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Abstract

The best known approach to program transformation is the
unfold�fold methodology of Burstall and Darlington� a sim�
ple� intuitive� and expressive approach which serves as the
basis of many automatic program transformation algorithms
�such as partial evaluation and deforestation�� Unfortu�
nately unfold�fold does not preserve total correctness and
requires maintaining a transformation history of the pro�
gram� Scherlis invented a similar approach� expression pro�
cedures� which solved these two problems� expression pro�
cedures preserve total correctness and require no transfor�
mation history�

Motivated by our desire to make expression procedures
more expressive by eliminating their one�directional nature
�they are designed to specialize but not to generalize func�
tions�� we have developed an equational speci�cation of ex�
pression procedures� in which the essence of expression pro�
cedures is expressed in a single transformation rule� Our
approach has the following advantages over expression pro�
cedures� ��� all program derivations are reversible	 �
� trans�
formations can be done which expression procedures cannot
do	 ��� fewer and simpler rules are used	 and ��� the proof
of correctness is simpler�

� Introduction

��� Motivation

Program transformation has been an elusive goal of the pro�
gramming language research community� We talk about it�
write about it� preach about it� but in practice don
t use it
very much� In the functional programming community the
situation is especially unfortunate� where we have the �pre�
sumably� simplest framework within which to do program
transformation� and at the same time have the greatest need
for it� functional programs typically run slower than imper�
ative programs with similar functionality� So what is the
problem� Why hasn
t program transformation been used
more in practice� We see several reasons�

�This research was supported in part by NSF under Grant Number
CCR���������

�� Program transformation is too tedious� Many steps are
often needed to perform even relatively simple trans�
formations�


� Few good software tools exist for carrying out program
transformation� Most of what is done in practice is
done on paper� without formal veri�cation�

�� There are foundational problems with some approaches
to program transformation� For example� the well�
known unfold�fold approach is not safe� terminating
programs can be transformed into diverging ones�

In an attempt to bridge the gap between the theory
and practice of program transformation� we are developing
PATH �Programmer Assistant for Transforming Haskell��
a program transformation system for the language Haskell
�HJW�
�� PATH� a programmer assistant� does not attempt
to be fully automatic although it attempts to automate and
mechanize as much as possible� For instance� PATH uses a
GUI to navigate the program and apply transformations to
it� PATH gives the user as much control as is safe� includ�
ing letting the user write his own meta�programs �such as
a deforestation algorithm�� Because we give such control to
the user� total correctness is considered essential�

��� Approaches to Program Transformation

There are a number of approaches which we could take to
transforming a functional language such as Haskell� In their
survey paper �PS���� Partsch and Steinbrueggen classify var�
ious approaches to program transformation into two basic
approaches� ��� the schematic� or catalog� approach which
is based on using a large catalog of rules� each performing
a signi�cant transformation and �
� the generative set ap�
proach� which is based on a small set of simple rules which
in combination are very expressive� The Bird�Meertens For�
malism �or Squiggol� �BdM��� Mee��� MFP��� is an exam�
ple of the former� Unfold�fold �BD��� and expression pro�
cedures �Sch��� are examples of the latter�

Each approach has its advantages� The schematic ap�
proach can be more concise and allow for the development
of powerful rules which do major transformations in a single
step	 the rules are symmetric� generally given in the form of
transformation templates such as �P� � P� if C�� However�
a catalog may limit the possible transformations� especially
in the presence of arbitrary recursive programs� A genera�
tive set approach� such as unfold�fold� is considered to be



more general and works well with arbitrary recursive pro�
grams� This approach can be easier to use as there is no
need to search a catalog� A disadvantage is that derivations
are more verbose� many of the same steps �unfold� simplify�
fold� are taken again and again�

A third approach would be to use a theorem prover into
which the formal semantics �usually denotational� of the lan�
guage was embedded� e�g�� �Pau���� Although this is the
most general approach� it is also the most complicated� one
must understand domain theory� inductive proof techniques�
the logic of the theorem prover� etc�

��� Our Approach

Section 
 of this paper follows the evolution of the approach
taken with PATH� We started o� using the generative set
approach because it is more general than the schematic ap�
proach and it is much simpler than theorem proving� Un�
willing to use a method such as unfold�fold which does not
preserve total correctness �section 
���� we used Scherlis
s ex�
pression procedures� a totally correct method �section 
�
��
But while attempting to increase the power of expression
procedures by eliminating their one�directional nature �sec�
tion 
��� �they were designed to specialize but not to gen�
eralize functions�� we realized that the generality of expres�
sion procedures can be achieved by using a schematic rule�
namely Fix�Point Fusion �section 
���� As a result we can
use the schematic approach with a very small base catalog
to get a transformation system which is more powerful than
expression procedures�

We then give the semantics and transformation rules
of our system �section �� and give examples of some pro�
gram derivations which would be problematic with other
approaches �section ��� We then show how we can very ele�
gantly add Scherlis
s �quali�ed expression procedures� �sec�
tion ���

� From Unfold�Fold to Reversible Expres�
sion Procedures

In this section we compare various approaches to program
transformation and introduce our reversible expression pro�
cedures�

��� Unfold�Fold

The best known approach to program transformation is the
unfold�fold methodology of Burstall and Darlington �BD����
Their approach is based on six rules� ��� unfold� the unfold�
ing of function calls by replacing the call with the body of the
function where actual parameters are substituted for formal
parameters	 �
� laws� the use of laws about the primitives
of the language	 ��� instantiation� adding an �instance� of
a function de�nition in which a parameter is replaced by a
constant or pattern on both sides of the de�nition	 ��� fold�
the replacement of an expression by a function call when
the function
s body can be instantiated to the given expres�
sion with suitable actual parameters�this can be done with
any previous de�nition of the function	 ��� de�nition� the
addition of a new function de�nition	 and ��� abstraction�
the introduction of a where clause� This methodology is

extremely e�ective at a broad range of program transforma�
tions�

Unfortunately� the unfold�fold methodology does not pre�
serve total correctness	 both the instantiation and fold rules
are unsafe� Instantiation is easily modi�ed to be safe� but
fold is problematic� For example� consider the program

f x � x��

Since the expression x�� is an instance of the right�hand�
side of a function de�nition� we can replace it with a call to
the function� yielding

f x � f x

which results in a non�terminating de�nition for f� Although
this example is overly simple� similar situations can arise in
more subtle contexts� and thus non�termination can inad�
vertently be introduced�

Several approaches have been proposed to solve this prob�
lem of partial correctness� One is to suitably constrain the
use of fold� for example as proposed by Kott �Kot���� An�
other is to provide a separate proof of termination� Yet
another is the �tick algebra� of Sands� which guarantees
incremental improvement in performance to all transforma�
tions �San��b��

Besides the problem with correctness� unfold�fold has a
signi�cant inconvenience in practice� a history must be kept
of all versions of the program as it is being transformed
�or the user must specify which versions to keep or throw
away�� This history is essential because previous de�nitions
of functions are used to give folding its power�

��� Expression Procedures

Motivated by the problems with unfold�fold� Scherlis pro�
posed expression procedures �Sch��� Sch���� �More recently
Sands �San��a� extended this work to a higher�order non�
strict language�� Scherlis
s key innovation was a new pro�
cedure de�nition mechanism in which the left hand side of
an expression procedure de�nition can be an arbitrary ex�
pression� thus the name �expression procedure�� In addi�
tion to laws about primitive functions� three rules are used
to transform programs� abstraction� which introduces new
procedures	 composition� which introduces new expression
procedures	 and application �or unfold�� which replaces a
procedure call or expression procedure call with its de�ni�
tion�

An example of a program derivation using expression
procedures �adapted from �San��a�� follows� Suppose we
have these two function de�nitions

filter p �� � ��
filter p �x�xs� � if p x then x � filter p xs

else filter p xs

iterate f x � x � iterate f �f x�

and we wish to specialize the expression

filter p �iterate f x�

Our goal is to create a new version of iterate which is
specialized to the context �filter p ��� The �rst step is
to introduce an expression procedure for this context� by
�lling in the hole ����� with each side of the de�nition of
iterate using the composition rule�



filter p �iterate f x� �ep�
filter p �x � iterate f �f x��

We now have an expression procedure� the left hand side is
not just a function symbol applied to variables and patterns�
it is an arbitrary expression� �We use � for a regular function
de�nition and �ep� for an expression procedure de�nition��
Now we transform the de�nition of this expression procedure
to obtain

filter p �iterate f x� �ep�
if p x then x � filter p �iterate f �f x��

else filter p �iterate f �f x��

Next� we notice that the context appears recursively� so by
introducing a new function de�nition using the abstraction
rule we can transform it to

filter p �iterate f x� �ep� filit p f x
filit p f x �

if p x then x � filter p �iterate f �f x��
else filter p �iterate f �f x��

Finally� we use the application rule to �apply� the expression
procedure� obtaining

filter p �iterate f x� �ep� filit p f x
filit p f x �

if p x then x � filit p f �f x�
else filit p f �f x�

So� the original expression is equal to filit p f x� a spe�
cialized version of iterate�

On the one hand� expression procedures are strictly less
powerful than unfold�fold �they can be simulated by un�
fold�fold�	 however� in practice� the great majority of un�
fold�fold transformations can be done just as well by expres�
sion procedures� We are not aware of any useful� and to�
tal correctness preserving unfold�fold transformations which
cannot be done by expression procedures either directly or
indirectly �by �nding a �common ancestor� from which to
derive the two programs we wish to show equivalent��

On the other hand� expression procedures have two key
advantages over unfold�fold� ��� each of the transformation
rules preserves total correctness� and �
� no history needs
to be maintained� as all needed information is embedded in
expression procedures	 and when compared to various meth�
ods of ensuring total correctness in unfold�fold� expression
procedures are both easier to use and more expressive�

� Unfold�fold followed by a proof of termination� Ex�
pression procedures are simpler as they need no sepa�
rate proof of termination� They are more expressive as
they can transform programs which may not terminate
on all inputs �i�e�� for which no proof of termination
exists� �Sch����

� Unfold�fold augmented with the methods of Kott or
Sands� Kott adds a number of constraints to the form
of program derivations and to the laws and functions
usable �so much so as to make his method unusable
in practice �Fir��� San����� and Sands requires extra

�An example of a non�useful transformation is as follows �BD���
Zhu�	
� f x � � can be transformed to

f x � if x �� � then � else f �x	��

in unfold�fold� but the reverse transformation cannot be done� Ex�
pression procedures cannot transform in either direction�

machinery with his �tick� calculus�� Both methods
are essentially using the whole transformation history
to ensure total correctness� Expression procedures� in
contrast� are correct at each step irrespective of any
history�

Besides the technical improvements� in practice expres�
sion procedures have a simpler and more intuitive method
of program derivation� with unfold�fold� the ability to add
a new �eureka� de�nition to a program is essential	 but with
expression procedures� the analogous operation is selecting
a recursive function and some context in which to special�
ize it� Thus� entering eureka de�nitions by hand is replaced
by selecting contexts in the program� This �ts well with
our vision of using a GUI to apply transformations to the
program�

��� The Reversibility Problem

Although expression procedures are an improvement over
unfold�fold� they have one signi�cant shortcoming� it is
easy to specialize a function� but it is not always even pos�
sible to generalize a function� This problem� shared with
unfold�fold� comes about because the transformation rules
are not reversible� For instance� given this de�nition of
reverse�

reverse
 ����ys� � ys
reverse
 �x�xs�ys� � reverse
�xs�x�ys�

it is easy to go from

reverse�xs� � reverse
�xs����

to

reverse���� � ��
reverse�x�xs� � reverse
�xs� x����

using unfold�fold �or expression procedures�� but� as noted
by Burstall and Darlington� it is not possible to derive the
�rst program from the second� Let P� �

ep P� signify
that we can derive the program P� from P� using some se�
quence of expression procedure rules� Note that �ep is not
symmetric� nor is �uf � the comparable derives relation for
unfold�fold� Even when both P� �

ep P� and P� �
ep P�� the

derivation associated with P� �
ep P� may give no insight

into how to �nd a derivation for P� �
ep P��

Is reversibility that important� We believe so� for two
reasons� First� adding reversibility makes the system more
expressive� as in the reverse example� we often want to
make programs shorter or more modular	 and even if we
want a more e�cient program� we sometimes need to make
it less e�cient before making it more e�cient �such transfor�
mations are impossible with a method�such as expression
procedures�in which every transformation step preserves or
increases some measure of e�ciency�� Secondly� reversibil�
ity is important because the system becomes simpler if each
rule is reversible� the user can learn one law and use it in
two directions�

Note that to get reversibility� we could simply add a rule
such as this� �if P� � P� then we can transform P� to P���
Such a rule� called rede�nition� was added to unfold�fold

�Sands
s tick calculus couldn
t prove the correctness of expression
procedures� this seems to have been the motivation for his paper on
expression procedures �San��a
�



by Burstall and Darlington to get around the problem with
the reverse derivation above� The disadvantage of this ap�
proach is that if we have P� and want to transform it� we
need to know what P� is before we start�we can
t derive it
directly or incrementally from P�	 also� the addition of this
ad hoc rule makes the system more complex�

Instead of adding a rule� we would rather modify the
rules to make them all reversible	 i�e�� we want to �nd a
characterization of expression procedures in terms of one or
more transformation rules�

��� Reversible Expression Procedures

We want to make expression procedures reversible� The
compose and apply rules are inherently one�directional� but
what if we were to merge into one step all the steps in�
volved in a prototypical expression procedure transforma�
tion� There are just four key steps �as seen in the example
in section 
�
��

�� the introduction of the expression procedure �compo�
sition��


� the transformation of the body of the expression pro�
cedure�

�� the use of abstraction to capture the resulting recur�
sion� and

�� application of the expression procedure�

These four steps can be merged as follows� We begin
with a strict program context C�	 and a function de�nition
f � F�f	� Introduction of the expression procedure �com�
position� gives

C�f� �ep� C�F�f��

which is then transformed into the recursive expression pro�
cedure

C�f� �ep� G�C�f��

for some context G�	� After we do abstraction we arrive at

C�f� �ep� g
g � G�C�f��

Finally� application of the expression procedure yields

C�f� �ep� g
g � G�g�

The above steps can be merged into one rule �expressing
the values of f and g as the �x�points �f�F�f	 and �g�G�g	��

C��f�F�f		 �ep �g�G�g	
if

C�F�f		 �ep G�C�f		� C�	 strict

This one rule replaces the three expression procedure rules�
composition� abstraction� and application� We don
t have
reversibility yet� but if we could replace �ep with � in the
above rule we would have this reversible rule�

C��f�F�f		 � �g�G�g	
if

C�F�f		 � G�C�f		� C�	 strict

a theorem of Stoy �Sto���� So� we join the company of
many who have rediscovered or used this theorem �AK�
�
GS��� MFP���� Our contribution is showing its connection
to expression procedures� Interestingly� it is a free theorem
�Wad��� of the �x�point operator �� We take its name� Fix�
Point Fusion� from Meijer et al� �MFP��� where the power of
the theorem is exploited considerably� most of their trans�
formations are instances of this one general theorem�

Fix�Point Fusion can be used in both directions�

C��f�F�f		 � �g�G�g	 specialization �fusion�
�g�G�g	 � C��f�F�f		 generalization ��ssion�

To do fusion� C�	 and F�	 are known� and G�	 is desired	
so the premise is proven by �nding a derivation C�F�f		
� G�C�f		� To do �ssion� G�	 is known� the user provides
C�	� and F�	 is desired	 so the premise is proven by �nding
a derivation G�C�f		 � C�F�f		� �Had an extra �rede��
nition� rule been added to expression procedures� the user
would also need to know the answer� F�	� before proceed�
ing��

So� we have accomplished our goal� we can do expres�
sion procedure transformations with one reversible rule� Fix�
Point Fusion� The advantages to using Fix�Point Fusion as
a replacement for expression procedures are as follows�

� We now have a symmetric derives relation and need no
ad hoc rules to get reversibility� �And henceforth we
use � rather than��� Thus the system is simpler than
expression procedures would be with an extra rule for
reversibility� there is one rule which the user uses to
both specialize and generalize� rather than an extra
rule added to a set of �one directional� rules�

� We do not need to extend our base language with ex�
pression procedures� Although we would not need to
actually implement expression procedures to use them
�they are removed in the �nal program� we would need
to add expression procedures to the operational se�
mantics of the language� which complicates reasoning
about the transformation system� With our approach
there is just one theorem to prove�

� Derivations are now structured in a goal�directed fash�
ion� Program derivations are structured as �� goal �
a function and its context are speci�ed	 and 
� sub�
goal � the derivation is developed which satis�es the
sub�goal �thereby synthesizing the new de�nition�� Be�
sides clearly indicating the goal of each transformation�
this allows all the sub�goals of an unreachable goal to
be removed easily when the goal is removed� With
unfold�fold and expression procedures the derivations
can be� although seldom are� much more unstructured�

By showing how to do expression procedure transforma�
tions with a single transformation rule we have integrated
two di�erent approaches to doing program transformation�
the schematic approach and the generative set approach �as
described in the introduction�� Chin and Darlington �CD����
seeing the need to integrate these two approaches� added
schematic rules to unfold�fold along with a method to gen�
erate new schematic rules using unfold�fold� In contrast�
our method of integration is to use the schematic approach
in which we include a law which gives us the expressiveness
of one generative set approach�

With Fix�Point Fusion we believe we have a solid basis
for a totally correct� simple� and expressive transformation



system� We will next describe the language and transforma�
tion rules of our system in detail�

� The Language and Transformation Rules

��� The Language

Our language is a typed� non�strict functional language with
products� sums� integers� and an explicit �x�point operator
�i�e�� un�sugared Haskell��� The syntax of programs is as
follows�

e � �v�e 
 v 
 e e

 �e�e� 
 fst e 
 snd e

 L e 
 R e 
 case e of L v 	� e� R v 	� e

 n 
 p

 �v�e

n � integer constants
v � variables
p � strict primitive functions over integers

We consider only well�typed programs� The operational
semantics is given by applying the reduction rules �in Fig�
ure �� from left to right with a leftmost outermost reduction
strategy�

The following syntactic sugar is used here�

�� � L �
e� � e� � R �e��e��

�e������en� � e������ en����
let v � e� in e� � ��v�e�� e�

��x�y��e � �v�e�fst v�x��snd v�y�
��x�y��e � �v�e�fst v�x��snd v�y�

if e� then e� else e� �
case e� of L v 	� e�� R v 	� e�

We use efe��vg to represent the term e where free occur�
rences of v are replaced by e�	 The set of free variables in
expression e is denoted by fv
e�� A context �ranged over
by C�D�E�F�G� is an expression with zero or more holes� �	�
C�e	 is the expression with C�	
s holes replaced by e� A
context C�	 traps a variable v if at any hole in C�	 the vari�
able v is in scope� A context C�	 is strict if for all closed
expressions� e� and substitutions� �� e diverges implies that
�
C�e	� diverges� e� � e� signi�es that e� reduces to e�
in one step and e� �

� e� signi�es that e� reduces to e� in
one or more steps� More formally� � is the least relation
satisfying the reduction rules �Figure �� and that is closed
under e� � e� � C�e��� C�e��� We also de�ne � as follows
�note that f�g is strict if f and g are strict��

�f�g��x�y� � �f x� g y�

��� The Transformation Rules

The transformation rules include the reduction rules as given
in Figure � plus the additional rules given in Figure 
� �The
notion of equivalence in these rules� �� is observational equiv�
alence at base types� here just integers��

�Previously our examples used recursion equations� but now we
use an explicit �x�point operator in order to make our laws clearer�

Instantiation� The Instantiation rule lets us move
strict contexts into case expressions �and in the reverse di�
rection� out�� It corresponds to the instantiation rule in
unfold�fold �which only goes in one direction�� The con�
text C�	 must be strict� as Sands �San��a� has noted� this
corresponds to the conditions described by Runciman et al�
�RFJ��� for safe instantiation in a non�strict language�

In actual use the strictness condition needed by the In�
stantiation and Fix�Point Fusion rules is often detected syn�
tactically� the contexts de�ned by S� an extension of reduc�
tion contexts� are strict �where e is as de�ned above��

S � �� 
 S e 
 p S S 
 p e S 
 p S e

 fst S 
 snd S

 case S of L x	� e� R x	� e

It is interesting to note that Instantiation happens to be
another free theorem� derivable from the type of case�

Eta� We have eta rules for functions� sums� and products�
The language di�ers from un�sugared Haskell by having an
unlifted product� not a lifted product	 however� a lifted prod�
uct can be had by simply wrapping a constructor around the
unlifted product�

Fix�Point Fusion� This rule gives us the ability to
transform recursive de�nitions� As noted previously� the
Fix�Point Fusion rule lets us do transformations possible
with expression procedures� It requires that the context C�	
be strict� This strictness condition is necessary� otherwise
non�termination could be introduced�

Fix�Point Expansion� This rule enables us to ex�
pand� or inline� the de�nition of a recursive de�nition inside
itself�

� Examples of Program Derivations

In this section we give some examples of program deriva�
tions� Although each of these examples is by necessity short�
each demonstrates a transformation which is problematic us�
ing other approaches�

��� In�nite Lists

Here we derive a program which is an in�nite list� Expres�
sion procedures are capable of doing this� but unfold�fold
with a proof of termination would not� This is because the
standard technique of using a well�founded ordering to prove
termination of functions �Fir��� MW��� is inapplicable for
recursively de�ned data structures� We assume that map and
succ are prede�ned�

map succ ��ones���ones�
fFusiong �� �twos���

�ones�
map succ ���ones�

� freduceg
succ � � map succ ones

�
�twos� �succ �� � twos

� freduceg
�twos� � � twos



p n� � � �nn � n where n � ��p�� n� � � � nn
fst �e��e�� � e�
snd �e��e�� � e�

case L e� of L v 	� e�� R v 	� e� � e�fe��vg
case R e� of L v 	� e�� R v 	� e� � e�fe��vg

��v�e�� e� � e�fe��vg
�v�e� � e���v�e��v�

Figure �� Reduction Rules

Instantiation�

C�case e of L x 	� e�� R x 	� e�� � case e of L x 	� C�e��� R x 	� C�e��
if C�� strict� fv�e� not trapped by C��� and x �� fv�C���

Eta�

e � �v�e v if e �� �� � and v �� fv�e�
e � �fst e� snd e� if e �� ��� ��
e � case e of L x 	� L x� R x 	� R x if e �� � 
 �

Fix	Point Fusion�

�f�C�F�f�� � G�C�f��

C��f�F�f�� � �g�G�g�
if C�� strict� f� g neither free in nor trapped by F�� or G��

Fix	Point Expansion�

e � �f�F�f� if e �� F�e�

Figure 
� Additional Transformation Rules

A word of explanation is needed about the format of our
derivation given here� The horizontal line labeled fFusiong
marks where we start to derive the premise of Fix�Point Fu�
sion� This sub�derivation is indented and when the premise
is shown we know that the program above the sub�derivation
is equal to the program below it� The 
� �twos�
� corre�
sponds to what the user might enter to give a name to the
variable bound by the new ��

��� Fission� The Generalization of Recur�
sive De�nitions

The reverse of fusion�bringing a context and a function
together�is �ssion� which splits a function into a context
and a function� This cannot in general be done with ex�
pression procedures and was the original motivation for our
work� Suppose� for example� that we wish to generalize
mapsucc to the standard map function� �To make the deriva�
tion smaller we use the map which is de�ned only on in�nite
lists�a derivation for the standard map is the same number
of steps but a larger program would be displayed at each
step��

�mapsucc��xs�succ �head xs� � mapsucc �tail xs�
fFissiong �� ��map��� succ�

�map�
�xs�succ �head xs� � map succ �tail xs�

� fabstract succg
��h��xs�h �head xs� � map h �tail xs�� succ

�
��map��h��xs�h �head xs� � map h �tail xs��

succ

If we read the derivation from bottom to top� we simply
have the specialization of map succ� Here� when we do Fix�
Point Fusion�or in this case� Fix�Point Fission�we use a
similar notation but the

�� ��map��� succ�

�which corresponds to what the user would enter� gives the
form of the desired program�

��� Tupling

This example does tupling� or loop fusion� It takes a two�
pass average program and derives a one pass algorithm� This
transformation is normally beyond the scope of fully auto�
mated strategies such as deforestation or partial evaluation
�which is not surprising for a user�guided transformation
system��

let sum � �sum��xs�case xs of
�� 	� ��
x�xs
 	� x � sum xs


len � �len��xs�case xs of
�� 	� ��
x�xs
 	� � � len xs


�ys�sum ys � len ys
� fabstractg
�ys�let �s�l� � �sum ys� len ys� in s�l

� fabstractg
�ys�let �s�l� � ��xs��sum xs� len xs�� ys

in s�l

Now we want to specialize

�xs��sum xs� len xs�



but neither sum nor len is in a strict context� so expression
procedures cannot specialize this program nor can Fix�Point
Fusion be directly applied here� One way to get around this
is to add a construct to the language by which we can express
a strict product	 but even for cases in which the product
is not strict� we can continue with the help of the derived
rules FPF� and ABIDES �derived rules whose de�nitions
and derivations are in the Appendix��

�xs��sum xs� len xs�
fFPF�g �� �sumlen���

�sum�len�
�xs��case xs of ��	��� x�xs
	�x�sum xs
�

case xs of ��	��� x�xs
	���len xs
�
� fABIDESg
�xs�case xs of

�� 	�������
x�xs
	��x� sum xs
��� len xs
�

� fabstractiong
�xs�case xs of

�� 	�������
x�xs
	�let �s�l� � �sum xs
�len xs
�

in �x�s���l�
� fabstractiong
�xs�case xs of

�� 	�������
x�xs
	�

let �s�l� � ��xs��sum xs�len xs�� xs

in �x�s���l�

�
�sumlen��xs�case xs of

�� 	� ������
x�xs
 	� let �s�l� � sumlen xs


in �x�s���l�

The rule FPF� is a variation on Fix�Point Fusion which
is applicable when we have two recursive de�nitions� Inter�
estingly� it is also a free theorem of �� we get Fix Point
Fusion �FPF � when we use a binary relation� we get FPF�
when we use a ternary relation�

��� Mutually Recursive Expression Proce�
dures

It is not obvious that Fix�Point Fusion along with the other
laws can do all transformations that are possible with ex�
pression procedures� Can we do all transformations done by
combining expression procedure rules in ways other than the
prototypical order� composition� laws� abstraction� then ap�
plication� In the future we would like to prove this	 but for
now� here is an expression procedure derivation that seems
di�cult to do with Fix�Point Fusion because the uses of
composition� abstraction� and application are completely in�
tertwined� Given this

f � F�f�g�
g � G�f�g�

and assuming

�f�g� C�F�f�g�� �� A�C�f��D�g��
�f�g� D�G�f�g�� �� B�C�f��D�g���

with expression procedures we can do this�

C�f� �ep� C�F�f�g��
D�g� �ep� D�G�f�g��

� fassumptiong
C�f� �ep� A�C�f��D�g��
D�g� �ep� B�C�f��D�g��

� fabstract twiceg
C�f� �ep� f

f
 � A�C�f��D�g��
D�g� �ep� g

g
 � B�C�f��D�g��

� fapply C�f� twice� apply D�g� twiceg
C�f� �ep� f

f
 � A�f
�g
�
D�g� �ep� g

g
 � B�f
�g
�

However� this is just as easy to do with Fix�Point Fusion
if we express the mutual recursion explicitly� Given this

�f�g� � ��f�g���F�f�g��G�f�g��

we can specialize both de�nitions at the same time as fol�
lows�

�C�f��D�g��
� fdef� of �g
�C�D��f�g�

fFusiong �� ��f
�g
����
�f�g�
�C�D��F�f�g��G�f�g��

� fdef� of �g
�C�F�f�g���D�G�f�g���

� fassumptiong
�A�C�f��D�g��� B�C�f��D�g���

� fdef� of �g
�A�B��C�f��D�g��

� fdef� of �g
�A�B���C�D��f�g��

�
��f
�g
���A�B��f
�g
�

� fsyntactic sugarg
�f
�g
� where f
 � A�f
�g
� and g
 � B�f
�g
�

	 Quali�ed Expression Procedures

In his thesis �Sch��� Scherlis noted that expression proce�
dures allow us to specialize recursive functions in a syntactic
context� but do not allow us to specialize functions based on
non�syntactic information� For instance� expression proce�
dures can specialize f in the syntactic context �f x �� but
couldn
t take advantage of �x � y� in the specialization of
�f x y��

To take advantage of the non�syntactic information avail�
able� Scherlis extended his system to support �quali�ed ex�
pression procedures��� A quali�ed expression procedure
looks like this

�p� e� �ep� e�

in which p is a boolean valued expression similar to a pre�
condition� In the transformation of the de�nition� we can
assume p is true	 the quali�ed expression procedure may
only be applied where the quali�er is true�

Thanks to the non�strict semantics of our language and
our schematic approach to expression procedures� we get the
power of quali�ed expression procedures without having to
add any ad hoc constructs to the language� Let
s say we
have an assert function de�ned as

assert p e � if p then e else error

�With these we get the power of Generalized Partial Computation
�FN��� Tak��
� The importance of this extra information for special�
ization of programs is discussed in S�renson et al� �SGJ�	
�



�where error is equivalent to �� for which we add some
syntactic sugar�

�p� e � assert p e
�p �� e � �p e� e

With assert and some simple laws about it� we get the
power of quali�ed expression procedures� Some easily proven
laws regarding assertions are as follows�

Introducing�Eliminating Assertions

if p then a else b � if p then �p� a else b
if p then a else b � if p then a else �not p� b

