))Ds[s]
= B:[bi]eipcDy[v]Dufa] Dy Jui | Di[k]Ds[s]

= D[X]

Case 4: R = Escape-Halt.

Let ¥ = (t, ((call 1)), v,a,u,k,s),
where v = (ESCAPE HALT [).

Then R(X) =X = (t,(),v,a,u, k, s).

O'[%'] is undefined since v & R. Thus O'[X] is undefined, and so we do not
have to consider this case.

Case 5: R = Escape.

Let X = ((template b e), ((call 1)), v, (v1),u,k,s),
where v = (ESCAPE k' 1), k' = (CONT t; by a1 uy ki), and ¢ =
(template b e1).

Then R(Z) = ZI = (tlablavlaalaulakhs)'

DIE] = Bil{{call 1))lepeDy[o]Dul(v))Du[ulDLIKID,Is]

(Xep.call 1)epaDy[v]Dy[(v1) | Du[u] Dr[k]Ds[s]

call 1 Dy [v]Do[(v1)]Duu] Dk [k]Ds[s]

= (\vee'prip.#e* = v — applicate ee*(single 1),
wrong “bad stack”) 1 D, [v]Da[(v1)]Du[u]Di[k]Ds[s]

= (#Du[{01)] = 1 — applicate D,[o]Da[(1)](single Dy[K]),
wrong “bad stack”)Ds[s]

= applicate Dy [v]Dy[(v1)](single Di[k])Ds[s]

= (Aec*k.€ : F — ((€|F)1)€e" k, wrong “bad procedure”)
Dy[v]Da[[(v1)](single Dy[k])Ds[s]

= (D[] : F = (Du[o]F)1)Dal(w1)](single Dy[H]),
wrong “bad procedure”)D,[s]

= single_arg(Xex.Di[k']€)Dy[(v1)] (single Di[k])Ds[s]



= (Aew. DA (Dal(01)]0) (single Dy[K]) D, [5]

= Di[K]Dy[v1]Ds[s]

= (Ae.B:[bi]e1pceDq[ar]Dy[ur]|Dr[k1]) Dy [v1]Ds[s]
= B:[bileipcDy[vi]Dalai]Dufui [ Di[k1]Ds[s]

= D[¥]

Case 6: R = Closed Branch/True.

Let ¥ = (t, ((unless-false by b9)),v,a,u,k,s),
where t =

template b e) and v # false.

Then R(X) = X' = (t,b1,v,a,u, k, s).

D[x]

B;[((unless-false by b2))]epcDy[v]Dafa]Dufu]Dr[k]Ds[s]

= (Aep.if-truish(B.[bi]ep)(B;[b2]ep))epcDy[v]Dofa] Dy[u]Drk]

D[]

if-truish (B:[b1]epa) (B [b2]epc) Dy[v] Do [a] Du[u] D [£] Ds[ s]
(A mo€€e” prap.truish € — miee* prip, o€  pRp)

(B-[b1]epc) (B [bo]lepa) Do[v] Dala] Du[u] Di[K]Ds[s]
(B+[b1]epc) Do [o1Da[a] Do [u] DA[ID, [5]

D[¥]

Case 7: R = Closed Branch/False.

Let ¥ = (t, ((unless-false by be)),v,a,u,k,s),
where t =

(
template b e) and v = false.

Then R(X) = X' = (t,bo,v,a,u, k, s).

D[¥]

B;[({(unless-false by bo))]epcDy[v]Dofa]Dyfu] D[] Ds[s]

= (Xep.if-truish(B[bi]ep)(B-[b2]ep))epcDy[v]Dofa] Duu]Dr[k]

Ds[s]

if-truish (B-[b1]epa) (B [b2]epc) Dy[v] Dala] Du[u]Dr k] Ds[s]
(A mo€€e” prip.truish € — miee* prip, o€  pRp)

(Br[b1lepc) (Br[bolepc) Dy[v]Dala] Dy [u] Di[K]D;[s]

10



= (Br[b2]epc)Do[v] Dala] Du[u] Di[F]Ds[s]
D[X']

Case 8: R = Open Branch/True.

Let ¥ = (t, (unless-false y; y2) :: b1, v,a,u,k,s),
where ¢ = (template b e) and v # false.
Then R(X) = X' = (t,y1 7 b1,v,a,u, k, s).

First, we shall show that

V:lyilepa(B-[bilepa) = Br[y1 ~bilepa

by induction on the structure of y;. There are four cases depending on the
form of y;:

(1) Assume y; = (z). Then

(Aepm.Z:[2]ep(V-[(Y]ep))
epc(B:[b1]epc)

= Z:[(z)lepc((Aepm.m)epc(B-[bi]epc))
Z:[(z)]epc (B-[b1]epc)
(Aep.Z-[(z)]ep(Br[bi]ep))epq

B[z :: bi]epa

= Brlyi " bi]epq

yT [[3/1]]60(} (BT [[bl]]epG)

(2) Assume y; =z :: /. Then

V:lyilepa(B-[bilepa) = (Nepm.Z:[z]ep(Vr[y'lepr))
epc (B [bi]epa)
= Z[2lepc(V:[y'lepc (B-[bilepc))
Z,[2]epa(B-[y" " bilepa)
(Aep-Z:[2]ep(B-[y" " bi]ep))epa
B[z ' bi]epa
= B:[y1 bi]epa

11



3) Assume y; = (make-cont () n) :: . Then
(3) Y

YVrlyilepa(B-[bilepc) =

(Aepr.make_cont(V-[()]epm)n(B-[V']ep))
epc (B [bi]lepc)

make_cont(V[(epa (B-[bilepa))

(B ['lepc)
make_cont((Aepm.m)epc(B-[bi]epa))

(B ['lepc)

make_cont (B, [b1]epc)n(B.[b']epc)
(Aep.make_cont (B [b1]ep)n(B;[b]ep))epc
B:[(make-cont by n) :: b']ep:
B-ly1 " bi]epa

(4) Assume y; = (make-cont y' n) :: b'. Then

Vellepa(Bolbilepa) = (hepmmake_cont(V,[yJepm)n(B-[]ep))
epa(B-hi]epc)
= make_cont(Y:[y']epc (B-[b1]epc))
(B[ Jepc)
= make_cont(B: [y~ bi]epc)n(B:[b]epc)
= (Xep.make_cont(B [y~ bi]ep)n(B,[b]ep))
epa
= B;[(make-cont y' by n) :: ']eps
= B:[yi bilepc
Finally,
D[] B:[(unless-false y; y2) = bi]epa

D, [v]Du[a] Du[u] Di[K] D[]

(Aep.Z:[(unless-false yi y2)]ep(Br[bilep))epa

D, [v]Du[a] Du[u] Di[K] D[]

Z;[(unless-false y1 yo)]epa(B-[bi]epc)

D, [v]Du[a] Du[u] Di[K] D[]

(Aepr.if-truish (Y [y: lep) (Vr [y=]epm))epc (B [bi]epc)

12



D, [} Dua] D Tu] D4 [KID, 5]

= it truish(V, [ lepa(Bs[b1lep)) rlysepa (B [br]epc))
Dv [[U]]Da [[a]]Du [[u]]Dk [[k]]DS [[3]]

= (Amimeee* prip.truish € — miee* ppip, Toee* prp)
(Vrlyilepa(B-[bilepc)) (Vr[y2]epa (B-[bi]epc))
Dv [[U]]Da [[a]]Du [[u]]Dk [[k]]DS [[3]]

= Yrlyilepa(B:[bi]epc)Dy[v]Dafal Duu] Di[K]Ds[s]

= B:[y1 " bilepaDy[v]Dala] Du[u]Di [K]Ds[s]

= D[X]

Case 9: R = Open Branch/False.

