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Abstract

A system of annotated types is proposed as a means of de-
scribing and inferring static information, such as strictness
and constancy, about functional programs. An abstract se-
mantics is given in terms of projections. The paper then
proceeds to demonstrate a close connection between anno-
tated type assignment and projection analysis.

1 Introduction.

Modern implementations of functional programming lan-
guages rely heavily on optimisations made on the basis of
compile-time analysis of programs. The main approaches
fall into three broad classes: those based on abstract inter-
pretation (e.g. [Myc81, AHS8T]), those based on projections
(e.g. [WHS8T, Lau91, Dav93, Bur90b]), and those based on
type systems (e.g. [KM89, WBF93, Wad91, JG91]). The
interrelations of these methods has attracted some study,
with Burn [Bur90a] comparing abstract interpretation with
projection analysis, and Jensen [Jen91] and Benton [Ben93]
investigating links between abstract interpretation and the
typing approach of Kuo and Mishra. The main contribu-
tion of this paper is to demonstrate a close correspondence
between the annotated types approach of Wright [Wri91,
Wri93] and Baker-Finch [BF92, BF93, WBF93] and projec-
tion analysis. This also suggests a clean extension of pro-
jection analysis to the higher-order case. The treatment of
data structures and recursive types in the type system is
new and hence of interest in its own right.

The paper is structured as follows. After defining the
example language A7, annotated types are introduced and
an assignment system is given. We survey some basic defini-
tions and results about projections and then use the concept
to give a non-standard semantics for A7 over the annotated
types. Projection analysis is described and its relation with
annotated types is demonstrated. Finally, we briefly show
how to treat recursive types by extending the type system to
include list data structures. Throughout, we use ‘strictness
and absence’ as our sample analysis. This is chosen to follow
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the seminal paper [WHS87], but the results established here
apply to other projection analyses.

2 Standard semantics.

The language A7 to be considered in this article is a simply-
typed A-calculus augmented with pairs as an example data
structure.

The type language is built on a finite set of base types
1,9 € To, including bool and int. The types are then given
by:

o,T€T u=1|ocoT|oc—T

The type constructor _o _ represents products. The nota-
tion is chosen to reflect the relevant logic connective ‘fusion’
[AB75, Dun86] which corresponds to the type assignment
rules below. For the present paper this is only a notational
matter.

At each type o there is a countable set of variables Var,
and a set of constants Cong.

z,y € Var = U Var»
ceT

c € Con = U Cone
ceT

For o and 7 distinct types, Vars, Var,, Con, and Con. are
disjoint. The syntax of A7 terms is as follows:

e€Ar i=g|c|Az.e|erer
| (eo,e1) | pcase eg of (z,y) = e
| if eo then e; else e; | rec(z)e

Assume that the constants include: n : int, for all n € Z;
4 _: int — it — ant; - = _: it — int — bool; and
true, false : bool. The standard semantics of the language
is straightforward and presented here as an interpretation I,
distinguished from a non-standard semantics (interpretation
S) given later in §5. We begin with a type-indexed family
of domains {D!} defined by induction on the structure of
types in fig.1.

An I-environment p is a type-respecting partial function
from variables to UaeTDi‘ The notation for environment
update is p[z — d]. The standard semantic valuation func-
tion is [J]7 : A7 — Eno’ — UaeTDi defined in fig.2.

The standard semantics of each constant ¢ is given by
value ¢’ (of the correct type). For example, n’ = n, true’ =
tt and +7 is the addition function D!, — D!  — DI

int int nt*



[«]'p = p(=)

[el'p=¢

[e.e]’p = Ad € DL.[e] [z — d] where z € Var,

[eoer]p = (Teol” o) ([ea]p)
[{eo.e1)] "0 = ([eol” o, [ex]" )

[pcase eo of (z,y) = ei1]'p = [ei]’plz — d,y — d'] where [eo]'p = (d,d")

[e:]?p if [e]’p = tt

[if eo then e, else eg]]Ip =
1

[ex]'p if [eo]’n = ff
if [eo]'p = L

[rec(z)e]’p = e, @i wheredo = L, diy1 = [e] ol — di]

Figure 2: Standard semantics for A7

Diool = {ttvﬂ}l
Dzlnt =Z.
D;_.=[D}— D]]

I I I
Do'or = Do' X DT

Figure 1: I-domains

3 Annotated types.

The basic type language will now be extended to carry an-
notations which give information about the ‘behaviour’ or
‘usage’ of terms. This can be naturally reflected in a greater
refinement of the semantic domains.

