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Chapter 1

Introduction

Many problems are expressible as simpler cases of more general problems. When solving problems by
computer, this may help us to find solutions. If the more general problem has a solution, we may be
able to find a solution to the simpler case as a special case of the solution to a more general problem.

A particularly clear example of this is specialisation:
Many computer programs take several arguments. It often happens that some of the arguments

are known at an earlier time than others. It may also happen that the program will be executed
several times with the same values for some of the arguments.

It is possible to take advantage of these situations by constructing (by hand or machine) special
programs integrating the constant data or by preprocessing the constant/earlier known data to speed
up the subsequent computation.

The most well-known example of this is the use of compilers to obtain faster run times than if
the source program had to be interpreted. Conceptually, this can be understood as specialising an
interpreter with respect to the source program. Even in other cases the term “compilation” is often
used to describe the integration of a program with some of its data.

Other examples include

• String matching, where we want to look for for a pattern string in several subject strings, e.g.,
to find a sentence in one of several text files, or conversely look for several patterns in a constant
string (in the most general case, this includes searching in a data base).

• Image generation, e.g., ray tracing, where we must generate pictures of the same scene from
different viewpoints.

• Parsing, where we want to match several strings against the same grammer.

This report investigates principles describing preprocessing and compilation as specialisation of
more general algorithms.

The most general formulation is that of mixed computation [Ershov 77]. Special cases of this
include program specialisation, also known as partial evaluation [Lombardi & Raphael 64] and the
new principle of data specialisation [Barzdins & Bulyonkov 88].

In this thesis an algorithm for data specialisation is implemented and applied to the string matching
problem. The principles of using data specialisation for compiler generation are outlined and the
adequacy of the presented algorithm for this application is discussed.

5



Chapter 1. Introduction 6

1.1 Outline

We will introduce self-applicable partial evaluation and some of the related problems, e.g., concerning
binding time analysis and unfoldability annotations.

Thus familiarity with self-applicable partial evaluators is not a prerequisite to understand the
report, but many of the problems encountered here will be very similar to well-known problems in
program specialisation. For this reason we will often refer to existing literature rather than describe
these problems in detail.

Chapters 2 and 3 introduce mixed computation and program specialisation, providing the back-
ground for the rest of the report.

Chapter 4 presents the principle of data specialisation, the main topic of the report. Some algo-
rithms are given and the possibility of deriving an algorithm from a semantic specification is discussed.

Chapter 5 shows and compares application of program specialisation and data specialisation to
the generation of string matching algorithms.

In chapter 6 the principle of sequential decomposition is introduced and it it seen how a sequential
decomposition algorithm can be obtained using program specialisation of a data specialiser and how
sequential decomposition can be used to generate a multi-pass compiler.

Chapter 7 describes the sequential decomposition algorithm based on a data specialisation algo-
rithm from chapter 4 and illustrates it with one of the string matching algorithms from chapter 5.
Then the design of data specialisation algorithms for the multi-pass compiler application is discussed.

Some related works, particularly in compiler generation, are presented in chapter 8. Chapter 9
suggests some further directions of work and chapter 10 is the conclusion.

1.2 Terminology

For concepts related to programs and programming languages we will mainly use the terminology
employed in the Mix papers [Jones et al. 89].

We will use the term “function” only for the abstract, mathematical object and the term “proce-
dure” for textual descriptions of algorithms as they appear in programs. Thus “the function add1”
refers to the function computed by the procedure add1 and is identical to the function f(x) = x + 1.

1.3 Background

Partial evaluation was first mentioned in [Lombardi & Raphael 64].
The use of self-applicable partial evaluation for compiler generation was described in [Futamura 71].

The first reported self-applicable partial evaluator was the Mix system [Jones et al. 1985]
[Jones et al. 89].

The idea of data specialisation and its use to generate sequential composition and multi-phase
compilers comes from [Barzdins & Bulyonkov 88], which also gives an algorithm for data specialisation
(described in chapter 4).

The extension of this algorithm and the implementations were done for this report.
[Consel & Danvy 89] uses program specialisation to obtain compiled matching algorithms like in

[Knuth, Morris & Pratt 77]. With Olivier Danvy, the author has generalised the principles involved
to obtain matching algorithms comparable to [Weiner 73]. For this report, these results have been
extended to obtain directed acyclic words graphs [Blumer et al. 85]. The data specialiser developed
has been used to generate the actual data structures and corresponding matchers, rather than compiled
versions, for all cases.



Chapter 2

Mixed Computation

2.1 Introduction

The concept of mixed computation was introduced in [Ershov 77] and [Ershov 78] as a framework
to generalise underlying principles found in compiler construction. It was soon related to partial
evaluation [Lombardi & Raphael 64] which is a special case of mixed computation and with the work
of Futamura [Futamura 71] and Turchin [Turchin 74] [Turchin 81].

This section gives the definition of mixed computation and points out the special cases that have
inspired most of the work done in the area. Particularly the concepts of input division and binding
time are introduced.

2.2 Definitions

We will use the following framework of programs and programming languages (from [Jones et al. 89]).

We assume that we have a domain D containing the values that we need, e.g., natural numbers
and character strings (including program texts). This domain is further assumed to contain its n-ary
products for all n ∈ IN :

[ , . . . , ] : Dn → D

A programming language L is then defined as a partial function:

L : D
∼→ D

∼→ D

Thus a legal program l in the language L is mapped to a partial input-output function:

L l : D
∼→ D

(here ∼→ is used to denote partial functions).

Definition 1 ([Ershov 77] and [Ershov 78]). Mixed computation for a programming language L
is a two-part algorithm MIX = (MIXp,MIXd) written in a (possibly different) language M . For
any program l in L and input d, MIX generates an intermediate program l′ = M MIXp (l, d) and
intermediate output d′ = M MIXd (l, d). The algorithm MIX is correct if

L l d = L l′ d′

2

7



Chapter 2. Mixed Computation 8

Thus correct mixed computation consists of any two algorithms that take a program and its input
and generate a new program and some new input so that, when the new program is run on the new
input, it gives the same result as the original program on the original input. It is simple to prove that
there exists a mixed computation algorithm:

Let M be the λ-calculus. Let MIXtrivial = (λl. l, λd. d).
Then MIXtrivial is a correct mixed computation.

[Ershov 78] gives an example of a non-trivial mixed computation for a small imperative language.
The algorithm proceeds by executing some of the statements and terms of l and “suspending” the
rest. The decision to suspend one part of the computation then forcibly suspends those other parts
that depends on the result of the suspended part.

As an important special case [Ershov 78] mentions the case where the input can be divided in two
parts, d = (ds, dd). If all statements and terms depending on dd are suspended and all occurrences of
ds are integrated into l′, then MIXd can be defined simply by M MIXd [l, [ds, dd]] = dd. MIXp, on the
other hand, does not depend on dd. This case has later been known as partial evaluation or program
specialisation (see chapter 3), since such a MIXp-algorithm partly evaluates the program l, based on
the partial input ds, and returns a specialised version of l that only depends on dd.

[Barzdins & Bulyonkov 88] isolates another special case which still involves a concept of input
division but where MIXd is less trivial:

Definition 2 Advanced partial evaluation is a pair of algorithms [APEd, APEp], with

APEp[l, [ds, dd]] = l′

APEd[l, [ds, dd]] = [d′s, dd]
so that
L l [ds, dd] = L l′ [d′s, dd]

and both l′ and d′s are independent of dd 2

2.3 Some Terminology

The input program l will be called the source program. The output program l′ will be called the
residual program.

If we divide the input into two parts d = [ds, dd] of which ds will be passed to MIXp, but dd will
not, then ds is called the static input and dd is called the dynamic input.

Correspondingly all syntactic constructions in l whose evaluation depend on dd are called dynamic,
and those that do not are called static.

2.4 Binding Times and Binding Time Analysis

Consider the case where MIX is independent of some part of the input (the dynamic data), that is,
it returns the dynamic data unchanged and the actions on the source program and static data do not
depend on the dynamic data. If we want a non-trivial mixed computation for this case, we need to
find out which parts of the computation specified by the source program are only dependent on the
static data, so that MIX can perform them, and which parts depend on the dynamic data, so that
MIX has to suspend them, that is, move them into the residual program or the residual data.
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To express this, let us consider a simple imperative language. Then we can see the computation
as a transformation on states consisting of pairs of a program point and a store. Then we want, for
each state in the computation of the program, to find out whether the statement at that point in the
program can be executed at transformation time, by MIX, or whether it depends directly or indirectly
on the dynamic data, so that the state transformation must be postponed to run time. In the second
case, the state must be transformed to residual output, either in the residual program or the residual
data.

Such a division of states is not in general computable to find in a way that guarantees the mixed
computation to terminate, since this amounts to solving the halting problem if the set of dynamic
input is empty.

It is, however, computable to find a non-trivial, “safe” approximation, that is, a division of the
states that causes the mixed computation to terminate at least as often as the source program for
the same static data with all combinations of dynamic data. This can be done either “on the fly” or
by pre-processing, for example by dividing the set of variables in the program into two sets, the set
of static variables and the set of dynamic variables. A variable is static if it depends only on static
variables — otherwise it is dynamic. The treatment of a state then depends on whether the statement
refers to any dynamic variables.

This analysis is called binding time analysis [Jones et al. 89], since it determines the binding times
of the variables, i.e. whether the variable will be bound to a value at the time of transformation or
when the residual program is run.

[Jones 88] analyses the concept of binding time analysis as a division of states and gives several
algorithms detecting binding time information.

Thus the specialisation algorithms presented in this report will assume that their input have already
been binding time analysed.

For a more detailed exposition, see also [Mogensen 89].

2.5 Mixed Computation as a General Computation Principle

Mixed computation was developed as a general principle that would cover all kinds of computation,
particularly transformations of programs (since programs have to be compiled or interpreted in order
to run this could be seen as all computations as well). Although it is now more than ten years old, this
approach has only slowly gained recognition. The main applications have been in compiling, where it
was originally developed. One problem might be that it is in fact too general.

One sign of this is that the compiler application is a special case, and many of the crucial concepts,
such as the distinction of compile-time = transformation-time against run-time, and the notion of
binding time of variables, concern the conditions separating this special case from the general case,
rather than the properties of the general case.

In the following we will also only consider cases with a division of the input of the source program
into static and dynamic, although in a more general way.



Chapter 3

Program Specialisation

3.1 Introduction

This chapter describes the principle of program specialisation, i.e., the generation of a specialised (and
preferably faster) target program from a source program and the values of some of the input of this
program.

The first section describes the theoretical background in recursive function theory and the appli-
cation of program specialisation to compiler generation.

The second section outlines some algorithms for program specialisation and some of the techniques
used to get non-trivial results of self-application.

3.2 Theory

The goal of program specialisation is to take advantage of the case where we have a program and we
know some of its input, but not the rest, or some of the input will be constant for several values of
the rest of the input. The idea is to generate a specialised version of the program with respect to the
known or constant input in such a case.

This concept is well-known from mathematics. If we have a function ϕ(x, y) then ϕx denotes the
x-indexed family of functions of one argument, y, so that ϕx(y) = ϕ(x, y).

Kleene’s Sm
n theorem shows that it is in fact possible, if we have an algorithm for ϕ, to find an

algorithm for ϕx:

Theorem 1 For all m,n there exists a function, Sm
n , of m + 1 arguments, so that for all terms

f(x1, . . . , xm+n):
ϕf (x1, . . . , xm+n) = ϕSm

n (f,x1,...,xm)(xm+1, . . . , xm+n)

Here f denotes a term and ϕf denotes the function computed by the term f .
The proof is constructive, so the theorem even gives us a program specialisation algorithm.

Program specialisation can also be seen as a special case of mixed computation with MIXd being
the function returning the dynamic data and MIXp being the partial evaluator.

In [Jones et al. 89] interpreters and compilers are defined extensionally using the framework of
programming languages as partial functions.

10



Chapter 3. Program Specialisation 11

Definition 3 An interpreter for a programming language L is a program int written in a program-
ming language N , so that:

N int [l, d] = L l d

2

Definition 4 A compiler from a programming language L to a programming language M is a pro-
gram comp written in a programming language N , so that:

M (N comp l) d = L l d

2

In this framework we can also define a program specialising algorithm (usually called a partial
evaluator) computing the Sm

n -function:

Definition 5 A partial evaluator for a binding time pattern m,n, from a programming language L
to a programming language M is a program PE written in a programming language N , so that:

M (N PE [l, d1, . . . , dm])[dm+1, . . . , dm+n] = L l [d1, . . . , dm+n]

2

If L = N , the partial evaluator is called self-applicable because it treats the same language it is
written in, so it can be applied to its own text.

In [Futamura 71] it was shown that a self-applicable partial evaluator can be used to compile
programs and even to generate compilers. The starting point is that if we have an L-program l, then
an M -program that is generated from l and computes the same function as l, can be considered to
be a compiled version of l. Now if we have a partial evaluator PE from N to M written in K and an
L-interpreter written in N , then

target = K PE [int, l] (3.1)

is a compiled version of l written in M , since by definition 5:

M target d = L l d

Next, we observe that any program that takes a source program written in L and generates an M
program that computes the same function as the source program can be considered to be a compiler
from L to M . Thus, if we have a self-applicable partial evaluator PE from N to M , written in N and
an L-interpreter int written in N , then

comp = N PE [PE, int] (3.2)

is (as the name suggests) a compiler from L to M , since

M (M (N PE [PE, int]) l) d = (by definition 5)
M (N PE [int, l]) d = (do.)
N int [l, d] = (by definition 3)
L l d
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thus comp fulfills definition 4.
In [Turchin 74] it was then shown how to extend this to a compiler generator by further self-

application:
cogen = N PE [PE,PE] (3.3)

is a compiler generator, since M cogen applied to an interpreter is a compiler:

M cogen int = N PE [PE, int] = comp

In fact cogen is more than a compiler generator, since it is possible to apply it to any kind of
N -programs, not only interpreters.

Equations 3.1, 3.2 and 3.3 are the so-called mix equations or Futamura projections.

3.3 Algorithms

As for mixed computation, it is easy to see that there exist program specialisation algorithms. If
we use a λ-notation for functions, let PEtrivial be λx s.(λ d. (Lx [s, d])). It is clear that PEtrivial is a
partial evaluator.

3.3.1 Polyvariant specialisation

Most program specialisers use the technique of polyvariant specialisation [Bulyonkov 84]1.
This technique aims to perform those parts of the computation that only depend on the static

data. In order to do this, it is assumed that the dynamic variables have all possible values. Thus
any condition that depends on dynamic data will be both true and false, e.g., if the condition tests
whether a dynamic expression is greater than five, this will be true, because the expression might
evaluate to any number larger than five, but it will also be false, because the expression might also
evaluate to any number smaller than five, or to five. This means that specialisation should continue
on both branches of a conditional, in order to evaluate the static parts occurring there.

This way it is possible to execute those parts that depend only on static data, but how do we
incorporate the results of this into the residual program, so that we do not have to repeat it at
run-time?

An expression depending on static values will typically have many values at different times of the
evaluation, so we cannot just replace it by its value. Similarly a static condition will be both true and
false during a computation (e.g. if we descend recursively on a static list, the test for empty list will
first be false and then true). So it is not possible to replace a conditional with the part that should
be executed, since both branches have to be executed at some time.

The solution of polyvariant specialisation is to generate one instance of each program point for
each set of values of the static variables. Then a static expression or condition is not only static, but
constant, and can be evaluated and replaced by its value.

So the idea of polyvariant specialisation is to generate one program point in the residual program
for each pair of program point and static values occurring during the symbolic evaluation of the source
program on the partial data.

Let us for example consider the language Scheme [Rees & Clinger 86], with procedure definitions
as program points.

As the example, we specialise the program append (given in figure 3.1) with respect to the list
(a b c) as first argument and a dynamic second argument.

1The main exception is the Refal system [Turchin 74] [Turchin 81]
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(define (append l1 l2)
(if (null? l1)

l2
(cons (car l1) (append (cdr l1) l2))))

Figure 3.1: The source program append

During the symbolic evaluation we first call append with (a b c) and a dynamic l2. Since we want
to generate a residual procedure definition for each set of static values the source procedure is called
with, this means that we want to generate a new procedure corresponding to (append, (a b c)), let
us call it append-abc. The body of this new procedure is the body of the source procedure, specialised
to remove all occurrences of l1.

First we specialise the conditional. Since the test depends only on the static argument, we can
determine that it is false and replace the conditional expression by its false-branch. The false-branch
(a cons-expression) depends on the dynamic argument, and thus we have to leave it in the residual
program. The first argument, however, depends only on l1, so we replace it by a representation of its
value, ’a.

The second argument to the cons-expression is a call to append. This call has the dynamic argument
l2 and its first argument is the static expression (cdr l1). This can be evaluated to (b c). Now we
have a call to append with the first argument (b c) and the second argument l2, so we generate a
new procedure corresponding to (append, (b c)), let us call it append-bc.

This is done as for the first residual procedure and leads to the generation of a third procedure,
append-c, which again leads to append-nil. In append-nil the condition is true, so we specialise
the true-branch, giving the expression l2 as the body of this procedure. Our residual program then
looks like this:

(define (append-abc l2)
(cons ’a (append-bc l2)))

(define (append-bc l2)
(cons ’b (append-c l2)))

(define (append-c l2)
(cons ’c (append-nil l2)))

(define (append-nil l2)
l2)

Examples of program specialisers using polyvariant specialisation are, e.g., [Jones et al. 89],
[Consel 89], [Bondorf & Danvy 89].

3.3.2 Unfolding

Polyvariant specialisation often gives trivial residual procedures containing only calls to other proce-
dures, as seen in the example above. To a large extent this can be improved using call unfolding.

With this technique, the specialised body of a procedure is inserted in place of the call to the
procedure.
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In the append-example, the call to append-nil in append-c could simply be replaced by the body
of the procedure, giving:

(define (append-c l2)
(cons ’c l2))

Similarly the calls to append-c and append-bc could be unfolded, giving as the final result the much
smaller residual program:

(define (append-abc l2)
(cons ’a (cons ’b (cons ’c l2))))

Call unfolding can be performed either during specialisation (possibly based on annotations from
a pre-processing phase) or by post-unfolding the residual program [Sestoft 88].

Although call unfolding will often reduce the size of the residual program, it may also increase both
the size and the complexity because of call duplication. This is clearly seen in the classical example:

(define (foo x y)
(bar (* x y)))

(define (bar z)
(+ z z))

If the call to bar is unfolded here, we get:

(define (foo x y)
(+ (* x y) (* x y)))

i.e., the multiplication of x and y will now be performed twice.
This problem can be avoided by an analysis of occurrences of parameters before unfolding, see,

e.g, [Bondorf & Danvy 89].

Another problem is that of infinite unfolding, a problem related to the potential infinity inherent
in recursive definitions. The problem arises when trying to unfold a recursive (or mutual recursive)
call where the recursion is controlled by a dynamic test. Since the test cannot be computed at partial
evaluation time, the partial evaluator will specialise both branches of the conditional, leading to an
infinite unfolding of the recursive calls.

This can be avoided, e.g., by not unfolding procedures containing dynamic conditionals
[Bondorf & Danvy 89].



Chapter 4

Data Specialisation

4.1 Introduction

This chapter introduces the concept of Data Specialisation as defined in [Barzdins & Bulyonkov 88].
It is shown how partial evaluation can be seen as a special case of data specialisation and how

data specialisation is again a special case of mixed computation.
Then some algorithms for data specialisation are discussed, both the algorithm from

[Barzdins & Bulyonkov 88] (for a small imperative language) and some algorithms developed for this
thesis (for a system of first-order recursive equations) as well as a series of special case algorithms,
some trivial ones and polyvariant partial evaluation.

Finally a short section is dedicated to the consequences of changing the structure of the residual
data.

4.2 Definition

Data specialisation can be seen as a special case of mixed computation where the input data is still
divided into static and dynamic data, but now the program generator MIXp is independent of the
values of the static data, i.e.:

Definition 6 A data specialiser for a programming language L is a pair of programs [DSd, DSp] written
in M , so that for all L-programs l with arity n + m the following equation holds:

L l [d1, . . . , dn+m] = N (M DSp l) [(M DSd [l, d1, . . . , dn]), dn+1, . . . dn+m] (4.1)

2

This is in fact also a special case of advanced partial evaluation as defined in
[Barzdins & Bulyonkov 88], where l′ = M DSp l is independent of ds.

In the rest of the report “data generating algorithm” will be used for an algorithm computing DSd

and “program generating algorithm” for an algorithm computing DSp.

4.3 Algorithms for Data Specialisation

4.3.1 Some trivial algorithms

As with program specialisation, it is possible to find an easy, but trivial, algorithm performing data
specialisation. We just define

15
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M DSd [l, d1, . . . , dn] = [d1, . . . , dn]
M DSp l = λ [[d1, . . . , dn], dn+1, . . . , dn+m]. L l [d1, . . . , dn+m]

(using λ-notation for the program).

The trivial mixed computation algorithm, MIXtrivial from section 2.2 is also a data specialisation
algorithm.

4.3.2 The relation to partial evaluation

[Barzdins & Bulyonkov 88] observes that partial evaluation can be seen as a special case of data
specialisation.

Let us assume that we have a partial evaluator PE generating programs written in a language K
and an K-interpreter, int written in N . Then we can define:

DSd = PE
DSp = λ l. int

This clearly fulfills definition 6, since

N (M DSp l) [(M DSd [l, d1, . . . , dn]), dn+1, . . . dn+m] = (as defined above)
N int [(M PE [l, d1, . . . , dn]), dn+1, . . . dn+m] = (by definition 3)
N (M PE [l, d1, . . . , dn]) dn+1, . . . dn+m = (by definition 5)
L l [d1, . . . , dn+m]

At first it might sound surprising that program specialisation is a special case of data specialisation
rather than a dual case. But it seems reasonable, since programs are in fact not the dual of data but
rather a special kind of data objects.

It is worth to notice that this is also a second way to see partial evaluation as a special case of
mixed computation.

4.4 Barzdins’s and Bulyonkov’s algorithm

[Barzdins & Bulyonkov 88] presents an algorithm for data specialisation that is related to the poly-
variant partial evaluation algorithms and proves its correctness, i.e., that it fulfills definition 6.

The algorithm treats programs in a small imperative language with labeled statements, assignment,
goto, and conditional goto. The programs are assumed to be analyser programs [Bulyonkov 84]. In
relation to specialisation this means that there is only one static variable and that the computation
is controlled by this variable.

The language has the following syntax

Program ::= ((Definition*)(Instruction))

Definition ::= (Identifier Expression)
| (Identifier)

Instruction ::= (Label Command)
Label ::= Identifier

Command ::= Left-side:=Expression
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| goto Label

| if Expression goto Label

| read Left-side
| print Expression

| end

Expression ::= #t | #f | Numeral | String |
| Identifier | Identifier [Expression]

| (Mon-op Expression)

| (Bi-op Expression Expression)

and is syntactically sugared with structured loops and if-then-else constructions.

The residual data generated by the data generating algorithm is a labeled graph. Each node in this
graph represents a static store (i.e., the value of the static variable). The value of the static variable
is not saved in the node, however. Instead each node has an attribute for each static expression whose
value is computed in the corresponding store. The attribute contains the value of the expression in
that store. Each edge represents a static transition, i.e., a change in the static store caused by a static
assignment. The edges are labeled with the label of the command that contains the assignment.

The residual program resembles the source program. Its arguments are the dynamic arguments of
the source program and two new arguments: the residual graph and a pointer to the initial node in
the graph. Instead of static assignments, the residual program contains updatings of the pointer to
the current node. Instead of static expressions it contains references to attributes of the current node.

The residual graph is generated by a symbolic evaluation of the source program based on the partly
defined initial store. The generator performs a breadth-first traversal of the part of the computation
tree that is reachable on the static data using a list of “active” stores and program points to save
reachable, yet untreated, paths. If the computation was not limited by the static data in all branches,
the generation might not terminate since there could be infinitely many different static stores.

More concretely the data generating algorithm takes a program and a value and iterates over a
list of active states, starting with the first label in the program paired with the static input value. For
each state it either generates a new node or finds the corresponding node in the graph using a table
node of.

If the statement denoted by the label is an assignment to the static variable the algorithm performs
the assignment, looks up the node corresponding to the resulting state (or generates a new node if it
has not been met before), and generates an edge to that node from the current one. The new state is
then put in the list of active states.

If the statement is anything else, the generator computes the values of all maximal static expressions
in the statement and adds an attribute to the current node in the graph for each static expression.
The label of the following statement (or statements, if the current statement is a dynamic test) is then
paired with the static value to give the new state, that is added to the list of active states.

The program generator is more simple. It runs through the program once, modifying the com-
mands. All static expressions that are not subexpressions of larger static expressions are replaced
by references to attributes in the current node in the graph. All static assignments are replaced
by updatings of the pointer to the current node in the graph along the edge with the label of the
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assignment.

The graph generator and the program generator are shown in fig. 4.1.

Example

As an example, consider the small program given in fig. 4.2 multiplying two natural numbers. We
can specialise this with a static n.

The data generating algorithm takes the program, some kind of binding time information telling
it which variable is the static one, and an input stream containing the static value, let us say three.

First it creates the initial state from the first label, read0:, and the first value of n, undefined and
generates an empty node. Then it initialises the list of active states with the state, the graph to the
node and the correspondence node of to match the initial state with the initial node and starts its
main loop. The graph now looks like this:

©

In this loop it takes a state from the list of active states, here [read0:, [undefined]]. Then it adds
it to the list of passed states, finds the corresponding node using node of and treats the state. Since
the statement with the label read0: is static, it is executed, giving the new store [three]. This store
does not have a node, so the algorithm generates a node for the state and adds an entry to node of.
Then it generates an edge from the current node to the new node. Now the graph looks like this

© read0:−→ ©

Then the algorithm adds [read1:, three] to the list of active states and iterates.
This time it takes the state [read1:, three] from the list of active states, adds it to “passed” and

finds its node (the one we just put in the graph). The statement corresponding to read1: is dynamic,
so it is not executed. It does not contain any static expressions, so nothing is added to the current
node. It passes control to the next statement in the program, so the state [L1:, three] is added to
“active”.

The statement corresponding to L1: is also dynamic and does not contain any static expressions,
so it is treated the same way.

The next state is [loop:, three]. The corresponding statement is a static conditional, which is exe-
cuted and found to be false. Then the attribute “(= n 1) is false” is added to the node corresponding
to [three], giving the following graph:

© read0:−→ (= n 1) is false

Since the conditional was false, the label of next statement in the program is paired with the store
to give the next state.

This state is a static assignment, so it is executed, giving the new store [two], so a new node is
generated, giving the graph:

© read0:−→ (= n 1) is false L2:−→©
The next state is [L3:, [two]]. The corresponding statement is a dynamic assignment with no static

expressions, so nothing is added to the graph.
The next statement is a goto, so the algorithm will use the given address and add [loop:, [two]]

to the active states.
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Graph generating algorithm:
arguments: source program, initial state s0

G := <{v0},v0,0>
Active := {<l0,s0>}; Passed := 0
set node of(s0) = v0

while Active is not empty do
take <l,s> from Active
if <l,s> doesn’t belong to Passed then

add {<l,s>} to Passed
v := node of(s)
if instruction labeled by l is static assignment then
s’ := eval((source of assignment in l),s)
if node of(s’) is not defined then
v’ := new node
add node v’ to G
set node of(s’) = v’

else
v’ := node of(s’)

fi
add edge labeled l from v to v’

else
add attributes for the statement of l to v
s’ := s
fi

add { <l’,s’> | l’ is a possible successor of l on s} to Active
fi

od
result G
Program generating algorithm:
arguments: source program P indexed by PC

P’[new-label-1] := "v:= v0"
PC := first label
repeat

if P[PC] is static assignment then
P’[PC] := "v := v->PC"

else Make new command where all static expressions are
replaced by references to node v in the graph.
Assign the new command to P[PC]

fi
until PC is the last label

Figure 4.1: The algorithm from [Barzdins & Bulyonkov 88]
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(((n) (m) (res))
(read0: read n)
(read1: read m)
(L1: res := m)
(loop: if (= n 1) goto success:)
(L2: n := (sub1 n))
(L3: res := (+ m res))
(L4: goto loop:)
(success: print res)
(stop: end))

Figure 4.2: Small imperative program computing the product of two natural numbers

This way it continues until the state [loop:, [one]] is treated. Then the condition is true, so the
next state in active is [success:, [one]]. This corresponds to a dynamic statement with no static
expressions, and the next state is [stop:, [one]] that does not add any states to “active”.

At the next loop “active” is thus empty, and the algorithm returns the graph, which looks like
this:

© read0:−→ (= n 1) is false L2:−→ (= n 1) is false L2:−→ (= n 1) is true

The program generating algorithm adds two read commands reading the graph and the initial node,
replaces the updating of n (command read0 and L2:) with updatings of the graph and references to
n with references to the graph. This gives the following residual program:

(((g) (node) (m) (res))
(g29 read g)
(g30 read node)
(read0: node := (graph-ref g node read0:))
(read1: read m)
(l1: res := m)
(loop: if (graph-ref g node (= n 1)) goto success:)
(l2: node := (graph-ref g node l2:))
(l3: res := (+ m res))
(l4: goto loop:)
(success: print res)
(stop: end))

graph-ref is a primitive accessing edges and attributes in graphs like the residual data.

This is of course a particularly simple example, since there are no dynamic conditionals at all, and
thus no nodes with more than one child in the residual graph. The treatment of a dynamic conditional
is the following: first the possible static expressions are computed and added as attributes to the node
of the current state. Then the states corresponding to the next statement in the program and the
statement corresponding to the jump are both added to the list of active states and the algorithm
iterates.

[Barzdins et al. 89] presents a less trivial example; an interpreter of finite automata taking an
automaton and a string over the alphabet {a, b} and returning accept or fail depending on whether
the automaton recognises the string. The program is given in fig. 4.3. The automaton is represented
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(((R) (c) (next-a) (next-b) (accept))
(R1: R := 0)
(read1: read c)
(l3: if (equal? c ’end) goto l9:)
(l4: if (equal? c ’b) goto Rb:)
(Ra: R := next-a[R])
(l5: goto l7:)
(Rb: R := next-b[R])
(l7: read c)
(l8: goto l3:)
(l9: print accept[R])
(stop: end))

Figure 4.3: Small imperative program interpreting automata

© R1−→ 1 Ra−→ 0

↓ Rb Ra

0
Ra Rb

Figure 4.4: The residual graph when data specialising the program in fig. 4.3.

by three arrays, one for transitions on ’a’, one for transitions on ’b’ and one indicating accept or fail
(0 or 1).

When this program is data specialised, the structure of the automaton is revealed in the residual
graph. As an example, the result of data specialising with

accept = [1, 0, 0]
next-a = [1, 2, 2]
next-b = [2, 0, 2]

is shown in fig. 4.4.
This gives exactly the automaton, with accept or fail as an attribute in each node.
The residual program (shown in fig. 4.5) walks along the residual automaton. It is worth to notice,

though, that it is not more efficient than the original program, it has the same complexity.

4.4.1 Evaluation of the algorithm

The algorithm is inspired by polyvariant specialisation but differs in the fact that a node in the residual
graph does not correspond to a pair of program point and static store but only to a static store. This
makes a difference, e.g, if we have a program with four labels, l1, l2, l3, l4, and one static variable
a where execution of statement l1 and l3 on two different stores both cause a to become the same
value, e.g., one. Then the edges in the residual graph labeled l1 and l3 will both lead to the same
node, even if l1 transfers control to l2 and l3 transfers control to l4. In polyvariant specialisation,
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(((g) (node) (c))
(g96: read g)
(g97: read node)
(R1: node := (graph-ref g node R1:))
(read1 read c)
(l3: if (equal? c ’end) goto l9:)
(l4: if (equal? c ’b) goto Rb:)
(Ra: node := (graph-ref g node Ra:))
(l5: goto l7:)
(Rb: node := (graph-ref g node Rb:))
(l7: read c)
(l8: goto l3:)
(l9: print (graph-ref g node accept[R]))
(stop: end))

Figure 4.5: The residual program from the automaton recogniser.

the new program point are made from static stores and program points, so [l2, [one]] is distinguished
from [l4, [one]].

Since the data generator algorithm resembles polyvariant specialisation, the structure of the resid-
ual graph resembles a program.

It can also be compared to a trace but one that records only the static computations and that
folds back on itself when it encounters a store that it has seen before. Since it must represent traces
corresponding to all dynamic input, the treatment of a static test in a particular static store causes
the corresponding node to have more than one child, except when one of the branches ends the
computation or returns to the same state without performing any static updatings. If one of the
branches of computation leads to another dynamic test without performing static updatings the node
may have three outgoing edges, etc.

The fact that static expressions are computed at specialisation time corresponds to constant folding
[Aho-Ullman:77] but here it is done for each value of a static variable, i.e., it is a kind of polyvariant
constant folding.

The algorithm does not eliminate static loops. This is quite obvious from the way the residual
program is constructed: there is exactly one statement for each statement in the source program.

The termination properties of the algorithm rely on the fact that the input is supposed to be an
analyser program. It is simple to generalise the algorithm to arbitrary binding time patterns but then
it will often happen that the graph generator does not terminate.

We have implemented a version of this algorithm for arbitrary binding time patterns (i.e., more
than one variable may be static). For reasons mentioned above, particularly since the algorithm does
not eliminate static loops, the results are not very interesting. The residual programs have basically
the same complexity as the source programs, except for the constant folding and the fact that the size
of the static data now appears as a constant.

The program appear in appendix A.
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4.5 Extending the algorithm of Barzdins and Bulyonkov

This section describes the transformation of the algorithm of [Barzdins & Bulyonkov 88] to treat
systems of tail-recursive equations and some extensions of this algorithm.

The source languages are systems of recursive equations or procedures, with a Scheme syntax
[Rees & Clinger 86].

4.5.1 Binding time analysis

In this section we assume that the source programs are already annotated with binding times. This
is not unreasonable since the binding time analysing algorithms developed for program specialisation
can be used without modification.

We choose a design where the parameters of the procedures are annotated with binding times.
Thus the binding time pattern of calls to the same procedure is always the same, even though some
of the parameters classified as dynamic may be static in some of the calls. In other words the binding
time analysis is monovariant. It is possible, but more complicated, to make a polyvariant binding time
analysis [Consel 89]

4.5.2 The algorithm for tail-recursive first-order recursive equations

This section describes how to change the algorithm from section 4.4 to treat programs written in a
small language of tail-recursive first-order recursive equations.

Since it is possible to transform from a flow-chart language with jumps and conditionals to a
system of tail-recursive equations and back [McCarthy 62], it is possible to make a data specialiser for
a language of tail-recursive equations by adding a transformer before and (for DSd) after the actual
specialiser algorithms.

We have, however, re-designed the arbitrary binding-time pattern version of Barzdins’s and Bu-
lyonkov’s algorithm to handle a tail-recursive language directly. Our tail-recursive language has the
following syntax:

Program ::= Definition Definition*
Definition ::= (define (Fname Identifier*) Expression)
Expression ::= (quote Expression) | Restricted-Expression | (Fname Expression*)

| (if Restricted-Expression Expression Expression)
Fname ::= Identifier

Restricted-Expression ::= Identifier | Constant | (Prim-op Restricted-Expression*)
Prim-op ::= car | cdr | cons | + | - | * | / | add1 | sub1 | null? | equal? | . . .

We want to use the same algorithm as far as possible and generate the same kind of residual data.
We still want the residual program to take the residual graph and the initial node as new arguments
and we will replace static expressions by access to the current node and static updatings by updatings
of the pointer to the current node.

Although the overall design of the algorithm stays the same, the new kind of language does require
some changes, both in the structure of the algorithm and of a more technical nature, due to differences
in the structure and concepts of the languages.
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The first difference is that a such a language introduces a block structure, since each equation
(or procedure) has its own set of variables. It is still limited though, because there are no nested
definitions or local scope. Since the variables are no longer global, a static store has to contain an
indication of its scope as well as the values of the static variables.

We will use the name that uniquely defines each equation.

The second difference is that control and data are updated simultaneously, at procedure calls, where
the imperative language has separate assignment and goto statements. This means that the separate
actions for static assignment, dynamic assignment, and control transfer performed in the imperative
version now have to be performed simultaneously. When we meet a call we have to compute the values
of the static arguments and generate a new node in the graph if the resulting static state has not been
seen before.

Also the expression structure is more complicated than in the imperative case, since the conditional
is an expression. This can be handled by descending recursively into the expression, computing the
value of the completely static subexpressions and adding the corresponding attributes. This introduces
one more loop in the algorithm, unless we want to use nested function calls.

Using nested calls, returning the set of additions to the graph and the list of active states, rather
than tail-recursive calls returning the graph is, however, undesirable. First, it ruins any hope of self-
application, since the tail-recursive language does not have nested calls. But this is a minor concern,
since there are no immediate uses of self-applicable data-specialisers and anyway the algorithm will
be extended to handle nested calls as well (section 4.5.3). Second it makes the algorithm less suited
for program specialisation — this will be discussed in chapter 6.

The larger complexity of the expressions also makes it more advantageous to add binding time
annotations to each expression by pre-processing rather than on the fly, since we then avoid descending
into each expression to determine if it is static before possibly evaluating it.

Another problem is that there are no labels, so we have to find some other way to label the edges.
This is in fact a symptom of the more fundamental problem that in the case of functional programs
and recursive equations it is less clear what a program point is than in the case of imperative programs.

A program point is either an address to go to (such as an equation) or a place where control divides
(the conditionals). In the imperative case, the distinction does not make any difference because the
conditionals are also labeled statements. The Mix system [Jones et al. 89] uses the first definition. In
the Similix system [Bondorf & Danvy 89], the problem is reduced to the imperative case by rewriting
the source program to create a function definition for each dynamic conditional (the static conditionals
do not make any difference, since they can be reduced at partial evaluation time, and thus control
does not divide at that point).

Here we will say that the entries to the defined procedures are program points and label the edges
with the text of the procedure call. This might not be unique, but if we have two calls in the same
store with the same text, they will perform the same static updatings and thus lead to the same node,
so we do not have to distinguish them.

Another problem is that it is not very efficient but for debugging during development it is convenient
to have the actual text of the calls as labels in the output.

Using procedure entries as program points also has an interesting side-effect. Since we record the
unique name of the procedure with the static store in order to remember the scope, we do in fact record
a state (program point and store). This means that each node now represents a static state (com-
parable to polyvariant specialisation) rather than a static store (like in [Barzdins & Bulyonkov 88]’s
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algorithm).

Outline of the algorithm

The graph generating algorithm still loops over a list of active states. A state is now a procedure
name and a list of values of the static arguments of the procedure. The first state is made from the
first procedure and the static data and a node is generated for this state. The list of active states is
initialised to the first state and the graph is initialised to its node.

For each state in “active” the algorithm finds the body of the procedure and the node of the state
and specialises the expression that is the body. Expressions are specialised depending on their form
and binding time. If, e.g, the expression is a dynamic conditional, the algorithm specialises both the
test, the true-branch, and the false-branch.

If the expression is an application, the algorithm finds the values of the static parameters of the
called procedure and use these and the name of the procedure to make a new state. If this state has
a node in the graph, it has been seen before, so it is sufficient to make an edge from the current node
to this node. If it does not have a node, it has not been seen before, so the algorithm makes a node
for it as well as an edge to the node and updates the “node-of” correspondence. Since it has not been
seen before, the state is also added to “active” to be specialised. Either way, the dynamic arguments
are then specialised, too.

The other kinds of expressions and restricted expressions are specialised in the obvious way, e.g.
for dynamic identifiers, nothing is done, for static identifiers an attribute is added to the current node.

The program generator is a simpler program. It takes a source program and transforms it by
removing all static parameters from the procedures and adding the graph and the current node as
new arguments. The bodies of the procedures are transformed by replacing all static expressions and
restricted expressions by references to the current node in the graph.

4.5.3 An algorithm for first-order recursive equations

By extending the algorithm to handle procedure calls nested in calls to other procedures or primitives
the source language becomes a standard language of first-order call-by-value recursive equations.

The language has the following syntax:

Program ::= (Definition Definition*)
Definition ::= (define (Fname Identifier*) Expression)
Expression ::= Constant | Identifier | (if Expression Expression Expression)

| (Prim-op Expression*) | (Fname Expression*)
Fname ::= Identifier

Prim-op ::= car | cdr | cons | + | - | * | / | add1 | sub1 | null? | equal? | . . .

Before we can design an algorithm treating this language, we have to find out what kind of
residual graph is needed to reflected nested calls and how the residual program will act on it. Perhaps
surprisingly we can use basically the same graph structure.

Let us assume that we have a residual program and a residual graph resembling the tail-recursive
case. What does the residual program do in case of a nested call?

Since the call corresponds to updating the static store and since the static store is only represented
in the residual graph, the residual program must call a residual procedure, updating the pointer to
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the current node in the graph. This means that the graph generator must generate nodes and edges
for nested calls, just as it does for tail-recursive calls.

But a nested call returns a value to the place it is called. How does the residual program “reset”
its pointer to the graph when a nested call returns its result? Do we have to add a new kind of edges
to the graph to direct that?

This is in fact not necessary, because the pointer to the graph is just passed as an argument
between the residual procedures, so when a nested call returns, computation continues in the scope
of the calling procedure, with the graph-pointer of the calling procedure. So the path in the residual
graph corresponding to a nested call simply ends in a leaf.

So in the algorithms we basically proceed as before when we meet a procedure call. The data
generating algorithm computes the values of the static arguments and pair them with the name of the
called procedure to make a state. If this gives a new state, it generates a new node; otherwise it makes
an edge to the node of the existing state. The program generating algorithm generates a procedure
call with the pointer to the current node updated to point to the node representing the state and with
the graph and the dynamic arguments.

Since the language is statically scoped, the execution of the residual program returns the value of
the procedure call and computation then continues with the proper value of the pointer to the current
node.

The structure with nested calls, however, makes it more interesting to add another optimisation.
If a call is static, that is, the procedure has only static parameters, it is possible to evaluate the
procedure call at specialisation time and add the value as an attribute rather that generating a node
in the graph. This way it is possible to eliminate some paths in the residual graphs, as we shall see in
chapter 5.

The program is described in more detail in appendix C.

4.6 Evaluation of the Extensions

The algorithms for recursive equations generally gives smaller residual graphs than the imperative
algorithm. This is because one call only gives one new node in the graph, even if several static values
are updated. In the imperative case, each of the static updatings result in a node in the graph.

With the recursive equations it is possible to have even more compact results than with the tail-
recursive equations, since completely static computations can be isolated in static procedures. Calls to
such procedures will appear as attributes in the residual graph. In the tail-recursive case the dynamic
values are usually passed as arguments to all procedures, even if they are only used to pass on in
further calls. This causes nodes and edges in the residual graph, giving generally larger results.

If the source programs are written carefully this gives significant improvements. Unlike the imper-
ative and tail-recursive cases it is now possible to eliminate statically determined control structures
of the source program, not just compute the static expressions. In other words it is now possible to
eliminate all computations depending on static data, so that the complexity of the residual program
only depends on the dynamic data.

The algorithms for recursive equations still have some of the problems of the imperative algorithm,
however.
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4.6.1 Conditionals

There is at least one point about the algorithms described above, that does not seem satisfactory.
This is the specialisation of static conditionals.

Unlike polyvariant program specialisation, it is not possible with this kind of data specialisation
to eliminate a conditional if only the test is static. This is because the expression corresponding
to the test in the residual program may correspond to one of several static stores, unlike program
specialisation, where there will be one version of the expression for each static store in which the test
occurs.

To avoid this problem, it would be necessary to design a different pair of data specialisation
algorithms that generates a different kind of residual data.

4.6.2 The Structure of the Residual Data

All the algorithms described above generate the same kind of residual data. The only difference from
one algorithm to the next is a gradual extension of the source language structures that can be treated
and in the complexity of the results.

However there is nothing in the definition of data specialisation that limits the kind of data that
can be generated.

Even generating the same structure it is possible to interpret it as another structure, depending
on its representation. If, e.g, the graph is represented as a table of nodes, where each node contains a
table of attributes and a table of pointers to other nodes (with the label of the edge as the key to the
table), then the generated output could as well be conceived as a table of tables, rather than a graph.
This might be reasonable for the kind of problems that are usually solved using tables.

4.7 Adding unfolding

The algorithms presented so far do not unfold function calls. This follows the spirit of the original al-
gorithm from [Barzdins & Bulyonkov 88] which mainly focused on the generation of the data structure
and made only minimal changes to the program.

If we want to execute all computations depending on the static data, however, we also want to
remove the control structures depending only on the static data from the residual program. As already
mentioned this can in some cases be done by moving them into a completely static procedure. If we
add unfolding it is possible to have a similar effect even though some arguments are dynamic.

The idea of call unfolding is that when some of the data are known, it is not necessary to have
as many residual program points (procedures) since some of the alternatives in the computation path
have been removed (the static conditionals). In other words, there is no reason to generate nodes in
the residual graph for the procedures that contain only static conditionals. In graph terms, there is
no reason to generate chains where each node only has one child.

So although unfolding introduces the risk of call duplication and infinite unfolding (cf. section
3.3.2), it still seems that there are definite advantages to introducing call unfolding in a data specialiser
with the structure described above. The size of the residual data depends (among other things) on
the number of residual procedures and residual procedure calls and since an unfoldable call will not
be a call in the residual program, there will not be generated nodes or edges at the unfoldable calls.

If all calls to a procedure are unfoldable its specialised version will never be called, and not even
occur, in the residual program. On the other hand the remaining residual procedures may be larger,
so there is not necessarily any improvement in the size of the residual program.
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Changes to the algorithm

Let us for simplicity assume that the calls are annotated by preprocessing as unfoldable or residual.
This annotation is furthermore assumed to be safe (no duplication, no infinite unfolding).

Call unfolding involves additions to both the data generator and the program generator.
The graph generator proceeds as before when it meets a residual call and when it meets an

unfoldable call where all arguments are static.
When it meets an unfoldable call with dynamic arguments, it has to continue as if the body of

the called procedure was in the place of the call. This means that it does not need to generate any
new nodes or edges, nor any new state to add to the list of active states. It does have to generate the
attributes corresponding to the body of the called procedure, however.

One way to do this is to fetch the body from the program when the call is encountered, perform
the necessary β-conversion and add the resulting expression to the list of expressions to be treated in
the current state.

The program generator has to do basically the same: insert the body of the called procedure
instead of each unfoldable, non-static call.

Unfoldability analysis

With this strategy it is not immediately possible to use the unfoldability annotating algorithms de-
veloped for program specialisation.

The problem is to determine when it is safe to unfold, that is, when we can unfold a procedure
call without risking infinite unfolding. In program specialisation it is safe to unfold if the procedure
we unfold does not contain a dynamic conditional.

Unfortunately, this is not sufficient with the present kind of data specialisation. The problem is
that if we have a static loop, such as the one in append with static first argument, then it is safe to
unfold it in program specialisation because we know the actual value, and in particular the length,
of the static string. In data specialisation, with the present division of information into the residual
data and the residual graph, it would not be safe to unfold the recursive call to append, because the
program generator does not know the length of the static string and so would try to unfold the call
infinitely.

Instead, it is only safe to unfold calls that are part of a cyclic chain of calls where at least one of
the calls will not be unfolded. E.g., if we have two co-recursive procedures then it is safe to unfold one
of the calls but if we have one recursive procedure it is not safe to unfold the recursive call, whether
it contains dynamic conditionals or not.

This is related to the problem of conditionals with static tests where data specialisation is also less
powerful than program specialisation because the residual program generated by data specialisation
basically has the structure of the source program and thus each program point corresponds to several
static stores.

The more restricted unfolding is thus less powerful than unfolding in program specialisation but
still useful.

Because we have to use this restricted unfolding it is also possible to preprocess the source program,
unfolding all unfoldable calls. Then we could use the previous version of the data specialisation
algorithm on the unfolded source program.
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Preprocessing might in fact be faster, since a large part of the unfolding will otherwise be performed
repeatedly. Both the program generating algorithm and the data generating algorithm unfolds, the
data generating algorithm even every time a call is encountered in the symbolic evaluation.

4.8 A depth-first algorithm

All the algorithms described above have traversed the computation tree in a breadth-first manner,
i.e., leaving the new state on a pending-list to be treated later when it encountered a procedure call.
This seems to be the tradition in polyvariant specialisation [Jones et al. 89] [Consel 89] although other
areas treating programs as data objects (e.g., denotational – and other – semantics) usually descend
in a depth-first manner.

It is indeed perfectly possible to write a depth-first data generating algorithm or a depth-first
program specialiser. Such an algorithm treats the procedure call and instead stack the rest of the
treatment of the current state either indirectly, by a nested call in the specialiser, or directly in a
control (continuation) stack [Kehler & Danvy 89].

To keep track of already encountered states such an algorithm would, for example, have to pass a
list of treated states along with the continuation. In our breadth-first data generating algorithm, this
is recorded in the residual graph, that contains a node for each encountered state.

4.9 Towards a Formal Derivation of Data Specialisation Algo-
rithms

This section sketches some very lose ideas on how to derive a data specialisation algorithm from a
denotational semantics of a language.

Deriving a data generating algorithm and a program generating algorithm resembling the ones
presented in this chapter from a denotational semantics has some inherent problems. These stem from
the fact that a polyvariant data generating algorithm symbolically evaluates the expressions, i.e., it
walks down the computation tree. The corresponding program generating algorithm walks down the
actual syntax tree of the source program, rewriting each expression. Thus the generation of program
and data cannot be done by the same algorithm.

It is certainly possible to design a pair of algorithms that both go down the syntax tree. It seems
likely that such a data specialiser will not be very interesting. It is, on the other hand, not a good idea
to design a pair of algorithms that will both go down the computation tree, since the program generator
must be independent of the actual values of the static data, and without those, the computation tree
will almost always be infinite.

One way to get around this problem is to walk down the syntax tree and generate a residual program
and a λ-term that, given the static data, generates the residual data. This λ-term is constructed from
actions to be taken for each syntactic construction and performs the walk down the computation tree
in order to generate the residual data.

A possible way to find such a generating semantics is to extend the standard semantics with graph
generating terms, i.e., to a kind of trace semantics that only traces static data.

The generating semantics could then be derived from this in a process resembling the actions of
cogen, where actions are turned into other actions rather than being performed.

Assuming that such a generating semantics could be found, we could find a data specialisation
algorithm by
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• Finding a semantics of residual programs so that the meaning of a source program is the same
as the meaning of the corresponding pair of residual program and data generating term (notice
that they have the same functionality since we have not yet used the static data).

• Separate the equations in this semantics into two sets of equations, one that applies the graph
generating terms to the static data and one that applies the residual program to the resulting
graph. This is possible because only the graph generating parts uses the static data and only
the residual program refers to the dynamic data. (This strongly resembles the technique used
in [Jørring & Scherlis 86] to derive a compiler from a denotational specification.)