Let ¥ = (t, (unless-false y; y2) :: b1, v,a,u,k,s),
where ¢t = (template b e) and v = false.
)

Then R(X) =X = (t,y27b1,v,a,u, k, s).

The proof of this case is to the proof of Case 8 as the proof of Case 7 is to
the proof of Case 6.

Case 10: R = Make Continuation.

Let X = (t, (make-cont by #a) :: by, v,a,u, k,s),
where t = (template b e).

Then R(Z) =¥'= <t7 b27 v, <>7 u, kla S>7
where k' = (CONT t by a u k).

D[Y] = B;[(make-cont by #a) :: ba]epc

Dv [[U]]Da [[a]]Du [[u]]Dk [[k]]DS[[S]]

= (Aep.make_cont(B;[bi]ep)#a(B-[b2]ep))epa
Dv [[U]]Da [[a]]Du [[u]]Dk [[k]]DS[[S]]

= make_cont(B:[bi]epc)#a(B-[b2]epc)
Dv [[U]]Da [[a]]Du [[u]]Dk [[k]]DS[[S]]

= (\r'vrmee*pryp.#e* = v — me()pr(Ne.n'ee* prep),
wrong “bad stack”) (B, [bi]epc)#a(B:[b2]epc)

13



D, [[U]]Da [[a]]Du [[u]]Dk: [[k]]Ds[[S]]

= (#Dala] = #a — B;[b2]epaDy[v] () Duu]
(Ae.B;[b1]epceDg[a] Dy [u] Di[k]), wrong “bad stack”)Ds[s]

= Br[be]epaDu[v] O Dulu](Ae.(Br[b1]epc)eDafal Duul Di[k])
D,[s]

= D[Y']

Case 11: R = Literal.

Let ¥ = (t, (1iteral n) :: by,v,a,u,k,s),
where ¢ = (template b €) and e(n) = (constant c).
)

Then R(X) = X' = (t,b1,c,a,u, k, s).

D[E] = B:[(literal n) : bi]epaDy[v]Do]a]Duu]Dr[k]Ds[s]

= (Aep.Z;[(literal n)]ep(B,[bi]ep))epa
Dv[[U]]Da[[a]]pu[[u]]pk[[k]]ps[[s]]

= Z.[(literal n)]epq(B-[bi]epc)
Dv[[U]]Da[[a]]pu[[u]]pk[[k]]ps[[s]]

= (epliteral(K(e(m) (] epa (B i]epc)
D, [o]Dua] D Tu] Dy [K]D, 5]

= literal(C(e(n)(V]) (B [br]epc)
D, [} Dua] D[] Dy [K]D, 5]

= (Ae'mee* pryp.me' € prep) K] (B [bi]epc)
D, [} Dufa] D Tu] D4 KD, 5]

= B [bi]epcK[c]Dofa] Dy [u]Dr[k]Ds|s]

= D[¥]
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Case 12: R = Closure.

Let ¥ = (t, (closure n) :: by, v,a,u,k,s),
where ¢t = (template b e) and e(n) = (template by e3).

Then R(X) =X = (t,b1,v,a,u,k, s'),
where v' = (CLOSURE e(n) u #s) and s’ = s (NOT-SPECIFIED).

D[E] = B:[{(closure n) :: bi]epaDy[v]Doa]Dy[u]Di[k]Ds|s]
= (Aep.Z;[(closure n)]ep(B,[bi]ep))epa
Dv [[U]]Da[[a]]pu [[u]]Dk [[k]]DS [[S]]
= Z;[(closure n)]epq(B-[bi]epc)
Dv [[U]]Da[[a]]pu [[u]]Dk [[k]]DS [[S]]
— (rep.closure(T: [e(m)]p)epc (B-Irlenc)
D, [o]Daa] Do [ul DK D, 5]
= dlosure(T:[e(m)]p)) (B Doilenc)
D, [o]Daa] D [ul D [K] D, 5]
= (M'mee* pripo.m(fir(Ne.{new o, A\e* k. ee* pr(\e.k(€))) in E))
e* pr(update(new o)(unspecified in E) o))
(Br[ba]e2pc) (B [b1]epa) Do [v] Dala] Du[u] Di[K]Ds[s]
= B:[bi]epc
(fix (Ae.(new D4[s], \e" k.B.[ba]eapgee™Dy[u] (Ae.k(€))) in E))
D, [a]Dy[u] Dy [k] (update (new Ds[s])(unspecified in E) Ds[s])
= B;[bi]epaDy[(CLOSURE e(n) u (new Ds[s]))|Dafa]Du[u]Dr[k]
(update(new Dg[s])(unspecified in E) Ds[s])
= B;[bi]epcDy[v']|Dula]Duu]Dr[k]
Ds[s][(unspecified in E)/#Ds[s]]
= D[¥]
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Case 13: R = Global.

Let ¥ = (¢, (global n) :: by, v, a,u,k, s),
where ¢ = (template b e) and e(n) = (global-variable i), p;(i) = [, and
v1 = $(I) # UNDEFINED.

Then R(X) =X = (t,by,v1,a,u,k, s).