The sets of annotations will each have lattice ordering
C here. In this paper we concentrate on annotations Id,
Str, Abs and Bot, for strictness and absence analysis as in
[WHS8T]. The ordering is Bot C Str C Id and Bot C Abs C
Id. We will write < for this lattice, resembling its Hasse
diagram, shown in fig.3. The intuition behind these annota-
tions is that Str (strict) indicates strictness, Abs (absent) in-
dicates constancy, Bot (bottom) indicates divergence and Id
(identity) gives no information. The C ordering also makes
sense under this intuition. Semantically, these annotations
represent projections (§4).

Some other possible lattices are 2 = Str C Id for simple
strictness analysis and Bot T Id (respectively represent-
ing static and dynamic) for binding-time analysis [Hun91,
HS91]. Another system with application for sharing analysis
has been variously presented by (at least) Hughes [Hug90],
Bierman [Bie92], Baker-Finch [BF93] and Sestoft [Ses91]
and is based on distinguishing 0, 1 or Many ‘uses’. However,
given its essentially operational nature it does not seem fea-

Id

Abs Str

Bot

Figure 3: Strictness annotations

sible to describe the semantics of such a system in the style
used in this paper.

The annotations are used to decorate the simple types
as follows, for annotations «,3:

o, r €T u=1|0 4087 |0 ST

e . . St o e
Intuitively, an annotation like o 2y 7 indicates that func-
. . . . Bot o e .
tions of this type are strict, while o 28"+ indicates a di-
. Ab o e .
vergent function, o =" 7 indicates a constant function and

o 14 T give no more information than the basic type o — 7.
A pair value with type o qop7 will have its first and second
components evaluated according to « and ( respectively,
when the pair itself is evaluated. For example, a func-
tion to return the first element of a pair will have a type

T StrOAbsT 51:‘ .

The type assignment system over < is given in fig.4. As
usual, ' represents an assumption set consisting of bindings
of variables to (annotated) types. However, each binding
also carries an annotation indicating the demand on that
variable in the expression being assigned a type, e.g. z%0o.
To indicate that the assumption sets carry such annotations,
we write 7. In particular, T4% denotes an assumption
set wherein all the variable annotations are Abs. When T'Y
and T'® appear in the same rule, the intention is that the
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Figure 4: Annotated type assignment

type-bindings are the same but the annotations may differ.
The reader should be aware that, even though the variable
annotations appear to the left of the turnstile, they are in
fact completely determined by the derivation.

The constants are assigned types in the obvious way:

. . . S . S
T4A% L n : int for all integers n; rAbs | _+_:int —tT int —tT

int, and so on, with the annotations in the assumption set
being Abs to indicate that no free variables are used in the
constants. The annotation ordering C has been extended in
the natural way to type expressions. This ordering is used
in the side condition to the — & rule to allow the weakening
of information in the type annotations. Without such an
option there would be terms with a simple type but with no
annotated type. For example, consider a term containing
two occurences of its outermost bound variable, such as f in

Afoor (FT) o (FKX)) ..

and KX must have type o Abs o. To resolve this conflict

Now I must have type o Str o

we may choose f to have type (o 14 o) = 1, thus allowing
both fI and f(KX) to be typed.

The operations +, X and U on the assumption set anno-
tations are extensions of simple operations on <. As may be
expected Ll is join over ©. + and X are as defined below.

+ Id Str  Abs Bot
Id Id Str  Id Bot
Str | Str  Str Str Bot
Abs | Id Str  Abs Bot
Bot | Bot Bot Bot Bot

Table 1: + over ©

Now I'**7 indicates that each variable annotation in T'”/
is multiplied! by . T71¥ adds the annotations of corre-

INote that X is not commutative. In particular, Absx Bot Z Botx

X Id Str  Abs Bot
Id Id Id Abs  Abs
Str | Id Str  Abs Bot
Abs | Abs Abs Abs Abs
Bot | Bot Bot Bot Bot

Table 2: x over

sponding variables and similarly for T'VUE,

The annotations on pair and arrow types have respec-
tively different interpretations (to be formalised later). The
annotations on pair types are like the annotations on bind-
ings in the type assumption sets. For example,

J
I'" 2% goyrFe:v

indicates that evaluating e : v creates a demand of @ on z, 8
on the first component of z and v on the second component
of z. Hence, +, x and U applied to annotated type assump-
tion sets should apply to pair annotations in the same way
that they apply to the variable binding annotations.

On the other hand, the annotations on arrow types indi-
cate some expected behaviour of terms with that type. For
example,

J 8
I' 2% S r1he:v

indicates that only terms with behaviour consistent with

o 5 7 can be substituted for z if € : v is to be a correct
typing. Thus 4, x and U should not apply to arrow anno-
tations (or other annotations within arrow types) since they
indicate a behaviour rather than a demand within e : v. Fur-
thermore, if z is bound to an arrow type in two assumption

Abs and Id x Bot # Bot x Id. This is in line with the correspondence
with [WH87] established in §6.



sets T/ and T® which are to be combined, then the anno-
tations on the type of £ must be the same in both. This is
not the case for pair types.

Definition 3.1 The operations + and U are extended to
annotated types and type assumption sets as follows (taking
* to be either + or LI):

(T7,3%0) % (T, 2%0") = T7 59 (¢ x o)

o 1x1=1,foralls €7y

s (e 3 x(c S =(c31)

¢ (0a0s7) % (0" ar0p7) = (0% 0") (axar)O(aus) (T * ')

The operation x is extended to annotated types and type
assumption sets as follows:

o ax(T7 z%0) = I‘O‘X‘],m(axﬁ)(a X o)

e axi=1,forallze 7
sax(cbn=05n

o ax(0p047) = (@ X ) (axp)O(axy)(@ X T)

In the Rec rule it appears that the J,a and o must be
‘guessed’, but they can in fact be calculated in the obvious
way by taking lim,_ . of I‘J",ma"on Fe:ont1, where o9
has all arrows labelled with the least annotation (that is Bot
in the case of ).

Example (Fibonacci). As an example of this ‘iterative’ ap-
proach, consider the accumulating parameter definition of
the Fibonacci function in fig.5. The details of the typing
process follow. (For notational brevity, Str, Abs, Bot and
Id are contracted to S, A, B and I respectively.) The lim-
iting type indicates that fib2 is strict in r and » but not
necessarily strict in ¢.

To demonstrate the behaviour with pairs, fig.6 treats
the(partly) uncurried version of the same function. The fi-
nal type indicates that pfib is strict in both p and n but only
the first element of the pair p may be safely evaluated in a
strict context.

4 Projections

This section will briefly survey projections as used by Wadler
and Hughes [WH87]. In order to talk about strictness, they
attempt to characterise the concept of the necessity of some
evaluation (rather than just its sufficiency) by lifting do-
mains with a new least element which they write as a ‘light-
ning bolt’ to distinguish it from the existing bottom element.
All functions are made strict on this new element.

In this paper however, we use more standard domain
constructions and operators, hoping for greater familiarity.
The notation is that of Gunter and Scott [GS90].

Definition 4.1 If D is a domain, then liftD has elements
{{(0,d) | d € D} U {1} with ordering:

o | Cdforalld e liftD
o (0,d)C (0,d")iffd Cd

For notational perspicuity, we will write lsftd rather than
(0,d). When there is no risk of ambiguity, we may just
write d rather that lift d.

If D and E are domains, let [D o— E] denote the do-
main of strict functions from D to E. There is a continuous
surjection strict : [D — E] — [D o~ E] defined as follows:

strictfx :{ fo izt L

1 otherwise

If D and F are domains, their smash product D ® E is
the set {(z,y) € Dx E|z # Land y # L} U{L} with the
component-wise ordering inherited from D x E and 1L C d
for all d € D x E. Essentially, all pairs with a | component
are identified with 1, making the pair constructor strict, as

required. There is a continuous surjection smash : D x E —

D ® F defined as follows:
ife# Landy # L

otherwise

smash{z,y) = { Siﬂ’y>

Definition 4.2 A continuous function « is a projection if
it is idempotent (@ o @ = a) and less or equal to than the
identity (a C Id).

o The greatest projection is Id where Idd = d, for all d
e The least projection is Bot where Botd = 1, for all d
e A projection « over liftD is lift-strict if a(lift L) = L

o The greatest lift-strict projection is Str where, for all

d,

) d dbhfelCd
Strd = { 1 otherwise

Finally define Abs over liftD as follows:

AMd:{sz iflCd

L otherwise

The annotations on types are intended to correspond to
these projections in the precise way described below.

Definition 4.3 A function f is a-strict in a (-context if
Bofoa=po f. This is indicated by writing f : 5 = «.

More details will be given in §6 but the aim of projec-
tion analysis is basically to find such an « for each 8 and
each function defined in a A7 program. For example, if
f : 8 = Str then it is safe to translate the function as though
it were strict (in its first argument). In essence, the analysis
technique consists of a process for deriving projection trans-
formers (i.e. maps from projections to projections) for Az
expressions. For example, given a definition of f, the aim is
to derive t; such that f: 8 = (¢;8) for all 3.

Wadler and Hughes [WHS87] introduce the notion of a
guard to simplify the process of calculating these projection
transformers.

Definition 4.4 Given a set of projections {a1,...an} over
some domain, suppose that a particular projection a¢ in the
set is such that for all f, if we are given f : ag = 8 then
we can deduce f:a; = B; forall 2 = 1...n. Then ag has
the guard property for {ai,...an}.



fib=An.fib211n

fib2 = rec (f)Artn.if n =1 or 2 then r else f(r + t)r(n — 1)

., B ., B ., B . .
fint 59 int 2% int 2% int F fib2 :nt

fib2 :int Str int Abs

fib2 :int

., Str . Abs . | Str .
fnt 2 int 25 int 2 int

T

A+(SUB) . , A+(AUB) . . S+(AUB) |
— Tt — Tt — it

Str

int — int

A4(SUS) . . A+(AUS) . | S+(AUS) .
— Tt — Tt — " nt

fib2 :int Str int 14 int Str int

Figure 5: Fibonacci

pfib=rec (f)Apn.if n=1or 2
then pcase p of (res,prev) = res

else pcase p of (res,prev) = f(res + prev,res)(n — 1)

. ., Bot .  Bot . . .
f 1 int gotoBotint Sint S int b pfib : int go gent
. . Str . |, Str . . .
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. ., Str ., Str .
pfib : int gpr0rgent it 25 int

Figure 6: Fibonacci (pairs)

If the guard property holds, the obvious advantage is that
projection transformers can be completely defined simply by
defining them for the single value ag.

Proposition 4.5 Str has the guard property for <.

Proof For all f, f : Bot = Bot, f : Abs = Abs, and
f:Id = AbsU B where f: Str = S. O

Thus, if we know f : Str = 8 then we can simply work
out B’ in f : o = B’ for all @. The guard property plays
an important part in the establishment of a correspondence
between the type assignment system and projection-based
context analysis (§6).

5 Semantics of annotated types

Intuitively, if some function f is given type o — 7, this can
be interpreted as indicating that f is a-strict in a Str context
(and by the guard property, this is sufficient to deduce its

. . St
behaviour in all other contexts too). For example, o A

indicates a strict function while o 23’ 7 indicates a divergent
function.

We begin by modifying the standard semantics in line
with the ideas of the preceding section by giving an inter-
pretation S (for strictness) of the language Ar. First the

semantic domains are all lifted with a new least element,
such that all functions will be strict on this new bottom.
The type-indexed family of domains {D7} is defined induc-
tively on the structure of types o in fig.7.

D? = LiftD!, for alli € Tp
D;_,=[D. o D?]

D;,.=D]®D;

Figure 7: S-domains

Now assuming S-environments to be type-respecting as
discussed above, the semantics of A7 over the D?® domains
is given by a semantic valuation function similar to the stan-
dard interpretation I of §2.

Now we must account for the annotations on types. Re-
call that there are essentially two different applications of
the annotations — those on arrows tell us about how func-
tions of that type use their arguments, while those on pair
types indicate how the pair elements will be used by their
context. Hence we should expect there to be two different



[«]°p = p(=)

[e]®p =¢®

[z.e]®p = strict(Ad € DZ.[e]°plz — d]) where & € Var,

[eoer]®p = (Teol*p)(Tex]"p)

[{eo, €1>]]Sp = smash([[eo]]Sp7 [[61]]5p>
[pcase eo of {z,9) = ei1]°p= { L

L

[if eo then e; else 62]]Sp =

[e:]%p[z — dyy = d'] it [eo]*p = (d,d")

if [eo] *p = L

if [eo]*p= Lor[e1]°p=Lor[ex]’p= L
otherwise:
[e:]%p if [eo]®p = tt

[e21%p if [eo]®p = £

lift L

if [eo]°p = lift L

[rec(z)e]®p = |_|iew d; where do = lift L, diys = [e]°p[e — di]

Figure 8: Lifted semantics for A+

(but interacting) semantic interpretations. First, if an ex-
pression is given type o 407 then the context containing the
expression places demand a on the first element of the pair
and demand £ on the second element of the pair. That is,
projections « and f can safely be applied to the respective
pair elements.