• Performing the data generating action corresponding to a syntactic construction directly when
encountering the construction rather than generating the λ-term and using it (giving the data
generating algorithm). The residual program is generated by the generating semantics.



Chapter 5

Application to String Matching

5.1 Introduction

This chapter describes the application of program specialisation and data specialisation to string
matching algorithms.

Readers more interested in the principles may wish first to read chapter 6.
The goal is to obtain residual programs with a run-time that is linear in the length of the dynamic

string, out of source programs with a quadratic run-time.
We first consider a naive string matching algorithm with quadratic run-time, which specialises to

quadratic residual programs both for a static pattern string and for a static subject string.
Then we analyse why the results are quadratic and rewrite the algorithm so that it specialises

better. This leads to a distinction between algorithms that will specialise well with respect to static
pattern and dynamic subject and algorithms that will specialise well with respect to dynamic pattern
and static subject.

It is seen that the rewriting of the naive algorithm follows rather straightforward principles and in
relation to this various topics are discussed:

• how to automatize the rewriting,

• how to eliminate the need for rewriting by extending the partial evaluator,

• whether the rewriting techniques used for string matching are generally useful and sufficient to
apply to other programs before specialising.

By comparing the results of program specialisation with the results of data specialisation, it is
seen that the problems of static conditionals and of unfolding static loops mentioned in sections 4.6.1
and 4.7 cause the data specialisation algorithm to give less good results.

The program specialiser used is the Similix system [Bondorf & Danvy 89].

5.1.1 Notation

All programs shown in this section are written in a subset of Scheme [Rees & Clinger 86] that cor-
responds to the language of recursive equations given in section 4.5.3. The programs shown are the
actual input to Similix, which includes a binding time analyser and a call unfolding analysis. The
input to the data specialiser are versions of the shown programs that have been hand-annotated with
information about binding times, unfoldability, and syntax. The programs have not been changed in
any other way.

31
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The output of the data specialiser has been hand-modified to shorten the labels of attributes and
edges for readability, but not in any other way.

The target language of data specialisation is assumed to contain primitive procedures that access
the graph. Presently these are in fact defined in a separate file. The program generator then generates
a call to the Similix procedure loadt as the first part of the residual program. 1 This load statement
is not shown.

In this chapter we will show the residual graphs as graphs where the attributes are written inside
the nodes and the labels on edges shortened to clarifying names. The actual output appears in
appendix D.

For space and clarity reasons we will also sometimes use a graphical expression of residual programs
obtained by program specialisation where a successful test against the character a is noted as the
transition a→, and where each node

⊙
has two implicit transitions: a success one if the pattern ends

there, and a failure if no character matches the explicit transitions. As an example the program

(define (match?-0 pat_0)
(let ((m_3_0_ (length pat_0)))

(or (= 0 m_3_0_)
(cond

((equal? ’a (list-ref pat_0 0))
(or (= 1 m_3_0_)

(and (equal? ’b (list-ref pat_0 1))
(or (= 2 m_3_0_)

(and (equal? ’a (list-ref pat_0 2))
(= 3 m_3_0_))))))

((equal? ’b (list-ref pat_0 0))
(or (= 1 m_3_0_)

(and (equal? ’a (list-ref pat_0 1)) (= 2 m_3_0_))))
(else ())))))

corresponds to

⇒ ⊙ a→ ⊙ b→ ⊙ a→ ⊙

↓ b⊙ a→ ⊙

For the complexity considerations in this chapter, it will be assumed that references to attributes
and following edges in the residual graph can be done in constant time. This is possible in principle,
although it is not the case in the current implementation.

5.2 Definitions

We consider the boolean problem of whether one string, the pattern string, occurs as a substring of
another string, the subject string.

We want to automatically generate specialised algorithms for the two cases where either the pattern
string or the subject sting are known in advance.

1It would also be possible just to insert the definitions but then the procedures would be loaded several times if we
want to run several residual programs, whereas loadt only loads files that are not already loaded.
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These problems have been solved by hand, for a static pattern, e.g., in [Knuth, Morris & Pratt 77]
[Boyer & Moore 77] and for a dynamic pattern,e.g., in [Weiner 73]. In both cases these solutions
consist of having a preprocessing phase which takes the static string and linearly transforms it into an
intermediate structure. This structure is then used by a matching algorithm which takes the dynamic
string and, with a complexity linear in the length of the dynamic string, determines whether there
is a match. In the case of a static pattern, it might also be feasible to integrate the intermediate
structure into the matching algorithm to obtain faster matching. In the case of a static subject, this
will typically be undesirable for space reasons.

We will not try to match these results, since the polyvariant specialisation of a quadratic matching
algorithm symbolically evaluates the algorithm with respect to the static string. Thus this phase will
not be linear.

We do, however, expect to obtain results, comparable in complexity to the hand-written algorithms,
for the size of the intermediate data structures and the run-time of the residual matching programs.

Notation
We use ω to denote a string over the alphabet Σ, a, a′ for symbols from Σ and we always assume

ω = a1 . . . an for the subject string and ω′ = a′1 . . . a′m for the pattern string.
The concatenation of two strings, ω1 and ω2, is denoted ω1ω2.
If a ∈ Σ we use a to denote both the character a and the one element string a.
The length of a string ω is denoted lg(ω). We will always assume the length of the pattern to be

m and the length of the subject to be n. We will usually index the pattern by j and the subject by i.
These conventions are employed in the shown programs as well.

We say that a string ω′ = a′1 . . . a′m occurs in a string ω = a1 . . . an at position i if ai =
a′1, . . . , ai+m = a′m.

If G = (V, E) is a labeled directed graph, with the set V of vertices and the set E of labeled edges,
then an edge e in G labeled a out of v1 into v2 is also denoted (v1, v2, a).

5.2.1 The Knuth-Morris-Pratt matching algorithm for static pattern strings

The Knuth-Morris-Pratt matching algorithm [Knuth, Morris & Pratt 77] can be used in cases where
the pattern is known in advance. The idea is to use regularities in the pattern string to determine
from which position in the pattern to continue matching in case of a mismatch (operationally: “how
far the pattern can be moved to the right”). If, for example, the first four characters in the pattern
are all different, then we know that if we match those four characters against the subject and then
have a mismatch on the fifth, we can immediately move the pattern four positions to the right and
compare the mismatching character against the first character in the pattern, since the first character
does not match any characters in between.

More concretely, the pattern is used to generate a failure table (or failure function), with the same
length as the pattern, giving for each position j the largest position i in the pattern so that the prefix
up to i is a suffix of the prefix up to j.

The failure table is then used by the actual matching algorithm to find the new value of the index
into the pattern in case of a mismatch.

Definition 7 The failure function fω of a string ω is a function defined for all positions in ω, so that

f(j) = i ⇔ a1 . . . ai is the longest proper suffix of a1 . . . aj

2



Chapter 5. Application to String Matching 34

In particular f(1) = 0.
As an example, the failure table for the string “ababc” is

a b a b c
0 0 1 2 0

If the matching algorithm tries to match, e.g., against “abaab”, it will succeed to match “aba”
and fail on “b”. Then it can see in the table that it can continue the match from position 2, since it
knows that position 1 matches.

5.2.2 Definitions related to a static subject string

Definition 8 For a string ω = a1 . . . an over an alphabet Σ and a character t 6∈ Σ the prefix identi-
fier for position i, p(i), is a substring ai . . . aj of ωt so that aisem−sec . . . aj does not occur anywhere
else in ωt, but ai . . . aj−1 occurs in at least one position different from i. 2

That is, the prefix identifier for a position i is the shortest substring of ωt which starts with ai and
does not occur anywhere else in ωt. To guarantee that such a substring exists, ω is extended with a
termination character t, which is not an element of Σ.

Definition 9 If G = (V, E) is a tree with edges labeled with elements of an alphabet Σ, n, n′ ∈ V and
there is a path (n, n1, . . . , ni, n

′) from n to n′, then the string from n to n′, denoted T (n, n′), is the
string of the labels of (n, n1), (n1, n2) . . . (ni, n

′). 2

Definition 10 The prefix tree, P (ω) = (V, root, E) for a string ω is a rooted tree with edges labeled
with elements of Σ ∪ {t} with:

• at most one edge labeled a for each a ∈ Σ ∪ {t} out of each node

• an edge labeled a out of a node n into a node n′ iff T (root, n)a is a prefix identifier of a position
in ω.

Furthermore every leaf, l, of the tree is labeled with the position i that T (root, l) identifies. 2

Definition 11 The compacted prefix tree P c(ω) = (V ′, root, E′), for a string ω is a compression
of the prefix tree, (V, root, E) for ω given by:

• v ∈ V ′ iff v ∈ V ∧ (v has at least two sons in P (ω) ∨ the father of v has at least two sons in
P (ω))

• e = (v, v′, a) ∈ E′ iff v, v′ ∈ E′∧ for the nodes v1, . . . , vi in the path (v, v1, . . . , vi, v
′) in P (ω),

v1, . . . , vi 6∈ V ′∧ the first character of T (v, v′) in P (ω) is a. 2

To use a compacted prefix tree for ω to determine whether a string ω′ is a substring of ω we need a
copy of ω and at each node, v, the information of the length of T (root, v) in P (ω) and of the position
that the edge into v is part of the prefix identifier for. (If there are several, any one will do.)

Conceptually this can be understood as extending the compacted prefix tree with the “rest” of
ω at each leaf and with the missing pieces in the interior, thus making it a kind of “substring tree”
(defined below).
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The prefix tree and the compacted prefix tree comes from [Weiner 73] where they are used as
intermediate data structures for a linear matching algorithm. In [Aho, Hopcroft & Ullman 74] a prefix
tree is also called a position tree.

The advantage of the compacted prefix tree over the un-compacted one is that it is faster to
generate. Both trees are generated in time O(k), where k is the number of nodes, and the compacted
trees have O(n) nodes whereas the un-compacted have O(n2) nodes. The algorithms for matching the
trees against the pattern string, however, take O(m) time in both cases.

For the purpose of this report we define:

Definition 12 The substring tree of a string ω, S(ω) is is a rooted tree with edges labeled with
elements of Σ fulfilling:

• For each node n and for each a ∈ Σ there is at most one edge labeled a out of n and

• for each node n there is an edge labeled a out of n into a node n′ iff T (root, n)a is a substring
of ω. 2

Thus the substring tree contains full suffixes of the tree, whereas the prefix tree only contains prefix
identifiers. This makes the substring trees larger, both prefix trees and substring trees have a worst
case size of O(n2) nodes but prefix trees have an average size of O(n) [Aho, Hopcroft & Ullman 74],
whereas substring trees only have an O(n) size in some special cases (e.g. an).

But the algorithm for substring matching is simpler for the substring tree, since it just has to walk
down the tree according to ω′.

It can also be noticed that the substring tree does not contain any indication of the position of
the substring, since here we only consider the boolean function “is ω′ a substring of ω?”, not at which
position the match occurs.

This is also why we can omit the termination character which guarantees that all positions have
a prefix identifier. If a position i does not have a prefix identifier it is because the suffix of ω starting
at i occurs somewhere else in ω and if we are only interested in if there is a match, it does not matter
at which occurrence we find the match, so we might as well use the first.

Fortunately the space complexity can be reduced by folding the substring tree to a substring graph:
if two nodes k1 and k2 have isomorphic subtrees the nodes (and their subtrees) can be collapsed. The
resulting (directed) graph still has the property that there is a path labeled ai . . . aj in the graph if
and only if ai . . . aj is a substring of ω and that there is at most one edge labeled a out of any vertex
for each a ∈ Σ.

Definition 13 The folded substring graph Sf (ω) = (V f , root, Ef ) for a string ω is a compressed
version of the substring graph S(ω) = (V, root, E), fulfilling:

• v ∈ V f iff v ∈ V ∧ there are no other vertices in S(ω) with the same subtree as v.

• e = (v, v′, a) ∈ Ef iff e ∈ E∧ both v and v′ fulfill the criteria above.

• ∀e1 = (v1, v
′
1, a1), . . . , en = (vn, v′n, an) in S(ω) for which all v′i have identical subtrees in S(ω)

but none of vi do, Sf (ω) have n edges, ef
i , out of vi into a new vertex, (v′1, . . . , v′n), labeled ai

and (v′1, . . . , v′n) have the same subtree as v′1.
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This is another characterisation of the structure that in [Blumer et al. 85] is called a directed acyclic
word graph.

The space complexity of a directed acyclic word graph is O(n) both in nodes and edges. In fact
there is an upper limit of 2n− 1 on the number of nodes and 3n− 4 edges [Blumer et al. 85].

It must be noticed, however, that the folding relies on the fact that there is no position information
in the tree, since two nodes representing different positions may be collapsed, making it impossible to
distinguish the positions.

5.3 Specialising the naive algorithm

5.3.1 A naive, quadratic, pattern matching algorithm

We start with a simple matching algorithm. The algorithm starts from the head of both strings and
compares the characters one by one. If it finds a match it continues with the next position. If it finds
a mismatch it backs up to the first position in the pattern, shift the pattern one position to the right,
and continues.

This algorithm obviously has the worst case complexity O(mn). An implementation in Scheme is
shown below.

(define (match? sub pat)
(find-match sub 0 (length sub) pat 0 (length pat)))

(define (find-match sub i n pat j m)
(if (= j m)

#t
(find-match-aux sub i n pat j m)))

(define (find-match-aux sub i n pat j m)
(if (= i n)

#f
(if (equal? (list-ref sub i) (list-ref pat j))

(find-match sub (add1 i) n pat (add1 j) m)
(find-match-aux sub (add1 i) n pat 0 m))))

When this program is specialised with respect to a static subject or pattern we obtain a residual
program where the characters of the static string are integrated into the residual output (either
program or data). Except for that, the residual program will perform exactly the same computations
as the source program. In particular, it will still be quadratic, in the sense that it will be O(mn).
Since one of the strings is now fixed, this is in fact linear in n, but this does not correspond to an
improvement, only to the fact that the length of the static string is fixed.

Particularly in the case of data specialisation, it is clear that the residual program performs the
same algorithm as the source program.

As an example, the results of program specialisation and data specialisation of this program with
respect to (a b a) are shown in appendix D, both for static pattern and static data. The graphical
representations of the results of program specialisation is shown in fig. 5.1.

Since we know that it is possible to write linear (that is, O(n + m)) matching algorithms, let us
try to find out why our specialisers cannot reproduce such results directly.
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Static pattern:

⇒ lg(pat) 6= 0
first−→ a, (j + 1) 6= m

j+1−→ b, (j + 1) 6= m
j+1−→ a, (j + 1) = m

Static subject:

⇒ ⊙ first−→ a, i 6= n
j+1−→ ⊙ −→ b, i 6= n

j+1−→ ⊙ −→ a, i 6= n
j+1−→ ⊙ −→ i = n

Figure 5.1: The graphical representation of the result of program specialising the simple algorithm.

5.3.2 Analysis of the quadratic result

If we look at the result of the data specialisation with respect to a static pattern, we see that the
graph is structured exactly as the algorithm proceeds. It has a node for each position in the pattern
with two outgoing edges: one going to the next position, corresponding to a match, and one back to
the initial node, corresponding to a mismatch.

In the case of static subject, the residual graph is again structured exactly as the algorithm
proceeds on the static string. It has one node for each position in the subject and edges going down
the subject updating j, corresponding to matches, and from each node to the next node without
updating, corresponding to mismatches.

The residual program looks in both cases exactly like the source program, except that all references
to the static string are replaced by references to the graph. Thus it is quite obvious that the complexity
of the residual programs is still O(mn) – assuming that a graph-reference takes constant time.

It is clear that the graphs are redundant. Some of the paths will never be followed and some will
be followed with no result.

As an example of the first, consider the path in the static pattern graph going first right, cor-
responding to a match on the character a, then right, corresponding to a match on b, then back,
corresponding to a mismatch and then right, corresponding to a match on a. This path will obviously
never be taken, since the second character in the subject cannot both match a and b. So the test on
equality with a is redundant in the cases where the node is reached after a successful match.

As an example of the second, consider the path in the static subject graph taking first the lower
edge, corresponding to a mismatch on a, then again the lower edge, corresponding to a mismatch on
b, and then again the lower edge, corresponding to a mismatch on a. The last test is redundant: since
the first character in the pattern was not a, the first time it was tested, it will not be a the second
time either.

In the case of program specialisation, it is harder to make a provably correct statement about
the complexity of the residual programs in general, since each residual program depends on the static
data. It could probably be proven by analysing PE [PE, string matcher] but, knowing that the Similix
partial evaluator uses polyvariant specialisation, it is not hazardous to guess that it is always O(mn),
as in the shown example.

5.3.3 Suggestions for improvement

The fact that the residual graphs are redundant seems to imply that, in the generation of the graph,
we ignore or forget some of the information that is present.
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This is in fact the case and if we consider the matching algorithm carefully, we can see where the
loss of information occurs.

Let us first observe that if we succeed to match some positions, then we could use that information.
E.g., if we have a match in the three first positions and then a mismatch, then we know the characters
at those three positions in the dynamic string. If we use this information, it is possible to change
the binding time of some of the tests in the algorithm from dynamic to static, so that they can be
performed at specialisation time.

In term of specialisation, it can be seen like this.
If we compare the values of a static variable and a dynamic variable in a conditional, we do not

know the value of the test, so we have to specialise both the true-branch and the false-branch. When
we specialise the true-branch, however, we know that the dynamic variable has the value of the static
variable in the test since we have assumed that the test is true. This holds until the dynamic variable
is updated. If the updating is static (e.g., add1), we might even evaluate it and record the new value.

This is not done in the present specialisers, and thus we lose some information. This can be
improved either by changing the specialiser or by rewriting the algorithm to specialise well with
respect to a particular binding time pattern. Here we will rewrite the algorithm and only outline (see
section 5.7) the possible additions to a specialiser.

Let us then observe that even if we do not have a match, we do have some information about the
current position in the dynamic string, i.e., the information that it is not equal to the current position
in the static string.

This observation is in fact dual to the observation above: if we specialise the false-branch in
a dynamic conditional, we know that the condition is false. Particularly if the condition tests on
equality between a static and a dynamic variable, we know that the dynamic variable does not have
the value of the static variable in the test.

Since the observation is dual, it is also here possible to use it either by extending the specialiser
or by rewriting the program.

This can also be said in another way.
The redundancy is caused by the fact that the specialisers do not memorize the assumed results

of the dynamic test. I.e., when the test (equal? (car l1) (car l2)) is encountered, the specialiser
cannot evaluate it because l1 is dynamic. Instead it has to specialise both branches, since both paths
could be taken in the actual computation. But if the static list has the same value occurring later,
this will be encountered at the head later in the treatment of, e.g., the true-branch. Then the result
of the test is known, since it must be the same as last time. Thus there is no reason to specialise
the false-branch this time. But the specialiser does not know this, since it does not save the assumed
values of dynamic tests. It will also specialise the false-branch and thus generate redundant results.

One way to get around this is to rewrite the specialiser so that it memorises the assumed results
of dynamic tests [Haraldsson 77] [Futamura & Nogi 88].

Another way is to rewrite the program so that it does not compare a static value against a dynamic
value unless the static value has never been compared against that dynamic value before. This means
that the memorization will be done in the source program.

Such a rewriting of the source program is not complicated to do but since it depends on the binding
time pattern the resulting program will only yield good results when specialised with that particular
binding time pattern.
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(define (match? sub pat)
(find-match sub 0 (length sub) pat 0 (length pat)))

(define (find-match sub i n pat j m)
(if (= j m)

#t
(find-match-aux sub i n pat j m)))

(define (find-match-aux sub i n pat j m)
(if (= i n)

#f
(if (equal? (list-ref sub i) (list-ref pat j))

(find-match sub (add1 i) n pat (add1 j) m)
(if (zero? j)

(find-match-aux sub (add1 i) n pat 0 m)
(find-match-aux sub i n pat (length-s-match pat 0 1 j) m)))))

(define (length-s-match pat k start j)
(if (= (+ start k) j)

k ; pos start to start + k - 1 matches pos 0 to k-1
(if (equal? (list-ref pat (+ start k)) (list-ref pat k))

(length-s-match pat (add1 k) start j)
(length-s-match pat 0 (add1 start) j))))

Figure 5.2: Matching program with static re-matching to specialise well with respect to a static
pattern.

5.4 Obtaining the Knuth-Morris-Pratt Algorithm

In this section we will assume that the pattern is known in advance and we will see how to obtain
good results when we rewrite the pattern matching algorithm to take advantage of this.

[Consel & Danvy 89] uses comparable techniques with a partial evaluator to obtain compiled failure
tables.

5.4.1 Rewriting the algorithm

As mentioned above we want to rewrite the algorithm so that it makes use of the information obtained
about the subject when it compares a position in the pattern against a position in the subject.

In order to use the positive information, i.e., the information assumed when we take a true-branch
in the equality test, we change the algorithm to match the pattern against itself, instead of the subject,
when we have a mismatch after a match of positive length. This matching returns the length of the
statically detected match (possibly zero) using a procedure length-s-match. That number is then
used as the next index of the pattern. The resulting algorithm is shown in fig. 5.2.

Its complexity is still O(mn).
We can see that it always moves forward on the subject and since the matching of the pattern

against itself is completely static, this will be performed at specialisation time. This means that the
residual program after data specialisation is linear. This can be confirmed by analysing the residual
program of data specialisation, which is given in fig. 5.3.

It is worth to notice that the static matching is only performed if we have a match of positive
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(define (match? current g sub)
(if (find-att ’(= 0 (length pat)) (fetch-atts (find-node current g)))

#t
(find-match-aux
(find-edge ’(find-match-aux sub 0 (length sub) pat 0 (length pat))

(fetch-edges (find-node current g)))
g sub 0 (length sub))))

(define (find-match-aux current g sub i n)
(if (= i n)

#f
(if (equal? (list-ref sub i)

(find-att ’(list-ref pat j) (fetch-atts (find-node current g))))
(if (find-att ’(= (add1 j) m) (fetch-atts (find-node current g)))

#t
(find-match-aux
(find-edge ’(find-match-aux sub (add1 i) n pat (add1 j) m)

(fetch-edges (find-node current g)))
g sub (add1 i) n))

(if (find-att ’(zero? j) (fetch-atts (find-node current g)))
(find-match-aux
(find-edge ’(find-match-aux sub (add1 i) n pat 0 m)

(fetch-edges (find-node current g)))
g sub (add1 i) n)

(find-match-aux
(find-edge ’(find-match-aux sub i n pat (length-s-match pat 0 1 j) m)

(fetch-edges (find-node current g)))
g sub i n)))))

Figure 5.3: The result of data specialising 5.2.

length. Before matching the pattern against itself, it is checked whether there is any pattern to match
at all. The point is that in this case the index into the subject must be updated. If this was not done,
the program would loop.

Now the residual graph is comparable to a failure table. For each position in the pattern, the
residual graph has a node. Such a node has three attributes, one giving the character at that position
and two signifying whether the current node is the last node and whether it is the first node, and two
outgoing edges, one to the next position and one to the “failure position”,i.e., the position from where
to continue the matching if the matching of position j has failed. A residual graph for (a b a b c)
is shown in fig. 5.4.

The residual program (fig. 5.3) is also comparable to the Knuth-Morris-Pratt algorithm.
The test on whether the node is the first node serves to determine whether the index into the

subject should be increased. The test on whether the node is the last one tests whether the match
has succeeded.

[Knuth, Morris & Pratt 77] also mentions that for shorter patterns it might be worth to compile
the pattern into the matching program. This is what is obtained by program specialisation, as shown
in fig. 5.5.
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⇒ ⊙ first−→ a, j + 1 6= m, j = 0

↓ i+1

b, j + 1 6= m, j 6= 0

↓ i+1

a, j + 1 6= m, j 6= 0

↓ i+1

b, j + 1 6= m, j 6= 0

↓ i+1

c, j + 1 = m, j 6= 0

Figure 5.4: The residual graph when specialising the program of fig. 5.2.

5.5 Obtaining Suffix Trees and Automata

In this section we assume that the subject is known in advance and try to apply the same techniques
as in the previous section to obtain a linear algorithm.

It is seen that the result will still contain some redundancies. This is seen to be because we do
not use the negative information in the conditionals. Although this can be remedied by rewriting the
algorithm, this rewriting introduces new problems.

The reason of this is isolated and the problem is remedied using a less obvious rewriting technique.

5.5.1 Rewriting the algorithm

First we simply apply the same rewriting techniques as used in the previous section, but to the subject
rather than the pattern. Thus we introduce a match of the subject against itself to determine the
position where we can take up the matching against the pattern after a mismatch.

In order to do this, however, we need to know the length of the part to re-match, that is, the
value of the variable j must be static. Since j is initialised to a constant, its value can be known at
specialisation time. But this does not mean that we are free to declare it static. The problem is that
it is only bounded by the length of the pattern, which is dynamic.

This is a case of the well-known specialisation problem of “static updating under dynamic control”.
According to the polyvariant specialisation principle we want to generate one residual procedure/node
in the graph for each possible value of j. j takes all integer values from zero to the length of the
pattern. Since the pattern is dynamic, its length is assumed to have all its possible values, i.e., all
integer values. Thus the specialiser will try to generate infinitely many residual procedures/nodes.