D[E] = B:[(global n) :: bi]epaDy[v]Dyfa]Dy[u]Dr[k]Ds[s]
= (Aep.Z;[(global n)]ep(B-[bi]ep))epc
Dv [[U]]Da [[a]]Du [[u]]Dk [[k]]DS [[3]]
— Z,[(global n)lepa(B-oilesc)
Dv [[U]]Da [[a]]Du [[u]]Dk [[k]]DS [[3]]
= (Aep.global(lookup p (e(n))(1)))epc (B [bi]epa)
D, [o]Da[a] Do [ulDi[K]D, ]
= global(lookup pc (e(n))(1))(B;[bi]epc)
D, [oDu[a] Do [ulDi[K] D, ]
= (Aamee* prip.hold a(single(Ae.e # (empty in E) — wee* prip,
wrong “undefined variable”)))
(pc1) (Br[bi]epa) Dy [v]Dufa] Dy [u] Dk [K]Ds[s]
= hold l(single(Ae.e # (empty in E) — B;[bi]epa
€D, [a]Dy[u] Dy k], wrong “undefined variable”))D;[s]
= (Aako.a < #o — send(oa)ko, empty in E)
[(single(Xe.€ # (empty in E) — B, [bi]epa
€D,[a]D,[u] D [k], wrong “undefined variable”))D;[s]
= send(Ds[s]l)(single(Xe.€ # (empty in E) — B;[bi]epa
€D,[a] D, [u] D [k], wrong “undefined variable”))D;[s]
= (single(Xe.€ # (empty in E) — B;[bi]epa
€Dy[a]Dy[u] D [k], wrong “undefined variable”))(D;s[s]l)Ds[s]
= (Ds[s]l # (empty in E) — B [bi]epc
(Ds[s]1) Dy a]Dyu] Dk k], wrong “undefined variable”)D;[s]
= Br[bi]epa(Ds[s]l) Dala] Du[u] Di[K]Dss]
= D[¥]
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Case 14: R = Set Global.

Let X = (¢, (set-global! n) :: by, v,a,u,k,s),
where ¢ = (template b ¢e), e(n) = (global-variable i), pg(i) = [, and
[ < #s.

Then R(X) = X! = (¢, by, NOT-SPECIFIED, a, u, k, §'),
where ' = s + {l — v}.

D[E] = B:[(set-global! n) :: bi]epaDy[v]|Dafa]Du[u]Di[k]Ds[s]
= (Aep.Z;[(set-global! n)]ep(B[bi]ep))epa
D, [o]Dual Do [u] Dy [FID:[]
= Z:[(set-global! n)]epc(B:[bi]epc)
Dv [[U]]Da [[a]]Du [[u]]Dk [[k]]DS [[3]]
— (\ep.set.global(lookup p ((e(n))(1))epc (B, [bi]epc)
Dv [[U]]Da [[a]]Du [[u]]Dk [[k]]DS [[3]]
—  set.global(lookup pe; ((e(n)(1)))(B, [1]enc)
Dv [[U]]Da [[a]]Du [[u]]Dk [[k]]DS [[3]]
= (Aamee* prip.assign ae(mw (unspecified in E) €"prip))
(06 (B2 [1]ep) Do [o]Da[a] D[] DAIKID, [5]
= assign [Dy[v]
(B+[onJepc (unspecified in E)Dq[a] D [u] Dy [ D, 5]
= (Aaebo.O(update aeo))
1D, [ B+ [t Jepc (wnspecified in E)Dy[a] Du[u] Dy [K]) D, 5]
= B;[bi]epc(unspecified in E)D,[a] Dy [u]Dr[k]
(update IDy[v]Ds[s])
= B;[bi]epc(unspecified in E)D,[a]Dy[u]Dr[k]
Ds[[s][Dy[v]/1]
= B;[bi]epc(unspecified in E)D4[a] Dy [u] Dk [k]Ds[s']
= D[¥]
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Case 15: R = Local.

Let ¥ = (t, (local ny no) == by,v,a,u,k, s),
where ¢ = (template b e), env-reference(u,nyi,ne) = I, and vy = s(l) #
UNDEFINED.

Then R(X) =X/ = (t,by,v1,a,u,k,s).

D[X] = B:[(local n; ng) :: bi]epaDy[v]Dula]Du[u]Dr[k]Ds[s]
= (Aep.Z;[(Local ny na)]ep(B:[bi]ep))epa
D, [o]Dafa] D[] D4 KD, 5]
= Z:[(local n; no)]epc(B-[bi]epc)Dy[v]Dala]Du]u]Di[k]Ds[s]
(Aep.local ning)epc (B [bi]epa) Dy [v]Dola]Du[u]Dr[k]Ds[s]
local nina (B [bi]epc)Dy[v]Daa]Du[u] Di[k]Ds[s]
= (Aywamee prip.hold (prviva)(single(Ae.e # (empty in E) —

mwee* prip, wrong “undefined variable”)))
ning(Br[bi]epc) Dy[v] Dafal Du[ul Di[K]Ds[s]

= hold(Dy[u]nins)
(single(Xe.e # (empty in E) — B [bi]epaeD,y[a]Dy[u] Dk k],
wrong “undefined variable”))D[s]

= (Aako.a < #0 — send(oa)ko, empty in E)]
(single(Xe.e # (empty in E) — B [bi]epaeD,y[a]Dy[u] Dk k],
wrong “undefined variable”))D[s]

= send(D;[s]l)
(single(Ae.e # (empty in E) — B [b1]epgeDy[a]Dy[u] Di[k],
wrong “undefined variable”)D;[s]

= (Xek.k(€))(Ds[s]l)
(single(Ae.e # (empty in E) — B [bi]epgeDy[a]Dy[u] Di[k],
wrong “undefined variable”)D[s])

= (single(Xe.€ # (empty in E) — B [bi]epceDqa]Dy[u]Di[k],
wrong “undefined variable” ) (D, [s]l)Ds[s]

= Dg[s]l # (empty in E) — B[bi]epc(Ds[s]l)Dala]Dulu]Di k],
wrong “undefined variable” )Dg[s]
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= B [lep(Du[s]0)Daa] Do ul Dy [K]D, 5]
= D[]

Case 16: R = Set Local.

Let X = (¢, (set-1local! ny no) :: by,v,a,u,k, s),
where ¢ = (template b e), env-reference(u,ni,ng) =1, and [ < #s.

Then R(X) = X' = (¢, b1, NOT-SPECIFIED, a, u, k, s'),
where s’ = s+ {l — v}.

D[E] = B:[(set-local! ny ng) :: bi]epaDy[v]Dea]Dy[u]Di[k]Ds[s]
= (Aep.Z;[(set-1local! ny no)]ep(B-[bi]ep))epa
Dv [[U]]Da [[a]]Du [[u]]Dk [[k]]DS [[3]]
= Z.[(set-local! ny na)]epq(B-[bi]epc)
D, [o]Dua] Do [ul DK D, 5]
= (Aep.set_local ning)epc(B-[bi]epa)
D, [o]Dua] Do [ul D [FID: ]
= setlocal nina(B-[bi]epc)Dy[v]Dala]Du]u] Di[k]Ds[s]
= (Avivamee* prip.assign(prvive)e(m(unspecified in E)e*prip))
nina(Br[bi]epc) Do[v] Dafal Du[ul Dk [K]Ds[s]
= assign(Dy[u]nine) Dy, [v](B-[b1]epc (unspecified in E)
Dy [a] D [ DA [F) D, 5]
= (Aaebo.0(update aeo))lD,[v](B-[b1]epc(unspecified in E)
Dqo[a]Du[u]lDk[k])Ds[s]
= B[bi]epc(unspecified in E)Dy[a]Dy,[u] Dk k]
(update | Dy[v]Ds[s])
= B[bi]epc(unspecified in E)Dg[a]Dy,[u] Dk k]
D, [s](Du[o]/1
— B.[bilepc(unspecified in EYDa[a] D [u] Dy [KID[5']
= D[¥]
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Case 17: R = Push.
Let X = (¢, (push) :: by,v,a,u, k, s), where t = (template b e).
Then R(X) = X' = (t,b1,v,v :: a,u, k, 3).