Manipulating Assertions

�if p then p� else p�� if p then a else b
�

if p then �p�� a else �p�� b

�p� � �p� �q� if p �� q
�p� � �q� if p � q

�p� C�e� � C��p� e� if C�� strict

Using Assertions

�e��e�� D�e�� � �e��e�� D�e��
�p� D�if p then a else b� � �p� D�a�

�not p� D�if p then a else b� � �not p� D�b�

Assertions can be used either as a run�time construct or as
a construct which is introduced and removed during trans�
formation� Nothing needs to be added to the language with
our approach� nor do our transformation rules require any
change� we just add the assertion laws� Assertions and Fix�
Point Fusion allow us to bring pre�conditions into a recur�
sion and to bring post�conditions out of a recursion as seen
in following two laws� which follow directly from Fix�Point
Fusion�

Where f � �f��x�F�f	 and p is strict�

Pre�condition�

�x��p x� F�f	 � �x��p x� F��x��p x� f x	
�x��p x� f x � �f��x��p x� F�f	

Post�condition�

�x�F��x��p �� 
f x�	 � �x��p �� F�f	
f � �x��p �� 
f x�


 Conclusion

In our attempt to increase the expressiveness of expression
procedures we have made these contributions�

� We have shown that the essence of expression proce�
dure transformations is Fix�Point Fusion� Thus� the
power of expression procedures can be achieved with
a schematic program transformation rule�

� As a result� we have integrated two di�erent ap�
proaches to doing program transformation� the
schematic approach and the generative set approach�

� We can do transformations which neither expression
procedures nor safe restrictions of unfold�fold can do�
This is a consequence of the reversibility inherent in
the schematic approach�

� We have improved on the work of Scherlis and Sands�
By doing expression procedures in one step� we gain
simplicity over their approaches� ��� we have a simpler
proof of correctness since we need only prove one law
and need not show that a set of laws preserves con�
sistency and progressiveness	 �
� we can dispense with
Sands
s restriction on where we can perform abstrac�
tion in expression procedures �this restriction is moti�
vated by the proof of correctness�	 and ��� we need not
give a semantics to expression procedure de�nitions�

� We show how� with our approach� we get the expres�
siveness of Scherlis
s quali�ed expression procedures
by simply adding assertion laws�

Future work on PATH will include designing and im�
plementing the user�interface� implementing various meta�
programs� building a useful catalog of rules� and applying
the system to more realistically sized programs� Other av�
enues of research related to the work here would be ��� de�
veloping a proof that our transformation rules really are as
expressive as unrestricted expression procedures� �
� inves�
tigating the relative power of our system compared to un�
fold�fold� and ��� investigating the limits of our approach
compared to� for instance� a theorem prover with �x�point
induction�
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A Derived Rules

A�� FPF�

Rule�

C�	 strict�
�d�e� C�
D�d	�E�e	�	 � G�C�
d�e�		
C�
�d�D�d	��e�E�e	�	 � �g�G�g	

Derivation�
Assuming

C�� strict
�d�e� C��D�d��E�e��� � G�C��d�e���

We get

C���d�D�d�� �e�E�e���
� fSPLITg
C���d�e���D�E��d�e��

fFusiong �� �g���
�d�e�
C��D�E��d�e��

� fdef� of �g
C��D�d��E�e���

� fassumptiong
G�C��d�e���

�
�g�G�g�

A�� SPLIT

Rule�

�
d�e��
D�E�
d�e� � 
�d�D�d	� �e�E�e	�



Derivation�

let x � ��d�e���D�E��d�e�

fst x
� fdef� of xg
fst ���d�e���D�E��d�e��

� fsyntactic sugarg
fst ��z��D�E� z�

fFusiong �� �d���
�z�
fst ��D�E� z�

� feta expansiong
fst ��D�E� �fst z�snd z��

� fdef� of �g
fst �D�fst z��E�snd z��

� freductiong
D�fst z�

�
�d�D�d�

And similarly we get

snd x � �e�E�e�

Then we get

x
� feta expansiong
�fst x� snd x�

� fabove two lawsg
��d�D�d�� �e�E�e��

A�� ABIDES

Rule�


case e of L x��a�� R y��a��
case e of L x��b�� R y��b��

�
case e of L x��
a��b��� R y��
a��b��

Derivation�

�case e of L x	�a�� R y	�a��
case e of L x	�b�� R y	�b��

� finverse reductions for fst and sndg
�case e of L x	�fst�a��b��� R y	�fst�a��b���
case e of L x	�snd�a��b��� R y	�snd�a��b���

� freverse instantiation� twiceg
�fst �case e of L x	��a��b��� R y	��a��b����
snd �case e of L x	��a��b��� R y	��a��b����

� feta contractiong
case e of L x	��a��b��� R y	��a��b��


