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Abstract

This note describes some of the implementation aspects of the termination analysis for partial eval-
uation described by Glenstrup and Jones (2003).

1 Algorithm overview

Figure 1 gives an overview of the modules that constitute the termination analysis for partial evaluation.
Note that the call graph is only needed for efficiency. When bounded anchoring has determined a set
of specialisation points, the standard BTA and bounded anchoring must be reiterated because a static
function call may have become dynamic due to the specialisation point. Thus more variables may need
to be reclassified from static to dynamic, which in turn may invalidate anchors and cause bounded
anchoring to make more variables dynamic.

2 Algorithm modules

In the following sections we will briefly describe all the modules of the algorithm except the standard
BTA which can be found in the literature (Jones et al., 1993; Christensen et al., 2000; Thiemann, 1997,
1999; Henglein, 1991).

2.1 Call graph generator

This module generates a graph with p’s functions as nodes and an edge f−→ g whenever the body of
f contains a function call to g. Using an algorithm for grouping graph nodes into strongly connected
components (SCCs) and sorting the resulting SCC DAG topologically (Cormen et al., 1990), it should be
possible to implement SCC generation and sorting in time O( f + s) where f is the number of functions
and s the number of call sites in p.

2.2 Decreasing size approximation generator E↓

The decreasing expression size approximation operator E↓ is shown in Figure 2. The first argument, to
E
↓
e is a fixpoint φ computed by applying a fixpoint operator fix to a function F such that F φ = φ.

In general a fixpoint operator can be implemented by

fix F = fix′ F ⊥φ

fix′ F φ = if φ = F φ then φ else fix′ F (F φ)

where⊥φ is the bottom element of the domain of F.
The problem is how to compute the expression φ = F φ because both sides of the equation are func-

tions.
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Figure 1: Module interdependencies. Dashed lines are only needed for efficiency, dotted lines indicate
iteration feedback.
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E↓ = E
↓
e

(

fix
(

λφ.
{

f1 7→ λ∆1 . . .∆m.E
↓
e φ [[e f1]] {x1 7→∆1, . . . , xm 7→∆m}, . . . ,

fn 7→ λ∆1 . . .∆k .E
↓
e φ [[e fn]] {x1 7→∆1, . . . , xk 7→∆k}

}))

ρ↓id

ρ↓id x = {↓=(x)}

E
↓
e φ [[k]] ρ = {}

E
↓
e φ [[x]] ρ = ρ x
E
↓
e φ [[let x = e1 in e2]] ρ = E

↓
e φ [[e2]] (ρ + {x 7→ E↓e φ [[e1]] ρ})

E
↓
e φ [[if e1 then e2 else e3]] ρ = E

↓
e φ [[e2]] ρ u↓ E

↓
e φ [[e3]] ρ

E
↓
e φ [[cons e1 e2]] ρ = {}

E
↓
e φ [[car e1]] ρ = {↓(x) | δ(x) ∈ E

↓
e φ [[e1]] ρ}

E
↓
e φ [[b e1 . . . en]] ρ = {}

E
↓
e φ [[ f e1 . . . en]] ρ = φ f (E

↓
e φ [[e1]] ρ) . . .(E

↓
e φ [[en]] ρ)

where ∆1 u↓∆2 = {↓=(x) | ↓=(x) ∈∆1 ∧ ↓(x) ∈∆2} ∪

{↓=(x) | ↓=(x) ∈∆2 ∧ ↓(x) ∈∆1} ∪ (∆1 ∩∆2)

Figure 2: Operator approximating decreasing size information for the value of an expression. cdr is
treated like car, and symbol ‘b’ stands for any builtin function that is not given special treatment.

In our case we know that applying first a function name f and then n dependency sets (where n is the
arity of f), we obtain a ground value (a dependency set). So in our case we can implement the fixpoint
operator like this:

fix F = fix′ F (λ f .λ∆1 . . . λ∆n.{↓(x) | x is a variable})
fix′ F φ = if ∀ f : φ f {↓=(x1)} . . .{↓

=(xn)}= (F φ) f {↓=(x1)} . . .{↓
=(xn)} then φ else fix′ F (F φ)

The fixpoint computation can in some cases be made more efficient by considering the functions of the
‘∀ f ’ construct in reverse topological order of the call graph.

2.3 Increasing size approximation generator E↑

The increasing expression size approximation operator E↑ is shown in Figure 3. It can be implemented
using a fixpoint operator of this style:

fix F = fix′ F (λ f .λ∆1 . . .λ∆n.{})

fix′ F φ = if ∀ f : φ f • {} {} ↑= {↑=(x1)} . . .{↑=(xn)}

= (F φ) f • {} {} ↑= {↑=(x1)} . . .{↑=(xn)} then φ else fix′ F (F φ)

A call to the helper operator E↑e φ [[e]] g F X δ ρ returns a triple (∆′, X′, δ′) such that

∆′ is the size dependency set for e
X′ is the set of free variables encountered in if-tests during recursive descent and unfolding of e

to any call to g
δ′ is ‘↑’ if there is an increasing operation (i.e., a cons) during recursive descent and unfolding

of e to any call to g, else it is ‘↑=.’

The arguments F, X and δ are accumulating parameters, where

F is the set of names of functions “on the call stack”

X is the set of free variables encountered in if-tests

δ is ‘↑’ if an increasing operation (i.e., a cons) has been encountered, else it is ‘↑=’
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E↑[[e]] = ∆,

where (∆, X, δ) = E↑e

(

fix
(

λφ.
{

f1 7→ λgFXδ∆1 . . .∆m.E↑e φ [[e f1]] g F X δ {x1 7→∆1, . . . , xm 7→∆m}, . . . ,

fn 7→ λgFXδ∆1 . . .∆k .E↑e φ [[e fn]] g F X δ {x1 7→∆1, . . . , xk 7→∆k}
}))

[[e]] • {} {} ↑= ρ↑id

ρ↑id x = {↑=(x)}

E↑e φ [[k]] g F X δ ρ = ({},{},↑=)

E↑e φ [[x]] g F X δ ρ = (ρ x,{},↑=)

E↑e φ [[let x = e1 in e2]] g F X δ ρ = (∆′2, X1 ∪ X2, δ1 t↑ δ2)

where (∆′1, X1, δ1) = E↑e φ [[e1]] g F X δ ρ

ρ′ = ρ + {x 7→∆′1}

(∆′2, X2, δ2) = E↑e φ [[e2]] g F X δ ρ′

E↑e φ [[if e1 then e2 else e3]]

g F X δ ρ = (∆′2 t
↑∆′3, X1 ∪ X2 ∪ X3, δ1 t↑ δ2 t↑ δ3),

where (∆′1, X1, δ1) = E↑e φ [[e1]] g F X δ ρ

(∆′i, Xi, δi) = E↑e φ [[ei]] g F (X′ ∪ X) δ ρ, i > 1
X′ = {x | (δ(x) ∈ ρ xi)∧ xi ∈ fv e1}

E↑e φ [[cons e1 e2]] g F X δ ρ = ({↑(x) | δ(x) ∈∆′1 ∪∆′2}, X1 ∪ X2, δ1 t↑ δ2)

where (∆′i, Xi, δi) = E↑e φ [[ei]] g F X ↑ ρ

E↑e φ [[car e1]] g F X δ ρ = E↑e φ [[e1]] g F X δ ρ

E↑e φ [[b e1 . . . en]] g F X δ ρ = ({↑(x) | δ(x) ∈∆′1 ∪ · · · ∪∆′n}, X1 ∪ · · · ∪ Xn, δ1 t
↑ · · · t↑ δn)

where (∆′i, Xi, δi) = E↑e φ [[ei]] g F X ↑ ρ

E↑e φ [[ f e1 . . . en]] g F X δ ρ = (∆′, X′ ∪ X1 ∪ · · · ∪ Xn, δ
′ t↑ δ1 t

↑ · · · t↑ δn)

where (∆′i, Xi, δi) = E↑e φ [[ei]] g F X δ ρ (analyse arguments)

(∆′′, X′′, δ′′) = φ f g (F∪ { f}) X δ (∆′1, . . . ,∆
′
n) (analyse function call)

(X′, δ′) = if f = g then (X, δ) else (X′′, δ′′) (return recursive increase info)

(∆ f , X f , δ f) = φ f f {} {} ↑= ({↑=(x1)}, . . . ,{↑=(xn)}) (compute recursive increase informa-
tion for f)

∆′ = if f ∈ F∧ (δ f = ↑ ∨ ∃x : ↑(x) ∈∆ f ) (if f is recursive and has
then ∆′′ ∪ {↑(x) | δ(x) ∈∆′i ∧ xi ∈ X f} recursive increase, then add
else ∆′′ free variables from if-tests)

where ∆1 t↑∆2 = {↑(x) | ↑(x) ∈∆1 ∪∆2} ∪

{↑=(x) | ↑=(x) ∈∆1 ∪∆2 ∧ ↑(x) /∈∆1 ∪∆2}

δ1 t↑ δ2 = if δ1 = ↑ ∨ δ2 = ↑ then ↑ else ↑=

Figure 3: Operator for approximating increasing size information for the value of an expression. cdr is
treated like car. Symbol ‘b’ stands for any builtin function that is not given special treatment, and
‘•’ is a symbol distinct from all function names.
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Note, however, that the operator in Figure 3 is equivalent to the two mutually recursive operators E↑

and X shown in Figures 4 and 5 that might be more efficiently implementable.

E↑ [[e]] ρ = ∆,

where ∆ = E↑e

(

fix
(

λφ.
{

f1 7→ λ∆1 . . .∆m.E↑e φ [[e f1]] {x1 7→∆1, . . . , xm 7→∆m}, . . . ,

fn 7→ λ∆1 . . .∆k .E↑e φ [[e fn]] {x1 7→∆1, . . . , xk 7→∆k}
}))

[[e]] ρ

E↑e φ [[k]] ρ = {}

E↑e φ [[x]] ρ = ρ x

E↑e φ [[let x = e1 in e2]] ρ = ∆′2
where ∆′1 = E↑e φ [[e1]] ρ

ρ′ = ρ + {x 7→∆′1}

∆′2 = E↑e φ [[e2]] ρ′

E↑e φ [[if e1 then e2 else e3]] ρ = ∆′2 t
↑∆′3

where ∆′i = E↑e φ [[ei]] ρ, i > 1

E↑e φ [[cons e1 e2]] ρ = {↑(x) | δ(x) ∈∆′1 ∪∆′2}

where ∆′i = E↑e φ [[ei]] ρ

E↑e φ [[car e1]] ρ = E↑e φ [[e1]] ρ

E↑e φ [[b e1 . . . en]] ρ = {↑(x) | δ(x) ∈∆′1 ∪ · · · ∪∆′n}

where ∆′i = E↑e φ [[ei]] ρ

E↑e φ [[ f e1 . . . en]] ρ = ∆′

where ∆′i = E↑e φ [[ei]] ρ (analyse arguments)

∆′′ = φ f ∆′1 . . .∆′n (analyse function call)

∆ f = φ f {↑=(x1)} . . .{↑=(xn)} (compute recursive increase informa-
tion for f)

(X f , δ f) = X [[ f ]] (compute if-test variables and recur-
sive increase information for f)

∆′ = if f is recursive (if f is recursive and has
and (δ f = ↑ ∨ ∃x : ↑(x) ∈∆ f ) recursive increase, then add
then ∆′′ ∪ {↑(x) | δ(x) ∈∆′i ∧ xi ∈ X f} dependencies on free variables
else ∆′′ from if-tests)

where ∆1 t↑∆2 = {↑(x) | ↑(x) ∈∆1 ∪∆2} ∪

{↑=(x) | ↑=(x) ∈∆1 ∪∆2 ∧ ↑(x) /∈∆1 ∪∆2}

δ1 t↑ δ2 = if δ1 = ↑ ∨ δ2 = ↑ then ↑ else ↑=

Figure 4: Operator for approximating increasing size information for the value of an expression. cdr is
treated like car. Symbol ‘b’ stands for any builtin function that is not given special treatment.

The operator X of Figure 5 collects the free variables of the if-tests in (possibly mutually) recursive
loops, and also detects whether there are any loops in the function in which there is an increase. For
instance, we expect X [[ f ]] = ({x}, ↑=) and X [[g]] = ({x}, ↑) and X [[h]] = ({x, z}, ↑=) for these functions:

f x y = if x = [ ] then y else f (cdr x) (cons 1 y)

g x y = if x = [ ] then (if y = [ ] then [ ] else [1]) else cons 1 (g (cdr x))

h x y z = if x = z then y else h x (cons 1 y) (cons 1 z)

Note that although there is no expression “cons x” increasing x (in fact, in h the value of x is not changed
at all) the size of the return value of each of the functions is greater than or equal to the size of x (and y
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X [[ f ]] = (X, δ)

where (X, δ) = Xe

(

fix
(

λφ.
{

f1 7→ λgXδ∆1 . . .∆m.Xe φ [[e f1]] g X δ {x1 7→∆1, . . . , xm 7→∆m}, . . . ,

fn 7→ λgXδ∆1 . . .∆k .Xe φ [[e fn]] g X δ {x1 7→∆1, . . . , xk 7→∆k}
}))

[[e f ]] f {} ↑= ρ↑id

ρ↑id x = {↑=(x)}

Xe φ [[k]] g X δ ρ = ({},↑=)

Xe φ [[x]] g X δ ρ = ({},↑=)

Xe φ [[let x = e1 in e2]] g X δ ρ = (X1 ∪ X2, δ1 t↑ δ2)

where (X1, δ1) = Xe φ [[e1]] g X δ ρ

ρ′ = ρ + {x 7→ E [[e1]] ρ}

(X2, δ2) = Xe φ [[e2]] g X δ ρ

Xe φ [[if e1 then e2 else e3]]

g X δ ρ = (X1 ∪ X2 ∪ X3, δ1 t
↑ δ2 t

↑ δ3),

where (X1, δ1) = Xe φ [[e1]] g X δ ρ

(Xi, δi) = Xe φ [[ei]] g (X′ ∪ X) δ ρ, i > 1
X′ = {x | (δ(x) ∈ ρ xi)∧ xi ∈ fv e1}

Xe φ [[cons e1 e2]] g X δ ρ = (X1 ∪ X2, δ1 t↑ δ2)

where (Xi, δi) = Xe φ [[ei]] g X ↑

Xe φ [[car e1]] g X δ ρ = Xe φ [[e1]] g X δ ρ

Xe φ [[b e1 . . . en]] g X δ ρ = (X1 ∪ · · · ∪ Xn, δ1 t↑ · · · t↑ δn)

where (Xi, δi) = Xe φ [[ei]] g X ↑

Xe φ [[ f e1 . . . en]] g X δ ρ = (X′ ∪ X1 ∪ · · · ∪ Xn, δ′ t↑ δ1 t↑ · · · t↑ δn)

where (Xi, δi) = Xe φ [[ei]] g X δ ρ (analyse arguments)

(X′′, δ′′) = φ f g X δ (E [[e1]] ρ) . . . (E [[en]] ρ) (analyse function call)

(X′, δ′) = if f = g then (X, δ) else (X′′, δ′′) (return recursive increase info)

Figure 5: Operator for computing whether a function computes an increasing operation (e.g., cons) in a
recursive loop, and for computing the set of free variables in the if-tests in recursive loops. cdr is
treated like car. Symbol ‘b’ stands for any builtin function that is not given special treatment.
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in the case of f and h). Note also that we also expect X [[g]] = ({x}, ↑) for

g x y = if x = [ ] then (if y = [ ] then [ ] else [1]) else cons 1 (g (cdr x) (cons 1 y))

because y is not tested in the recursive loop.

2.4 Size-change graph generator

The operator G : Program→P(SCG) for generating the set of size-change graphs G[[p]] is shown in Fig-
ure 6. The reference to the call graph SCC is only for efficiency reasons: only SCGs for recursive and

G [[d1 . . .dn]] = Gd [[d1]]∪ . . .∪Gd [[dn]]

Gd [[ f x1 . . .xn = e]] = Ge f [[e]] {xi 7→ {↓
=(xi)}} {xi 7→ {↑=(xi)}}

Ge g [[k]] ρ↓ ρ↑ = {}

Ge g [[x]] ρ↓ ρ↑ = {}

Ge g [[let x = e1 in e2]] ρ↓ ρ↑ = Ge g [[e1]] ρ↓ ρ↑ ∪Ge g [[e2]] ρ′↓ ρ′↑

where ρ′↓ = ρ↓+ {x 7→ E g [[e1]] ρ↓}

ρ′↑ = ρ↑+ {x 7→ E g [[e1]] ρ↑}

Ge g [[if e1 then e2 else e3]] ρ↓ ρ↑ = Ge g [[e1]] ρ↓ ρ↑ ∪Ge g [[e2]] ρ↓ ρ↑ ∪Ge g [[e3]] ρ↓ ρ↑

Ge g [[b e1 . . . en]] ρ↓ ρ↑ = Ge g [[e1]] ρ↓ ρ↑ ∪ . . .∪Ge g [[en]] ρ↓ ρ↑

Ge g [[c : f e1 . . . en]] ρ↓ ρ↑ = γ ∪Ge g [[e1]] ρ↓ ρ↑ ∪ . . .∪Ge g [[en]] ρ↓ ρ↑

where γ = if f and g are in the same call graph SCC

then
{

({x δ
−→ fi | δ(x) ∈ E↓ [[ei]] ρ↓}, {x δ

−→ fi | δ(x) ∈ E↑ [[ei]] ρ↑}, {c})
}

else {}

Figure 6: Operators for generating the size-change graphs for program p.

mutually recursive calls need to be generated and tested.

2.5 Variable dependency SCC generator

The variable dependencies needed in bounded anchoring are the increasing dependencies, so they are
based on E↑. The nodes of the variable dependency graph are all function parameters, and the edges
can be generated while generating the SCGs (cf. Figure 6). For clarity, Figure 7 shows how they can be
generated separately using operator V .

2.6 SCG set closure computation

The closure S of the set of call graphs generated by operator G can be computed by a simple worklist al-
gorithm sketched in Figure 8 For efficiency reasons it is sensible to store the size-change graphs indexed
by their caller and callee functions, and choose a representation that permits fast composition.

2.7 Bounded anchoring

The algorithm for bounded anchoring of variables is sketched in Figure 9. The notation ‘β(C)’ denotes
the binding time assigned to the SCC C as computed by bounded anchoring, while ‘β(x)’ denotes the
binding time of x computed by the standard BTA. Following the bounded anchoring of variables, a set
of sets of call sites, CallSitesSets can be computed by the algorithm shown in Figure 10; this set is then
the basis for computing a minimised set of specialisation points.
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V [[d1 . . .dn]] = Vd [[d1]]∪ . . .∪Vd [[dn]]

Vd [[ f x1 . . .xn = e]] = Ve f [[e]] {xi 7→ {↑=(xi)}}

Ve g [[k]] ρ↑ = {}

Ve g [[x]] ρ↑ = {}

Ve g [[let x = e1 in e2]] ρ↑ = Ve g [[e1]] ρ↑ ∪Ve g [[e2]] ρ′↑

where ρ′↑ = ρ↑+ {x 7→ E g [[e1]] ρ↑}

Ve g [[if e1 then e2 else e3]] ρ↑ = Ve g [[e1]] ρ↑ ∪Ve g [[e2]] ρ↑ ∪Ve g [[e3]] ρ↑

Ve g [[b e1 . . . en]] ρ↑ = Ve g [[e1]] ρ↑ ∪ . . .∪Ve g [[en]] ρ↑

Ve g [[c : f e1 . . . en]] ρ↑ = E∪Ve g [[e1]] ρ↑ ∪ . . .∪Ve g [[en]] ρ↑

where E =
{

{x δ
−→ fi | δ(x) ∈ E↑ [[ei]] ρ↑}

}

Figure 7: Operators for generating the edges in the variable dependency graph for program p.

W ←S
while W 6= {} do

G← remove(W)
Assume G : f → g
for G′ ∈ {G′ ∈ S | ∃h G′ : g→ h} do

G′′← G; G′

if G′′ /∈ S then
S ← S ∪ {G′′}
W ←W ∪{G ∈ S | ∃k G : k→ f}

Figure 8: Computing the transitive closure S of the size-change graphs

for C ∈ Variable SCCs do
if ∀C′ ∈ preds(C) : β(C′) = B then

let (x, f) ∈ {(x, f) | x ∈ C ∧ x is a parameter of f}
if β(x) 6= D then

anchored← true

for G ∈ {G | G : f → f} do
if G = G; G then

if x
↑
−→ x ∈ G↑ ∧ ¬∃y

↓
−→ y ∈ G↓ : β(Cy) = B∧ β(y) 6= D then anchored← false

if anchored then β(C)← B

Figure 9: Algorithm for bounded anchoring of variables

CallSitesSets← {}
for C ∈ Call graph SCCs do

let f ∈ C
for G ∈ {G | G : f → f} do

if G = G; G then

if ¬∃y
↓
−→ y ∈ G↓ : β(Cy) = B∧ β(y) 6= D then CallSitesSets← CallSitesSets∪ {calls(G)}

Compute a minimised set of call sites Γ such that ∀Γ′ ∈ CallSitesSets : Γ′ ∩Γ 6= {}

Figure 10: Algorithm for computing sets of potential specialisation points
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