D[X] = B:[(push) :: bi]epcDy[v]Dula]Du[u]Dr[k]Ds[s]
— (\ep.Z-[(push)]ep(Bs[rJen))epcDu[o]Da ] Du[u] Dk [F]D4 5]
— 2. [(push)]epc (Br[b1lepc) Du[o]Da o] D[] DL KD, [5]
= (\ep.push)ep(BrTbiepa) Du[o]Da [a] D [u] Dk [F]D4 [5]
= push(B:[bi]epc)Dy[v]Dafa]l Du[ul Di[K]Ds[s]
= (Amee"prip.me(e” (€))pry)
(B-[b1]epc) Dy[v]Da[a] Du[ul Di[K]Ds[s]
— B.[bilepeDulol(Dalol ™ (Dy[o]) Du[u] D4lHID, 5]
B [bi]epaDy[v]Dafv :: a] Dy [u]Dr[k]Ds[s]
= D[X]

Case 18: R = Alternate Make Environment.

Let ¥ = (t, (make-env #a) :: by, v,a,u, k, s),
where ¢t = (template b €).

Then R(X) = X' = (t,b1,v,(),u, k, s (rev a)),
where v’ = add-layer' (u, #s, #a).

If tievals_aux = Avnvo.(v1 -+ (11 + 12 — 1)), then
tievals £€* o = &(tievals_aux (#0)(#€%)) (0T €").
Also,
extendg Dy[u](m -+ (m +n — 1)) = Dy[add-layer' (u,m,n)].
These two results are used in the following derivation.

D[E] = B:[(make-env #a) :: bi]epaDy[v]Da]a]Du[u]Di[k]Ds[s]
= (Aep.Z;[(make-env #a)]ep(B,[bi]ep))epa
D, [o]Dufa] D Tu] Dy [K]D, 5]
= Z;[(make-env #a)]epc(B-[bilepc)
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Dy[v]Daa] Dy [u]Di[k]Ds[s]
(Aep.make_env #a)epc (B, [bi]epa)
Dy [v]Do[a]Du[u] Dk [k]Ds[s]

= make_env #a(B:[bi1]epc)Dy[v]Daa] Du[u] Di[k]Ds[s]
= (Avrmee'prip.H#He" =v —

tievals(Aa*.we() (extendr pra™ )ip)e*, wrong “bad stack”)
#a(Br[b1]epc)Dy[v]Dala] Du[u] Di[k]Ds[s]

(#Dala] = #a —

tievals(Aa™.(B-[b1]epa) Dy [v]{) (extend g Dy [Ju]a™ ) Di[k])
Dqla], wrong “bad stack”)D;[s]

tievals (Ao .(B;[b1]epa) Dy[v]{) (extendr DyJu] o) Dy [k])
D.[a]Ds[s]

(Aa*.(B:[bi1]epa) Dy [v]{) (extend g Dy [u]a™)Di[k])
ticvals_auz (#D,[s]) (#Dala]) (Ds[5]~Dala])
Br[b1]epaDy[v]()

(extendp Dy[ul{(#Ds[s] -+ (#Ds[s] + #Dga] — 1)))
Dy [I(D,[] Dalal)

Br[bilepaDy[v]()

D, [add-layer! (u, #D,[s], #Da [al) D4 [£] (D[]~ Da[al)
D[X']

Case 19: R = Make Rest List.

Let X = (t, (make-rest-1list nq) :: by, v,a,u, k, s),
where ¢ = (template b e¢) and #a = ny + ns.

Then R(X) =X = (t,b,v, atne, u, k, s'),
where v = mrl-value(ng, null,a, s) and s’ = mrl-store(ng, null, a, s).

In the following derivation, we will use the fact that, if #a > n, then
list DyJain]kDs[s] =

k(Dy[mrl-value(n, null, a, s)])Ds[mri-store(n, null, a, s)].

D[Y] = B;[(make-rest-1list ni) :: bi]epaDy[v]|Dala]Du[u]Dk[k]Ds[s]
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(Aep.Z,[(make-rest-1ist ni)]ep(B-[b1]ep))epa

Dv [[U]] Da [[a]]Du [[u]] Dk [[k]]DS [[S]]

Z, [(make-rest-1list ni)]epc(B,[bi]epc)

Dv [[U]] Da [[a]]Du [[u]] Dk [[k]]DS [[S]]

(Aep.make_rest_list ny)epq(B-[bi]epa)

Dv [[U]] Da [[a]]Du [[u]] Dk [[k]]DS [[S]]

make_rest_list ny (B;[b1]epc) Dy [v] Do a] Du[u]Dr[k]Ds[s]
(A\vmee* prip.#e* > v —

list(e*Tv) (single Ae.me(e*Tv) prp),

wrong “bad stack”)

n1(B-[bi1]epc) Dy [v]Da[a] Du[u] Di[K]Ds[s]

(#D,fa] > ny —

list(Dg[a]tn)(single Xe.B,[bi]epae(Dga]int ) Dy [u] Di[k]),
wrong “bad stack”)D;[s]

list(Da[al na) (single Ae. B, [ ]epee(Dalaling) Du[ul DyTA])
D[]

list Dg[ains](single Xe.B,[bi]epaeDyatna] Dy [u] Di[k]) Ds[s]
(single Ae.B;[bi]epceDyJatna]Dufu]Di[k])
(Dy[mril-value(ng, null, a, s)])Ds[mril-store(ng, null, a, s)]
B [bi]epaDy[mrl-value(ng, null, a, s)]

Dyatna] Dy [u] Di[k]Ds[mrl-store(ng, null, a, s)]

D[]

Case 20: R = Unspecified.

Let X = ((t, (unspecified) :: by,v,a,u,k,s),
where t = template b e).

Then R(X) = X! = (¢, b1, NOT-SPECIFIED, a, u, k, ).

D[]

= B;[(unspecified) :: bi]epaDy[v]Dya]Dy[u]Dr[k]Ds[s]
= (Aep.Z;[(unspecified)]ep(B,[bi]ep))epa

D, [o]Dufa] D[] D4 KD, 5]
= Z.[(unspecified)]epq(B-[bi]epc)
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D, [[’U]] D, [[a]] D, [[u]]Dk: [[k]]Ds [[S]]
= (Aep.literal (unspecified in E))ep (B [bi]epc)
Dv [[U]] Da [[a]] Du [[u]]Dk [[k]]DS [[S]]
= literal (unspecified in E)(B.[b1]epq)
Dv [[U]] Da [[a]] Du [[u]]Dk [[k]]DS [[S]]
= (Ne'mee* prip.me' € prp) (unspecified in E) (B, [b1]epc)
Dv [[U]] Da [[a]] Du [[u]]Dk [[k]]DS [[S]]
= (BT [[bl]]epG) (unspeciﬁed in E)Da [[a]]Du [[u]]Dk [[k]]Ds [[8]]
= D[]

Case 21: R = Check Args =.

Let X = (t, (checkargs=n) :: by, v,a,u, k,s),
where ¢ = (template b e¢) and #a = n.
)

Then R(X) = X' = (t,b1,v,a,u,k, s).

D[Y] = B;[(checkargs= n) :: bi]epcDy[v]Dyfa]Dy[u]Dr[k]Ds[s]
= (Aep.Z;[(checkargs= n)]ep(B.[bi]ep))epa
D, [} Dufa] D, [u] D4 [£]D, 5]
= Z.[(checkargs= n)]epq(B-[bi]epc)
D, [} Dufa] D, [u] Dy [£]D, 5]
= (Aep.check_args_eqn)epq(B-[b1]epa)
D, [} Dufa] D, [u] Dy [£]D, 5]
= check_args_eq n(B-[b1]epc)
Dv [[U]]Da [[a]]Du [[u]]Dk [[k]]DS [[3]]
= (Avmee' prip.#e* = v — mee* prip,
wrong “bad arg count”)n(B;[bi]epq)
Dv [[U]]Da [[a]]Du [[u]]Dk [[k]]DS [[3]]
= (#Dy[a] =n — B:[bi]epcDy[v] Dy a] Dy Ju] Di[k],
wrong “bad arg count”)D,[s]
= (Br[bi]epc)Dy[v]Dalal Duu] Dk [k]Ds[s]
= D[]
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Case 22: R = Check Args >=.

Let ¥ = (t, (checkargs>= n) :: by, v, a,u, k, s),

where #a > n.

Then R(X) =

Y= {(t,b1,v,a,u,k,s).

The proof of this case is essentially the same as the proof for Case 21.

Case 23: R = Primitive CWCC.

Let X = ((template b e), (hhcwcce) :: by, v, a,u, k, s),
where a = (v1) and v; = (CLOSURE t1 uy I1).

Then R(E) =Y = <t1,t1(1),1)1,al,ul,k,81>,
where a1 = ((ESCAPE k #s)) and s; = s~ (NOT-SPECIFIED).

D[y] =

B:[(hhcwee) = bi]epaDy[v]Da](v1) | Dulu] Dk k] Ds[s]
(Aep.Zr[(hhewee)]ep(B-[bi]ep))epa

D, o1 [(0)IDu[u] DL [HID; 5]

Z[(hewee)ep(Bs T lepa)

D, 1D [P [u] DL [HID; 5]

(Aepmee* pripo.H#He" =1 —

call 1(€*0){make_escape o) prp

(update (new o)(unspecified in E)o),

wrong “bad arg count” o)

pc (B [b11epc) Do [o]Da (01| D0 [l DA KD, 5]
#D,[((CLOSURE t1 u1 [1))] =1 —

call 1(D4[((CLOSURE t; u; 11))]0)

(make_escape Di[k]Ds[s])Dr[k]Du]u]

(update (new Ds[s])(unspecified in E)Ds[s]),

wrong “bad arg count” D;[s]

call 1Dy [(CLOSURE t; uy 11)](make_escape Dy [k]Ds[s])
Di[k]Dy[u]Ds[s1]

applicate D,[(CLOSURE t1 uy [1)]

(make_escape D [k]Ds[s])(single Dy [k])Ds[s1]

(A" k. T-[t1]pc Dy [(CLOSURE t1 uy I1)]€* Dy Jur](Ae.k(€)))
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(make_escape D [k]Ds[s])(single Dy [k])Ds[s1]
= T:[tilpcDy[v1]
(make_escape Dy[k]Ds[s])
Dy[ur]Di[k]Ds[s1]
= T:[t:1]pcDylv1]
(Mpo.((new o), single_arg(Aek.1pe)) in E)Dg[k]Ds[s])
Dy[ur]Di[k]Ds[s1]
= T:[t1lpcDy[v1]
((#Dg[s], single_arg(Xex.Dy[k]e)) in E)
Du[ur|Di[k]Ds[s1]
= T-[t1]paDo[v1]Dalar ] Dufur | Di[E]Ds 1]
= D[¥]

Case 24: R = Primitive CWCC-Escape.

Let X = ((template b e), (hhcwcce) :: by, v, a, u, k, s),
where a = ((ESCAPE (CONT t1 by a1 uy k1) 11)).

Then R(Z) =Y = (tl,bl,vl,al,ul,kl,sl),
where t; = (template b’ e;), vy = (ESCAPE k #s), and s; =
s~ (NOT-SPECIFIED).

D[E] = B:[{hhcwec) :: bylepaDy[v]Dala] Dy [u] Dk [k]Ds[s]
= (vep.Z. [(hcwcc)en(Bs Tolen)ena
Dv [[U]]Da [[a]]Du[[u]]Dk [[k]]DS [[3]]
— 2, [(Whcwcc)]epa(BrTholepc)
D, [o]Du[a] D u[ul Dy [FIDs ]
= (lepmee*prppo.fte =1 —
call 1(e*0)(make_escape o) prip
(update (new o)(unspecified in E)o),
wrong “bad arg count” o)
epc(B:[bo]epc)Dy[v]Dala]Du[u]Di[k]Ds[s]
= #D,[((ESCAPE (CONT t1 by a1 uy k1) l1))] =1 —
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call 1(Do[((ESCAPE (CONT t1 by a1 uy k1) 11))]0)
(make_escape Di[k]Ds[s]) Dr[k]Dulu]
(update (new Ds[s])(unspecified in E)Dg[s]),
wrong “bad arg count” D;[s]

= call 1Dy[(ESCAPE (CONT t1 by a1 uy k1) 11)]
(make_escape Di[k]Ds[s]) Di[k]Du[u]Ds[s1]

= applicate D,[(ESCAPE (CONT t1 by a1 u1 k1) [1)]
(make_escape D [k]Ds[s])(single Dy [k])Ds[s1]

= single_arg(Aek.Di[(CONT t1 by a1 uy k1)]e)
(make_escape Dy [k]Ds[s])
(single Dy[K))Ds[s1]

= single_arg(Aek.Di[(CONT t1 by a1 uy k1)]e)
(Mpo.((new o), single_arg(Aek.1pe)) in E)Dg[k]Ds[s])
(single Dy,[k])Ds[s1]

= single_arg(Aex.Dy[(CONT t1 by a1 uy ki)]e)
((#Ds]s], single_arg(Nex.Dg[k]e)) in E)
(single Dy,[k])Ds[s1]

= single_arg(Aex.Dy[(CONT t1 by a1 uy ki)]e)
Dal(in)](single Dy [K])D, 1]

= (Aes.Di[(CONT 1y b1 a1 uy ki)]€)Dy[v1](single Dy[k])Ds[s1]

Di[(CONT t1 by a1 uy k1)]|Dy[v1]Ds[s1]

(Ae.Br[bi]erpceDalar]Duui]Di[k1])Dy[vi]Dss1]

= D[¥]

Case 25: R = Primitive CWCC-Escape-Halt.