Definition 5.1 For each annotated type o there is a con-
tinuous function _ | ¢ : DS — D7 such that, for all (d,d’) €

DS
(d,d') [ (¢a0p7) = (a(d [ 0),(d" [ 7))
and for o not a pair type, _ [ o is the identity.

We have already signalled our intention that giving f
a type 0 = 7 means that f is a-strict in a Str context,

that is Str(fd) = Str(f(ad)). This can be extended to deal
with pairs as arguments and results and formalised by the
following definition.

Definition 5.2 For each annotated type o there is a bool-

ean valued function ino on D where finoe S 7 iff f €
D:_, and for all din,

Str(f(d o) r)=Str(fla(d] o)) [7)
and for o not a function type, dings iff d € D3.

We are now in a position to develop the necessary cor-
rectness result. That is, the annotated types that can be
assigned to a term reflect the semantic interpretation of that
term.

Definition 5.3 An S-environment satisfies I'Y provided
that if ¢ € T then pz ino. Write TV |= ¢ : r iff for
all p satisfying T'7,

o [e]°pinT
o for all z°¢ € T, [Ae.e]’pino 5 1

A more direct but less readable equivalent to the second
clause is:

e for all z%¢ € T/,
Str([e]®p [ 7) = Str([e]*ple — a((pz) [ 0)]) [ 7)

The correctness of the type system is expressed by the fol-
lowing soundness result:

Proposition 5.4 I’ Fe:7then T/ =e: .

Proof By induction over the length of the derivation of
IFe:r. |

6 Projection analysis.

Wadler and Hughes use projections in [WH87] to formalise
and clarify the so-called backwards strictness analysis pro-
posed in earlier papers, e.g. [Hug87] (see also [Hug90]). Es-
sentially, given a context (i.e. a projection) indicating the
demand made on the result of a function application, the
alm is to deduce the demand made on each argument. The
term ‘backwards’ is suggested by the observation that infor-
mation flows from functions to their arguments, rather than
the opposite, as in abstract interpretation. The next section
demonstrates and explores a correspondence between such
projection analyses and the type assignment system pre-
sented in this paper, which goes beyond simply noting that
projections provide a common semantic basis. Given that
the two techniques were developed independently, this is a
noteworthy observation. The presentation in [WHS87] is for
a first-order language, so we will begin with that restriction



in place. With reference back to the definitions and results
about projections in §4, we briefly survey the approach of
[WHS8T] beginning with some notation:

e‘a=p

where a, 3 are projections, indicates that if e is evaluated
in context « then the demand on the free variable z is G.
More formally,

cCa=p = a(le) = a([e]*slz — Blpz))

Note the close correspondence with the 3rd clause of defn.5.3.
Accordingly, we could write

z.e]’p:a= 8 for e“a=4

Assuming a function definition like fzq ...z, = e, Wadler
and Hughes write:

fla=p

to indicate that if an application of f is evaluated in context
«a then the demand on the ith argument is 8. In terms

of the notation introduced above, the following serves as a
definition of f*:

fla = e%ia

If we restrict attention to first-order terms of A7 and ignore
pairs for now, the projection analysis over & according to
[WHS8T] is given in fig.9, where « is assumed to have the
guard property and the results for other contexts can be
deduced according to the technique given in §4. (Thus, over
<, we may replace a with Str in all of the clauses above.)

o =«

y'a=Abs ifx#y

c¢*a = Abs for all constants ¢
(fer...en)’a=ef(fla)&...&e (f )

(if eo then e; else e2)®a = ef Str & (efa U e5a)

Figure 9: Simple projection analysis

Definition 6.1 Wadler and Hughes [WHS87] give the fol-
lowing definition for the operator & used above to combine
projections:

4L fad=lorfd=1
(a&eff)d = { ad U Bd  otherwise

While higher-order projection analyses have been devel-
oped [DW90], the first-order case is more widely known and
straightforward. To simplify comparisons between our work
and [WH87] we restrict the type system to first-order in the
obvious way. That is, all variables must be of atomic type
and abstractions must take place ‘all at once’. This requires
minor modification of the rules of fig.4, to derive the first-
order system shown in fig.10.