Let X = (¢, (hhcwee) :: by, v, a,u, k, 8),
where a = ((ESCAPE HALT [)).

Then R(Z) =X = (ta <>7 UI? a,u, k, S>7
where v' = (ESCAPE k #s).

O'[%'] is undefined since v’ € R. Thus O'[¥] is undefined, and so we do not
have to consider this case.
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Case 26: R = Primitive Cons.

Let X = (¢, (h%hcons) :: by, v, (v v2) " ay,u, k,s),
where ¢ = (template b e).

Then R(X) =X = (t,b1,0, (), u, k, s~ (vg v1)),
where v' = (MUTABLE-PAIR #s (1 + #s)).

D[¥]

B.[(%%hcons) :: bi]epc

Dy[v]Daf(v1 v2) ™ ar]Duul Di[k]Ds[s]
(Xep.Z:[(hhcons)]ep(B,[bi]ep))epa

Dy[v]Daf(v1 v2)” ar]Duul Di[k]Ds[s]

Z, [(hhcons)]epc (B-[bi]epc)

Dy [oDal01 v2)" 1D u[u] DA[KID, ]

(Aepmee pripo.Fe* > 2 —

(\o'.w({(new o, new o', mutable) in E)

(\prip (update (new o')((rev €)0)a’))

(update(new o)((rev €*)1)o), wrong “bad arg count” o)
epaBr[b1]epaDy[v]Dal(v1 v2)” a1 ] Du[u] Di[K]Ds[s]
#Do[(v1 v2) " a1] > 2 —

(Ao'.(B:[bi]epc) ({(new Ds[s], new o', mutable) in E)
()Dy[u] Di[k] (update (new o) ((rev Do[(v1 v2) " a1])0)o’))
(update(new Dg[s])(rev Dy[[{v1 v2) " a1]l),

wrong “bad arg count” Ds[s]

(A" B [b1]epc((#Ds|s], new o', mutable) in E)
(D[l Ds[F] (update (new o) Dyor]o’)) Dy 5]~ (Do ol
B-[bi]epa((#Ds[s], (1 + #D;[s]), mutable) in E)
(D[l DR [FID, 5]~ (D[] Dylonl)

D[¥]
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Case 27: R = Primitive Car-Immutable Pair.

Let ¥ = (¢, (hhcar) :: by, v, a,u, k, s),
where ¢ = (template b e¢) and ¢ = (immutable-pair c¢; ¢3) it aq

Then R(X) = X' = (t,b1,¢1,(),u, k, s).

D[E] = B:[{hhcar) :: bi]epa

D, [o]Dua] Du[u] DR [FID ]

= (Aep.Z:[(Whear)]ep(B-[bi]ep))epa
D, [o]Dua] Du[u] Dy [ID,[]

= Z;[(hcar)]epc(Br[bi]epa)
Dv [[U]]Da[[a]]pu[[u]]pk [[k]]DS[[S]]

= (lepmee*pripo.fe* > 1 —
(rev e*)0 : E, = m(o(((rev €°)0|Ep)0))()pripo,
wrong “attempt to take car of non-pair”o,
wrong “bad arg count” o)
epc(B-[bi]epa)Dy[v]Da[a]Du[u]Di[k]Ds[s]

= #D,[(immutable-pair ¢; c2) a1 > 1 —
(rev Dy (immutable-pair ¢; ¢2) :: a1])0 : E, = B [bi]epc
(Ds[s](((rev Dy[(immutable-pair ¢; c2) :: a1])0|E,)0))
()Dulu]Di[K]D;[s],
wrong “attempt to take car of non-pair” Ds[s],
wrong “bad arg count” Ds[s]

= B;[bi]epc(Ds[s](Dy[(immutable-pair ¢; c2)]0))
(YDulu] Di[K]Ds[s]

= B:[bi]epcei () Du[u] Di[K]Ds[s]

= D[¥]
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Case 28: R = Primitive Car-Mutable Pair.

Let ¥ = (¢, (hhcar) :: by, v, a,u, k, s),
where ¢ = (template b e) and a = (MUTABLE-PAIR [ [3) :: aq
Then R(X) = X' = (t,b1,s(l1), (), u, k, s).
D[¥] = B:[(khcar) : bi]epa
Dy [v]Daa] Dy [u] Di[k]Ds[s]
(Aep. 2, [(Wcar)]ep(B- [br]ep) epa
Dy [v]Daoa] Dy [u] Di[k]Ds[s]
— 2, [(Wcar)epa (B, hi]epc)
Dy [v]Da[a] Dy [u] Di[k]Ds[s]
= (lepmee*prpo.fe* > 1 —
(rev )0 : E, = w(o(((rev €)0|E)0)) () prtpo,
wrong “attempt to take car of non-pair’o,

wrong “bad arg count” o)
0 (Br [b1]ep) Do [0]Da [a] Do [ul Dy [KID, 5]

= #D,[(MUTABLE-PAIR [ l2) :: a1] > 1 —
(rev Do [(MUTABLE-PAIR [ l2) :: a1])0 : E; = B-[bi]epa
(Ds[s](((rev Dy [(MUTABLE-PAIR [ I2) :: a1])0|Ep)0))
() Du[ul D [K]Ds[s],
wrong “attempt to take car of non-pair”’D;[s],
wrong “bad arg count” D;[s]

= Br[bi]epc(Ds[s](Dy[(MUTABLE-PAIR [y [3)]0))

= Br[bi]epa(Ds[s]h) (Y Dulul Di [K]Ds[s]

= D[X]

Case 29: R = Primitive Set-Car!.

Let X = (¢, (hhset-car!) :: by,v,a,u,k, s),
where ¢ = (template b e), a = (v (MUTABLE-PAIR [q [3)) a1, and [; < #s.