Proposition 6.2 The restricted type system corresponds
to projection analysis as follows:

I, 2% tFe:r <= € Sir=a

and

I—f:ola—1>---ona—>"7' <= fiStr:a,' for all ¢

Note that, by the guard property, fixing on the projection
Str does not constitute a restriction of this result.

Proof  Straightforward induction on the length of deriva-
tioms. |

Since the type language has usage information distributed
through type expressions, the projections in the result above
are ‘atomic’. In contrast, [Hug90, WH87] construct more
complex projections to describe not only the usage of values
but, in the case where values are structured, also the usage
of the components of such values. Here we will follow the
earlier notation of Hughes [Hug87, Hug90]. Consider a pair
value. We are interested in the demand on the pair itself
and, if it is evaluated, the demand on the first and second
elements of the pair. If the components are also pairs then
similar information is desired and so on. This can be indi-
cated as g~y to say that the demand on the pair is «, the
demand on the first component is 8 and the demand on the
second component is v. Since the components may also be
structured, 8 and 4 may also be subscripted in this fashion.

For example, the demand on the argument to a function
which returns the first element of a pair can be given as
follows:

(pcase p of (z,y) = )Y Str = Strgr avs

To complete the projection analysis described above, we add
the following clauses:

(eo,€1)% g~ = aleg &efy)

(pcase eg of (z,y) = e1)’a =ejap, &eja
where efa = 8 and efa = v

Figure 11: Projection analysis for pairs

The extension to prop.6.2 to take account of these struc-
tured projections must include consideration of equivalences
like:

r’,z% goy0’ Fe:r = " Str=ap,
and
I’ ,z% Fe: TgoyT = €"Strg, =«

In general the correspondence result can be restated as fol-
lows:

Proposition 6.3 The type system corresponds to projec-
tion analysis as follows:
I‘J,mao Fe:T <«— exStr|,.| = Qg
and, for allt =1...n,
Ffion a—1>---ona—>"7' <~ fiStr|,.| =i,

where [2| and |0 — 7| are null and |0 o0p7T| = @|s|, B)7|-

Proof Extend the inductive proof of prop.6.2 with cases
for oZ and of. (I
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Figure 10: First-order annotated type assignment

This demonstrates that annotated type assignment and
projection analysis produce the same results but in fact the
correspondence goes further than that, involving the basic
operations underlying the two techniques. Projection anal-
ysis is based on the composition of projection transformers
and the operator &. The basic operations of the type assign-
ment system are x and + as defined in §3 and they come
into play at the very places where composition and & re-
spectively arise in projection analysis. In the remainder of
this section we show that & and + are equivalent and that,
given the guard property, X is simply an alternative means
of calculating the composition of projection transformers.

6.1 & and +.

For simple ‘atomic’ projections, it is merely a matter of cal-
culation, using table 1 for 4+ in and the defn.6.1 for & to
establish the following result.

Proposition 6.4 For all projections «a,8 € <, a&ff =
a+ 8. O

But what of constructed projections like arg which appear
in projection analysis but not in the type system? According
to the cited definition of & (defn.6.1),

aﬁﬁ&a%/ﬁ/ = (a&a/)(ﬁ&ﬁz)y(v&vz)

A projection like ag 4 will correspond to a fusion type like
_p0y_, with a possibly appearing as an arrow annotation
or in a type assumption like %0 goyr. Now the only way
of ‘combining’ types like o goy7 and o gro, 7 is if they ap-
pear bound to the same variable in type assumption sets 'Y
and T® which are ‘summed’ in a derivation to give T/TX,
Definition 3.1 says that

(I“], %0 goyT) + (I‘K, o 30/ T)
(I\J-I-K' ma-l-a’
bl

T gt Oxty!T)

which corresponds exactly to the effect of & on constructed
projections. Hence, while + is only defined over simple an-
notations, the effect in the type assignment system is the
same as & in projection analysis.

6.2 Composition and x.

In projection analysis, for a function application like fe we
may wish to calculate e’”(fla) for a a projection and e*
and f' projection transformers appropriate to e and f. In
comparison, and with some abuse of notation, the type as-
signment system calculates e®Str x f'Str. Now recall that

by the guard property, if we know e’”(f1 Str) then we can
find e”(f'a) for all a. Similarly, if we know e”Str then
we know e¥$ for all projections (3, in particular e’”(f1 Str).
Hence knowing both e” Str and f' Str is sufficient to find the
composition e”(f'Str) and this is exactly the definition of x
given in §3. In summary, f'Str x e* Str = “(f' Str) and the
guard property ensures that this is sufficient to completely
determine the composition of ¢® and f'. The following re-
sult provides a more formal statement.

Proposition 6.5 Given some collection A of projections
{ai1,...a,} for which a¢ € A has the guard property. Let
t1,t2 be projection transformers corresponding to some func-
tions fi1, fo respectively (i.e. f; : @ = tia forany e andi=1
or 2). Then their composition #; otz can be fully determined
from tiag and taag.

Proof Trivial. If we know t1a ¢ then the guard property
gives us t1; for all a; € A. In particular it gives us ¢; (tgac;).

In this paper we define (t2ac¢) X (trag) = t1(t2aq).

7 Analysing lists.

This section outlines how the type system can be smoothly
extended to deal with recursive types. We demonstrate with
the important case of lists but the technique generalises
quite easily. Our notational style borrows from [Hug90].

Recursive types naturally lead to the possibility of ‘in-
finite’ annotations or projections. The usual decision is to
insist that the annotations are uniform, in the sense that the
usage of components down the recursive chain is described
by a single annotation. Thus, for lists, annotations are given
to describe the usage of the head of the list and the tail of
the list. The annotated type language is extended to admit
lists as follows:

[T]a:s
to indicate that the elements of lists of this type all have de-
mand « and the structure of the list (i.e. all the tails) have
demand 3. Note that in fact the assumption of uniformity
goes beyond « and 8, in that all elements of the list are as-
sumed to have the same type o and in our scheme this may

contain annotations. For example, a list of type [o Sty T)a:p
must consist of elements which are all strict functions. In
other words, the component type also indicates some de-
mand or behaviour of the list elements. This new form of
annotated type leads to an obvious extension of defn.5.1:

0T [elas =1



Nil for any a,8,0

T4% - ] [0]ais

I‘Jl—eo:o/

T¥ ke [0]a:p o Co

LoxJHaxKE (eo ze1) :[o]a:p

T’ Feg: [0]a:p IFe :r

I !
I‘L,ma o, yﬁ [6lapbex:T

L/ lcase eg of [[ = e |(z:y) = ex:T

Figure 12: Annotated type assignment for lists

(z :28) [ [o]acp = (afe [ ) : (B(zs [ [0]a:p))

The type assignment rules for this extension are shown in
fig.12.

We conclude with some example type schemes demon-
strating the kind of information that can be deduced using
this approach.

head zs = lcase zs of [| = error
| (y:ys) = 9

head : [0]str aps 3 o

The type for head indicates that only the first element of
the list argument need be evaluated and the rest may safely

be discarded.

reverse = lcase zs of [|= []

| (y :ys) = append(reverse ys)[y]

Str
reverse : [0](ax(strug)):Str — [0la:p

The element annotation a x (StrUS) tells us (at least) that
reverse is only head strict if its result is to be evaluated in
a context which is both head strict and tail strict.

The final example below, compose, confirms expectations
that a function that forms the composition of a list of func-
tions is only tail strict if all the functional list elements are
strict. Furthermore, compose is only strict on its second
argument under the same circumstances.

composefsz = lcase fsof [[= =z
| (g:98) = g(compose gs x)

a Str Strua
compose : [0 = Glgtra — 0 — O

8 Conclusion.

We have outlined a system of annotated types for the static
analysis of functional programs and given a compositional
semantics in terms of projections. Type assignment and
projection analysis were shown to produce corresponding
results and to employ essentially equivalent basic operations
(that is, + is equivalent to &, and x imitates composition).

One key difference is that only ‘atomic’ projections ap-
pear in the type system whereas projection analysis uses
‘constructed’ projection (e.g. head- and tail- strictness).
This may offer advantages in terms of semantic simplicity
and operational control. Of course, the practicality of the
typing approach will only be proven by the implementation
and testing of such systems and work is progressing on this
front.
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