Then R(X) = X! = (t, by, NOT-SPECIFIED, (), u, k, 8'),
where ' = s+ {l; = v }.
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D[]

B [(hhset-car!) :: bi]epa

D, [v]Da[a] Dol De[K]D ]
(Aep.Z-[(hhset-car!)]ep(B-[bi]ep))epa

Dv [[U]]Da [[a]]Du[[u]]Dk [[k]]DS [[3]]
Z,[(Wset-car)]epa (B, [b]epc)

Dv [[U]]Da [[a]]Du[[u]]Dk [[k]]DS [[3]]

(Aepmee™ prip.#e* > 2 — (reve’)l 1 Ep, —

((rev €")1|Ep)2 = mutable —

assign(((rev €)1|E,)0)((rev €°)0) (7 (unspecified in E)()pr1p),
wrong “attempt to set car of immutable pair”,

wrong “attempt to set car of non-pair”,

wrong “bad arg count”)

epc(B-[bilepc)Dy[v]Da[a] Du[u] Dy [k]Ds[s]

(#D,[(v1 (MUTABLE-PAIR [y l2)) a1] > 2 —

(rev Dg(v1 (MUTABLE-PAIR [ [2)) " a1])1 : E, —

((rev Dg[{v1 (MUTABLE-PAIR [ l2)) " a1])1|Ep)2 = mutable —
assign(((rev Dy[(vi (MUTABLE-PAIR [y l2)) " a1])1|Ep)0)
((rev Dg[(v1 (MUTABLE-PAIR [y l3)) " a1])0)

((B+[b1Jepc) (unspecified in E) (YD, [u] Dy [K]),

wrong “attempt to set car of immutable pair”,

wrong “attempt to set car of non-pair”,

wrong “bad arg count”)D,[s]

assign 11Dy, [u1] ((B-[b1]epa) (unspecified in E) () Dy, [u] Dk [k])
Dsl4]

(Aaebo.0(update aeo))

1D, [01)(B+ [ Jepc) (unspecified in E) Dy [u] Dy [K]) Dy 5]
B [bi]epc(unspecified in E)() Dy [u] Di[k](update 11Dy [v1]Ds[s])
B, [brJepc (unspecified in £)() Dy [u] Dy [E]D, 5]

D[¥']
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Case 30: R = Primitive Apply-Closure.

Let ¥ = ((template b e), (hhapply) :: b1, v,a,u, k, s),
where a = (v1)" a1 (v2), vo = (CLOSURE t¢; u; [li), and t; =
(template by es).

Then R(E) =Y = <t1, bg, V2,02, U1, k, S>,
where ay = app-stack(vy, a1, s).

In the following derivation, we use the fact that, if app-stack(v,a,s) is de-
fined, then

app-stack (v, a, s) = list_to_seq Dy [v]Dy[a]Ds[s].

D[] = B:[(%kapply) :: bilepaDy[v]Dala] Dulu] D [K]Ds[s]

= (Nep.Z:[(Whapply)]ep(B:[bi]ep))epc
Dv [[U]]Da [[a]]Du [[u]]Dk [[k]]DS [[3]]

= Z;[(whapply)]epc(B-[bilepc)
Dv [[U]]Da [[a]]Du [[u]]Dk [[k]]DS [[3]]

= (lepmee*pripo.fe* > 2 —
(Ae"e.call(#€")ee* pripo)
(list_to_seq((rev €*)0)(((rev €*)11)I(#€* — 2))o)
((rev €*)(#€* — 1)), wrong “bad arg count” o)
epa(B-Ib1epc)Du[o]Da [l Dulu] D KD, 5]

= (Ae'e.call(#€" )ee* Dy [u] Di[k]Ds[s])
(list_to_seq Dy[v1]Dafa1]Ds[s]) Dy [v2]

= (Aee.call(#€")ee* Dy [u] Dr[k]Ds[s]) Dala2] Dy v2]

— call (D, [2]) Do 0o D [o2] Du[u] D [H]D 5]

= applicate Dy [va]Dylaz](single Di[k])Ds[s]

= (Ae'K.T:[t1]paDyv2] € Dyui] (Ae.k(e)))
Dyfas](single Dy[K])D;[s]

= B:[b2]e2pcDy[v2]Dala2] Duur | Dr[k]Ds[s]

= D[¥]
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Case 81: R = Primitive Apply-Escape.

Let ¥ = ((template b e), (hhapply) :: b1, v,a,u, k, s),
where a = (U1>’\a1’\(v2>, Vo = (ESCAPE k1 l1>, k1 = (CONT ta by as uo k2>,
to = (template b3 e2), and (v3) = app-stack(vi,aq,s).

Then R(E) =¥ = <t2,b2,U3,G2,U2,k2,3>-

In the following derivation, we use the fact that, if app-stack(v,a,s) is de-
fined, then

app-stack (v, a, s) = list_to_seq Dy[v]Dq[a]Ds[s].

DIS] = B.[(Whapply) = bilepaDu[o]Dalal Duul DLFIDA[5]
= (Nep.Z:[(Whapply)]ep(B:[bi]ep))epc
Dv [[U]]Da [[a']] Du [[u]]Dk [[k]]DS [[3]]
= Z;[(whapply)]epc(B-[bilepc)
Dv [[U]]Da [[a']] Du [[u]]Dk [[k]]DS [[3]]
= (Nepmee*ppipo.fe* > 2 —
(Ae"e.call(#€")ee* pripo)
(list_to_seq((rev €*)0)(((rev €*)11)I(#€* — 2))o)
((rev €*)(#€* — 1)), wrong “bad arg count” o)
epc(B-[bilepc)Dy[v]Da[a] Du[u] Dy [E]Ds[s]
= (Ae'e.call(#€" )ee* Dy [u] Di[k]Ds[s])
(list_to_seq Dy[v1]Dafa1]Ds[s]) Dy [v2]
= (A'e.call(#€")ee* Dy [u] Di[k]Ds[s]) Du[(vs)]| Dy [v2]
call(#Da[{v3)]) Do va] Da[{v3) I Du[u] Di[K]Ds[s]
applicate Dy [v2] Do [(v3)](single Di[k])Ds[s]
single_arg(Aex.Di[k1]e)Dq[(vs)](single Dy [k])Ds[s]
Di[k1]Dy[vs]Ds[s]
(Ae.B[b2]e2paeDalaz] Dy uz] Di[k2]) Dy [vs]Dss]
B:[b2]e2pcDy[vs]Dalaz]Duluz] D [k2]Ds[s]
= D[¥]
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Case 82: R = Primitive Apply-Escape-Halt.

Let X = (¢, (hhapply) :: b1,v,a,u, k, s),
where a = (v1)"a; " (v2) and vy = (ESCAPE HALT [y).

Then R(X) = X' = (¢, (), v2,a,u, k, s).

O'[¥'] is undefined since not v" ¢ R. Thus O'[X] is undefined, and so we do
not have to consider this case.

Case 33: R = Primitive Eqv.

Let X = (¢, (hheqv) :: by, v, (v1 v2) a1, u,k,s),
where ¢ = (template b €).
)

Then R(X) = X' = (t,b1,v', (), u, k, s),
where v/ = ((v1 = v2) — true, false).

D[E] = B:[(hheav) :: bi]epaDy[v]Dy[{v1 v2) " a1]Dy[u] Di[k]Ds[s]
= (Aep.Z:[(Wheqv)]ep(B;[bi]ep))epc
Dy[v]Daf(v1r v2)” ar]Du[ul Dk [K]Ds[s]
= Z:[(Wheav)]epc (B:[b1]epc)
Dy [o]Dal(e1 2) a1 ] D [ul DA [KID; [5]
= (Xepmee*prip.e* >2 >
(((rev €)0 = (rev €")1 — true, false) in E)()prip,
wrong “bad arg count”)
epc (B [b1]epa) Dy [o]Dal(v1 v2)" 11D [u] DAIKIDS[5]
#D,[(v1 v2)"a1] > 2 — B[bi]epc
((rev Dg[(v1 v2) " a1])0 =
rev Dg[[(v1 v2) " a1])1 — true, false) in E)
YDy [u] D [k], wrong “bad arg count”)D,[s]
= B;[bhi]epc((Dy[v1] = Dy[ve] — true, false) in E)
ODu[u] Dg[K]D, 5]
= D[X']

~ A~~~
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Case 34: R = Primitive Add.

Let X = (¢, (h%hadd) :: by, v, a,u, k,s),
where ¢ = (template b e).

Then R(Z) =¥'= <t7 b17 vlv <>7 u, ka S>7
where v' = n-ary-sum(a).

Notice that sum_vals (rev €*) = sum_vals €* since addition is commutative.

D[E] = B [(h%add) :: bi]epcDy[v]Dala]Duu] Dr[k]Ds[s]

— (rep-Z, [(Whadd)]ep(B, [ ]en))epc
Dv [[U]]Da [[a']] Du [[u]]Dk [[k]]DS [[3]]

—  Z,[(%%ada)]epc (B:[bilepa) Do o] [a] Du [l DL [ID, [5]

= (Xepmee* prip.m(sum_vals (rev €*)) () pr1))
epc(B-[bilepc)Dy[v]Da[a] Du[u] Dy [E]Ds[s]

= B:[bi]epc(sum_vals DyJa]) () Du[u]Dk[k]Ds[s]

= B Ibilepalfir(Me e =0 - £(e11) + (€0)R)Dalal)
() Dulu] Dk [K]Ds[5]

= D[]

7 Proof of Lemma 5.4

Let x be an ABC state value, argument stack, environment, continuation, or
store. Z is the result of replacing each u = (ENV v’ [*) occurring in z with
(ENV U (revl*)).

Two ABC states ¥ = (¢,b,v,a,u,k,s) and X/ = (', b/,v',a',u/ k', ') are
compatible if they are both normal, t = ¢, ' = b, v/ = 0, ' = a, v = 4,
kK = l;;, and there is a permutation p of s such that:

—

(1) s =p(s).

(2) For each I € Ly, (%), s'(1) = s(1).

(3) For each | € Leny(X) with [ = env-reference(ug,ng,n1) for some
ug occurring in X and ng,ny € N, §(I') = s(I) where I' =

env-reference(ug, ng, n1).

(4) For each | € L, (%), s'(1) = s(I).
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5) For each I € L;,(¥), s'(l) = s/l\ = s(l) since immutable pairs never
( ) p > p
contain environments).

Lemma 7.1 Let ¥ and ¥ be compatible ABC states, R be an ABC rule, and
R’ be the corresponding special rule.

(1) R is applicable to ¥ iff R is applicable to 3.

(2) If R is applicable to 2 and R’ is applicable to ¥', then R(X) and R'(X')

are compatible.

Proof Let ¥ and ¥’ be compatible ABC states, R be an ABC rule, and R’
be the corresponding special rule.

Case 1: R=R', i.e., R is not Make Environment.
(1): Certainly, R is applicable to ¥ iff R is applicable to ¥’ provided:

(a) The domain conditions of R do not depend on the form of any envi-
ronment in 3 or .

(b) The domain conditions of R do not depend on the value of the store
at a location in Leny (X).

There is just one ABC rule (besides Make Environment) which violates (a)
or (b): Local. The domain conditions of Local require that:

s(env-reference(u,ng,n1)) # UNDEFINED.

Since ¥ and ¥’ are compatible, and hence satisfy clause 3 of the definition
of compatible, ¥ satisfies this condition iff ¥’ satisfies it.

(2): Assume R is applicable to ¥ and R’ is applicable to ¥'. Then, by
Lemma 5.1, R(X) and R'(X') are both normal. Certainly, R(X) and R'(X')
are compatible provided:

(c) R does not create any new environments in 3 or X'
(d) R does not modify the store at a location in Lepy(X).

There is just one ABC rule (besides Make Environment) which violates (c)
or (d): Set Local. Set Local modifies the value of the store at a location
[ = env-reference(u,ng,n1). Since 3 and ¥’ are compatible, and hence
satisfy clause 3 of the definition of compatible, R(X) and R'(X') also satisfy
clause 3. Therefore, R(X) and R'(X') are compatible.
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Case 2: R is Make Environment and R’ is Alternate Make Environment.

(1): Since the domain conditions of R and R’ are identical and do not
depend on anything but the form of b, clearly, R is applicable to X iff R is
applicable to X'.

(2): Assume R is applicable to ¥ and R’ is applicable to ¥'. Then, by
Lemma 5.1, R(X) and R'(¥’) are both normal. Let R(X) and R'(X') have
the form (t,b,v,a,u,k,s"a) and (t,b,v,a,u’, k,s' " (rev a)), respectively. By
the definition of add-layer’, v’ = 4. Since ¥ and ¥’ are compatible, there
is a permutation p of s such that s’ = p(s), and hence there is obviously
an extension p’ of p that permutes s™a such that s~ (reva) = p’(?“a).
The new locations in stores s~ a and s’ (rev a) are members of Leyy (R(X)).
Since the values in the respective stores at these new locations are given
in reverse order from one another, clause 3 of the definition of compatible
holds. Clauses 2, 4, and 5 of the definition of compatible also hold since the
new stores are extensions of the old stores and all of the new locations are
members of Leyy (R(X)). Therefore, R(X) and R'(X') are compatible. O

Proof of Lemma 5.4 Let ¢t be a TBC template and X be an initial state
for ¢, and assume O[X] is defined. Since O[X] is defined, there is a finite
sequence X, ..., %, of ABC states and a finite sequence Ry,..., R, of ABC
rules such that:

(1) ¥=%p and 0 < n.
(2) RH—I(EZ) = Ei-}-l for all 7 with 0 S ) S n — 1.
(3) %, has the form (to, (),v,a,u,k, s) with D,[v]|R in A = O[X].

> is compatible with itself since it is an initial state and contains no envi-

ronments. Thus, by Lemma 7.1, there is also a finite sequence 3, ..., X! of
ABC states and a finite sequence R],..., R} of special rules such that:
(1) ¥ =5%4.

(2) R, () =%, foralli with0<i<n-—1.
(3) ¥; and X} are compatible for all 7 with 0 < i < n.

Since %, and X! are compatible, 3/ = (¢, (),v,&,ﬂ,l;:,p/(—s\)) for some per-
mutation p of s. Therefore, O'[Z] = D,[v]|R in A = O[Z]. O
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