This can be avoided by classifying the static variable as dynamic instead or by placing it under
static control, either by rewriting the program or by adding a facility to the specialiser to specify an
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(define (match?-0 sub_0)
(let ((i_3_0_ (generalize 0)))

(let ((n_4_1_ (length sub_0)))
(find-match-aux-1 sub_0 i_3_0_ n_4_1_))))

(define (find-match-aux-1 sub_0 i_1 n_2)
(and (not (= i_1 n_2))

(if (equal? (list-ref sub_0 i_1) ’a)
(let ((i_6_0_ (add1 i_1)))

(find-match-aux-3 sub_0 i_6_0_ n_2))
(find-match-aux-1 sub_0 (add1 i_1) n_2))))

(define (find-match-aux-3 sub_0 i_1 n_2)
(and (not (= i_1 n_2))

(if (equal? (list-ref sub_0 i_1) ’b)
(let ((i_6_0_ (add1 i_1)))

(find-match-aux-5 sub_0 i_6_0_ n_2))
(find-match-aux-1 sub_0 i_1 n_2))))

(define (find-match-aux-5 sub_0 i_1 n_2)
(and (not (= i_1 n_2))

(if (equal? (list-ref sub_0 i_1) ’a)
(let ((i_6_0_ (add1 i_1)))

(and (not (= i_6_0_ n_2))
(if (equal? (list-ref sub_0 i_6_0_) ’b)

(let ((i_6_1_ (add1 i_6_0_)))
(and (not (= i_6_1_ n_2))

(if (equal? (list-ref sub_0 i_6_1_) ’c)
(let ((i_6_2_ (add1 i_6_1_))) #t)
(find-match-aux-5 sub_0 i_6_1_ n_2))))

(find-match-aux-3 sub_0 i_6_0_ n_2))))
(find-match-aux-1 sub_0 i_1 n_2))))

Figure 5.5: The residual program when program specialising the program of fig. 5.2 with respect to
(a b a b c).
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(define (match? sub pat)
(find-match sub 0 (length sub) pat 0 (length pat)))

(define (find-match sub i n pat j m)
(if (= j m)

#t
(find-match-aux sub i n pat j m)))

(define (find-match-aux sub i n pat j m)
(if (>= (+ i j) n)

#f
(find-match-aux-2 sub i n pat j m)))

(define (find-match-aux-2 sub i n pat j m)
(if (equal? (list-ref sub (+ i j)) (list-ref pat j))

(find-match sub i n pat (add1 j) m)
(find-match-aux sub (pos-next-match sub (add1 i) n 0 i j) n pat j m)))

(define (pos-next-match sub i n j start msf)
(if (= j msf)

i
(pos-next-match-aux sub i n j start msf)))

(define (pos-next-match-aux sub i n j start msf)
(if (= (+ i j) n)

i
(if (equal? (list-ref sub (+ i j)) (list-ref sub (+ start j)))

(pos-next-match sub i n (add1 j) start msf)
(pos-next-match-aux sub (add1 i) n 0 start msf))))

Figure 5.6: Rewriting the algorithm to specialise with respect to the subject.

upper bound on the number of unfoldings of any call in the program [Consel 89].
In the present case it is simple to rewrite the program to bring j under static control. We change

the function of the variable i from denoting the current position in the subject to denoting the start
of the current match. Then we compare position (+ i j) in the subject with position j in the pattern
and both i and j are bounded by the condition (>= (+ i j) n).

5.5.2 Results of specialisation

The resulting algorithm is shown in fig. 5.6 and the result of specialising with respect to (a b a) is
shown in fig. 5.7

Although the program is now linear, the residual graph is still redundant. This is because we still
do not use the negative information that is assumed when taking a false-branch in the equality test
as described in section 5.3.2.

In order to do this, we should save the characters of the subject that have been compared against
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⇒ ⊙ first−→ a, j = 0
j+1−→ b, j = 1

j+1−→ a, j = 2

↓ next match

b, j = 0
j+1−→ a, j = 1

↓ next match

a, j = 0

Figure 5.7: The residual graph when the program is specialised with respect to (a b a).

a particular position in the pattern. For this purpose we introduce the variable e* that will hold the
characters that did not match the current position in the pattern. Since we always move forward on
the pattern, it is not necessary to save e* for the positions in the pattern that have been passed.2

This will avoid repeated matching of the same value against a dynamic variable – instead it will
be matched against static values. This means that the comparison can be done at specialisation time.

This program is shown in fig. 5.8.
When this program is program specialised, it gives residual programs with the structure of a

substring tree. The result for (a b a b c) is shown in fig. 5.9.

With data specialisation, however, the results are still not satisfactory. The residual program from
data specialisation of 5.8 is shown in fig. 5.10.

Another problem common to program and data specialisation is that a substring tree is a rather
large structure, that in fact contains many redundancies. So although the result of program speciali-
sation is linear in time, its space complexity is less satisfactory.

5.5.3 How can we get small, linear residual results?

Our problem is that the partial evaluator generates an instance of a procedure for each static value, in
this case the values of i and j that indicate the match so far, even though the generated procedures
actually performs the same actions (i.e., implement the same function).

If we want to generate programs corresponding to the folded graph instead, we must thus substitute
the actual values of the match-so-far for some dummy values, which are identical for calls to procedures
that we want to have only one residual occurrence of.

This is in principle a simple solution but it raises two questions:

• Can we do it? I.e., is it possible to find some dummy values for the match-so-far that gives the
right folding but do not interfere with the original purpose of the variable.

• How do we do it. I.e., how do we recognize, in the quadratic algorithm, having only the subject
string to work on, that two calls to a procedure should have their match-so-far parameters

2It is possible to write a program that saves compared characters for each position in a list isomorphic to the subject.
Such a program would not specialise well, since this list is built under dynamic control so unless it is classified dynamic,
the specialisation will loop, trying to build an infinite list. If the list is classified dynamic, however, the memorising effect
is lost.
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(define (match? sub pat)
(find-match sub 0 (length sub) pat 0 (length pat)))

(define (find-match sub i n pat j m)
(if (= j m)

#t
(find-match-aux sub i n pat j m ())))

(define (find-match-aux sub i n pat j m e*)
(if (>= (+ i j) n)

#f
(find-match-aux-2 sub i n pat j m e*)))

(define (find-match-aux-2 sub i n pat j m e*)
(if (member (list-ref sub (+ i j)) e*)

(find-match-aux sub (pos-next-match sub (add1 i) n 0 i j) n pat 0 m e*)
(if (equal? (list-ref sub (+ i j)) (list-ref pat j))

(find-match sub i n pat (add1 j) m)
(find-match-aux sub (pos-next-match sub (add1 i) n 0 i j) n

pat j m (cons (list-ref sub (+ i j)) e*)))))
(define (pos-next-match sub i n j start msf)

(if (= j msf)
i
(pos-next-match-aux sub i n j start msf)))

(define (pos-next-match-aux sub i n j start msf)
(if (= (+ i j) n)

i
(if (equal? (list-ref sub (+ i j)) (list-ref sub (+ start j)))

(pos-next-match sub i n (add1 j) start msf)
(pos-next-match-aux sub (add1 i) n 0 start msf))))

Figure 5.8: A string matching program saving both positive and negative information.

Figure 5.9: The result of program specialisation of 5.8 with respect to (a b a b c).
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(define (match? current g pat)
(if (>= 0 (length pat))

#t
(if (find-att ’(>= (+ 0 0) (length sub)) (fetch-atts (find-node current g)))

#f
(find-match-aux-2
(find-edge ’(find-match-aux-2 sub 0 (length sub) pat 0 (length pat) ())

(fetch-edges (find-node current g)))
g pat (length pat)))))

(define (find-match-aux-2 current g pat m)
(if (equal? (find-att ’(list-ref sub (+ i j)) (fetch-atts (find-node current g)))

(list-ref pat (find-att ’j (fetch-atts (find-node current g)))))
(if (>= (find-att ’(add1 j) (fetch-atts (find-node current g)))

m)
#t
(if (find-att ’(>= (+ i (add1 j)) n) (fetch-atts (find-node current g)))

#f
(find-match-aux-2
(find-edge ’(find-match-aux-2 sub i n pat (add1 j) m ())

(fetch-edges (find-node current g)))
g pat m)))

(if (find-att ’(>= (+ (pos-next-match sub (add1 i) n 0 i j
(cons (list-ref sub (+ i j)) e*))

j)
n)

(fetch-atts (find-node current g)))
#f
(find-match-aux-2
(find-edge ’(find-match-aux-2

sub
(pos-next-match sub (add1 i) n 0 i j (cons (list-ref sub (+ i j)) e*))
n pat j m (cons (list-ref sub (+ i j)) e*))

(fetch-edges (find-node current g)))
g pat m))))

Figure 5.10: The result of data specialisation after the static tests have been moved to
pos-next-match.

Figure 5.11: The residual graph when specialising 5.8 with respect to the static subject (a b a b c).
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substituted for dummies, that is, that the calls should specialize to calls to the same residual
procedure.

Fortunately both questions can be answered favorably.
In order to see how to do it we give a criteria equivalent to the folding criteria of section 5.2.2 but

expressed in terms of the string rather than the graph, i.e., a criteria which can be used to generate
the folded graph directly from the string rather than by generating the substring tree and then fold
it.

Theorem 2 The vertices v1 and v2 in the substring tree for a string ω can be folded iff T (root, v1) is
a suffix of T (root, v2) or T (root, v2) is a suffix of T (root, v1) and the shortest of the strings does not
occur in ω except as a suffix of the longest.
Proof

Let ω1 = T (root, v1) and ω2 = T (root, v2). It is easy to see that if ω1 only occurs as a suffix of ω2,
then v1 and v2 can be folded. Conversely, if v1 and v2 are folded, then there are two paths leading to
the folded vertex (v1, v2). Since any path from (v1, v2) to sink (the node with no sons) corresponds to
a suffix of ω and the concatenation of any of v1 and v2 is also a suffix of ω, it follows that one must
be a suffix of the other. Since there are no other paths out of root corresponding to ω1 and ω2 than the
ones leading to (v1, v2), ω1 and ω2 must even occur at the same places in ω. 2

The string condition for folding corresponds to the relation called end-equivalence on substrings
in [Blumer et al. 85].

In order to generate folded graphs by program specialisation, we have to find, before every call
to every function that takes the dynamic argument, the longest extension of the current match-so-far
which extends it at all the occurrences of the match-so-far. E.g., if the match-so-far is equal to or
longer than the prefix identifier of its first position it can be extended with the head of ω up to its
first position.

Since the extension occurs exactly as often as the actual match-so-far this will not change the
semantics of the algorithm. If there is a match starting with the match-so-far, there will also be
a match starting with the extended match-so-far, since the match-so-far only occurs as a suffix of
the extended match-so-far. If there is no match, there will not be any match using the extended
match-so-far, since it is a superstring of the match-so-far.

With the new algorithm procedure calls corresponding to edges into the same vertex in the folded
graph will have the same parameters so, assuming that the partial evaluator only generates one
residual procedure for each static argument of a procedure, we will generate folded residual programs
corresponding to the folded graph.

This algorithm has been implemented in a version that descends on the strings with car and cdr
rather than using indices into the strings. The program is shown in fig. 5.12.

It is worth to notice, though, that although the residual program generated from this algorithm
is compact and linear, the algorithm itself is rather inefficient and repeats many computations, so
that it is even slower that the initial quadratic algorithm when run directly. This means that the
specialisation of it is likely to be very slow, too.

5.6 How to “Specialise Well”

The rewriting techniques used in this chapter are in fact surprisingly simple when the underlying
principles are taken into account. They are centered around the idea of moving computation from
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(define (substring? pat sub)
(find-match pat sub () () sub))

(define (find-match pat sub msf e* osub)
(if (null? pat)

#t
(find-match-to pat sub msf e* osub)))

(define (find-match-to pat sub msf e* osub)
(if (null? sub)

#f
(if (member (car sub) e*)

(if (null? msf)
(find-match-to pat (cdr sub) msf e* osub)
(find-match-s msf pat (cdr (append msf sub)) () e* osub))

(if (equal? (car pat) (car sub))
(find-match (cdr pat) (cdr sub)

(iso-ext (snoc (car sub) msf)
(reverse (remove-suffix osub (append msf sub)))
(cdr (append msf sub))
())

() osub)
(if (null? msf)

(find-match-to pat (cdr sub) msf (cons (car sub) e*) osub)
(find-match-s msf pat (append (cdr msf) sub)

() (cons (car sub) e*) osub))))))

(define (find-match-s s-pat pat sub msf e* osub)
(if (null? s-pat)

(determine-rest-match pat sub msf e* osub)
(if (null? sub)

#f
(if (equal? (car s-pat) (car sub))

(find-match-s (cdr s-pat) pat (cdr sub) (snoc (car s-pat) msf) e* osub)
(find-match-s (append msf s-pat) pat (cdr (append msf sub)) () e* osub)))))

(define (determine-rest-match pat sub msf e* osub)
(if (null? sub)

#f
(if (member (car sub) e*)

(find-match-s msf pat (cdr (append msf sub)) () e* osub)
(if (equal? (car pat) (car sub))

(find-match (cdr pat) (cdr sub)
(iso-ext (snoc (car sub) msf)

(reverse (remove-suffix osub (append msf sub)))
(cdr (append msf sub))
())

() osub)
(find-match-s msf pat (append (cdr msf) sub) () (cons (car sub) e*) osub)))))

Figure 5.12: A matching program extending the match-so-far.
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(define (snoc x l) (append l (cons x ())))

(define (remove-suffix x y)
(if (equal? x y)

()
(cons (car x) (remove-suffix (cdr x) y))))

(define (remove-suffix string suffix)
(rs-loop string suffix ()))

(define (rs-loop string suffix a)
(if (equal? string suffix)

(reverse a)
(rs-loop (cdr string) suffix (cons (car string) a))))

(define (iso-ext msf pref-r suff akk)
(if (null? pref-r)

(append akk msf)
(let ((ext-akk (cons (car pref-r) akk)))

(if (isomorphic? ext-akk msf suff)
(iso-ext msf (cdr pref-r) suff ext-akk)
(append akk msf)))))

(define (isomorphic? s-pref s-suff string)
(if (null? string)

#t
(let* ((suffix (matching-suffix s-suff string))

(prefix (remove-suffix string suffix)))
(or (null? suffix)

(and (suffix? s-pref prefix)
(isomorphic? s-pref s-suff (cdr suffix)))))))

; s not empty
(define (suffix? s string)

(and (not (null? string))
(or (equal? s string)

(suffix? s (cdr string)))))

(define (prefix? s string)
(or (null? s)

(and (not (null? string))
(equal? (car s) (car string))
(prefix? (cdr s) (cdr string)))))

(define (matching-suffix pat string)
(if (or (null? string) (prefix? pat string))

string
(matching-suffix pat (cdr string))))

Figure 5.13: Auxiliaries for the matching program extending the match-so-far
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Figure 5.14: Program specialising the extending program 5.12 with respect to (a b a b c).

run-time to specialisation time. This can also be expressed as moving computation from dynamic
arguments to static arguments. In the present context, this amounts to two kinds of transformations:

• Introducing loops equivalent to the original main loop, but comparing the static string against
itself.

• Saving the unmatched values of the static string for the current position in the dynamic string.

Although it is not hard to generalise these rewriting as principles for other tests than equivalence, we
have seen that the second technique is not unproblematic, since it introduces a new static parameter
that will typically take many different values. This is very likely to cause an explosion in the size of
the result.

5.7 Extending the Specialiser

As mentioned in section 5.3.3, it would also be possible to obtain results like the present by using a
different program specialiser. The idea would be to save the information obtained at the conditionals
and use it in the later computation. Particularly in the case of dynamic pattern, it seems that this
would be useful, since it would not introduce any new static variables thus avoiding the problem of
distinguishing otherwise indistinguishable program points.

A system handling this kind of information has been designed in [Haraldsson 77].
It is expectable, however, that the management of such a system easily becomes quite complicated,

as [Haraldsson 77] also points out.
Such a system was also advocated in [Futamura & Nogi 88].

5.8 Conclusion

The results of specialising the rewritten algorithms are surprisingly close to known algorithms and
data-structures such as [Knuth, Morris & Pratt 77]. This is probably not accidental but rather a sign
that the best known hand-written algorithms have been written by taking the maximal advantage of
the fact that some data are known at an earlier state, in order to minimise the later run-time. This
is of course exactly what we would like our specialisers to do.

The ability to obtain well-known algorithms by automatic specialising is interesting because of the
possibilities it opens for development of new algorithms.

It is, however, uncertain whether it will have any practical use, because although the resulting
algorithms are reasonably good, the generation of residual programs and data (i.e. the polyvariant
specialisation) is rather slow compared to the hand-written algorithms. There has not been given



Chapter 5. Application to String Matching 51

any complexity for the various specialisation algorithms but is seems obvious that it must at least be
dependent on the complexity of the source program on the static data. This is very far from the linear
bounds on the generation of prefix trees or failure tables found in the literature.

Another interest of the automatic generation is that it shows a relation between the naive algo-
rithms and the well-known optimised algorithms. Instead of being random examples of particular
cleverness it is seen that the structures used as intermediate data are in fact natural consequences
of the problem. This view can also be obtained by a mathematical access to the relations between
strings, but here it is done without any particular assumptions about the strings, only from an analysis
of the binding time information.



Chapter 6

Sequential Decomposition

6.1 Introduction

This chapter defines the concept of sequential decomposition [Barzdins & Bulyonkov 88] and shows
how it can be used for compilation and how to obtain a sequential decomposition program from a
data specialisation program by partial evaluation.

6.2 Definitions

Definition 14 A sequential decomposition for a programming language L is a pair of algorithms
[SD1, SD2] so that for any program l in L taking a pair [d1, d2] as input 1

L (M SD2 l) [(L (M SD1 l) d1), d2] = L l [d1, d2] (6.1)

This is perhaps better illustrated graphically:

There is a trivial sequential decomposition algorithm: SD1 = λx. x, SD2 = λx. x.

The immediate motivation for doing non-trivial sequential decomposition is to separate those parts
of the computation that only depend on d1 from those parts that depend on both data. This is of
interest in cases where the data arrive at different times or the computation will be repeated with a
constant value of d1 and varying d2. These are the same interests as for specialisation.

The difference from specialisation is that where specialisation aims to perform the actions that
only depend on the static data, sequential decomposition aims to generate a program that will perform
those actions when it is run.

1Notice that in this chapter we assume that the source language is the same as the target language and that the source
program have exactly two arguments. This is merely for simplicity, it would be quite straightforward to generalise.
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By repeated applications, the technique can be used for data with more binding times, e.g, for
three arguments with different binding times:

6.3 Sequential Decomposition by Data Specialisation

[Barzdins & Bulyonkov 88] shows how to obtain a sequential decomposition algorithm from a data
specialisation algorithm.

It is clear that there are similarities between the two kinds of transformations. Particularly it is
easy to see that DSp could be used as SD2, since it generates a program that expects a pre-processed
representation of the static data and the dynamic data in order to produce the original result.

But in order to use DSp as SD2 we need to find an algorithm, that takes a source program and
produces a residual program that, when it is given the static data, will produce the same result as
DSd produces, given both the program and the static data.

Such a residual program can be obtained by we program specialising DSd with respect to the
source program. But we do not want to the algorithm to take DSd as an argument, only the source
program. But this is exactly what we get if we self-apply the program specialiser with DSd as the
second argument.

Thus [(M PE [PE, DSd]), DSp] is a sequential decomposition algorithm.

To express this in terms of the equations, we see that if we want DSp to act as SD2, then we want
to find SD1, so that

L (M DSp l) [(L (M SD1 l) d1), d2] = L l [d1, d2]

Since [DSd, DSp] is a data specialisation algorithm, we know that

L l [d1, d2] = M (M DSp l) [(M DSd [l, d1]), d2]

So we can use a SD1 which fulfills

(L (M SD1 l) d1) = (M DSd [l, d1])

This is fulfilled by (M PE [PE, DSd]), since

L (M (M PE [PE, DSd]) l) d1 = (by definition 5)
L (M PE, [DSd, l]) d1 = (do.)

L DSd [l d1]
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This is not surprising, given the charaterisation of the different goal of sequential decomposition
and specialisation from above. If we say that the sequential algorithms aims to generate an algorithm
that takes the static data and does what a specialiser would do on the program and the static data,
this is exactly the definition of what program specialisation gives.

6.4 Sequential Decomposition for Multi-Phase Compiling

In the generation of compilers from interpreters or interpretive specifications, one of the main obsta-
cles to obtaining realistic results seems to be that these automatic compilers are one-pass compilers,
whereas modern hand-written compilers are multi-pass compilers.

Sequential decomposition seems to offer a possible solution to this design problem.

Abstractly, the structure of a multi-pass compiler can be described in the following way.
The compiler consists of a sequence n algorithms [comp1, . . . , compn]. Two adjacent algorithms

compi and compi+1 communicate via an intermediate language, Ci, that is the source language of
compi+1 and the target language of compi. In particular C0 is the source language of the whole
compiler and Cn the target language. compi then takes Ci−1 programs and compile then into Ci

programs.
E.g., if the first pass is a lexical analyser, C0 could be a language of strings of characters and C1

could be a language of strings of tokens.

We want to generate an n-pass compiler automatically from an interpreter intC0 for the source
language C0. The target language Ctarget is given. We know that by program specialisation we are
able to generate a compiler from C0 to Ctarget from intC0 . What we want is rather to generate a
sequence of simpler (or dedicated) compilers between a series of intermediate languages that are not
given.

This can be done if we can find a sequence of algorithms A1, . . . , An so that

• Each Ai for i = 1, . . . , n − 1 takes an interpreter intCi−1 for a language Ci−1 written in L and
returns a compiler from Ci−1 to another language Ci written in L and an interpreter intCi for
the target language of the compiler also written in L.

• An takes an interpreter intCn−1 and returns a compiler from Cn−1 to a fixed target language Cn

= Ctarget.

Notice that the intermediate languages are not fixed but generated on the way. In fact the inter-
preters are only generated to specify the intermediate language, i.e., to be given to the next Ai.

It should also be noticed that the As do not have to be different.
We immediately see that An can be cogen (cf. 3.3).
For the other As, we see that sequential decomposition fulfills the criteria. Assume that we have

a sequential decomposition algorithm [SD1, SD2] and an interpreter intCi . Then comp = M SD1 intCi

is a compiler from Ci to the language defined by the interpreter int = M SD2 intCi since

L int [(L comp p), d] = Ci p d

which is exactly the definition of a compiler (chapter 3, definition 4), except that here the target
language is only given by an interpreter2.

2If we assume that we have a curry operator, however, Curry (L int) is in fact the language defined by int
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It is interesting to notice that Ai = [SD1, SD2] = [(M PE [PE, DSd]), DSp] and An = cogen =
M PE [PE,PE] corresponds with the view of program specialisation as a special case of data special-
isation with DSp generating a constant interpreter and DSd being the program specialiser.

In this application, the repeated use of sequential decomposition does not correspond to the arrival
of more and more information. The effect that is sought is rather to decompose a compound action on
the same data into independent phases. To actually obtain this it is necessary to be able to distinguish
independent actions in a composed action, which is a non-trivial problem.



Chapter 7

Applications of Sequential Decomposition

7.1 Introduction

After the previous theoretical chapter, this chapter discusses some of the problems of obtaining non-
trivial results when program specialising programs based on the algorithm from section 4.5.3. The
problems are basically the same as those obtained when self-applying a partial evaluator.

Then one of the string matching algorithms from chapter 5 is used for a small example of sequential
decomposition and the possibility of using the algorithm from section 4.5.3 for compiler generation is
discussed.

The importance of the design of the residual data structures is pointed out and some data special-
isation algorithms designed specially for compiler generation are proposed.

7.2 Partially Evaluating the Data Specialisation Algorithm

Although it is theoretically possible to obtain a sequential decomposition algorithm from a partial
evaluator and a data specialisation algorithm, this result does not say anything about the quality of
the algorithm, from a computational point of view.

7.2.1 Problems

When specialising the graph generator we encounter the same problems as when self-applying a partial
evaluator, since the graph specialiser is structured the same way as a polyvariant partial evaluator.

Thus it is also possible to use the same techniques to solve the problems.
One of the main problems in obtaining non-trivial results when specialising interpreters or self-

applying partial evaluators is that if a procedure takes both static and dynamic arguments, then
its result will be classified dynamic by the binding time analysis. This happens even if some part
of the result or even the whole result is based on static data. To be able to use such information
at specialisation time we do not return from such procedures, but continue the computation with
tail-recursive calls where the “result” of the procedure is passed as a static argument in the call.

This is the reason why, e.g., the lookup-loops finding procedure definitions in the program are
tail-recursive in the programs shown in appendix C.

The problem can also be treated by introducing partially static structures rather than the coarse
division into either static or dynamic [Mogensen 89].

It is worth to notice that since the pattern matching algorithms shown in chapter 5 are already
tail-recursive, this problem does not arise in that example.

Another serious problem of specialising a polyvariant specialiser is that the list of active states
(“pending” in the Mix terminology) is dynamic, because the static values are dynamic at specialisation
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of the specialiser. This means that the name of the next procedure to specialise is dynamic, so the
lookup finding the next expression to specialise returns a dynamic result, i.e., the expression to be
specialised is dynamic. This is unfortunate, since the program to be specialised is the static input
of the specialiser. If it is not possible to access this program statically, very little can be done at
specialisation time.

It is not sufficient to separate the list of active states into two isomorphic lists, the procedure names
and the values. The problem here is that the list of active states, and thus also a corresponding list
of procedure names, is unbounded at specialisation time. It is generated under dynamic control; its
generation depends on the static values of the source program, that are dynamic at the specialisation
of the specialiser. Making a static list of procedure names isomorphic to the “active” list would thus
result in infinite specialisation.

Instead this problem is circumvented by not using the name fetched from the list of active states
to look up the body of the procedure in the source program. Instead this name is compared against
a static list containing all the procedure names. Then the name from that list is used in the lookup
(this technique is from the Mix system. For a more detailed description see [Gomard & Jones 88]).
When program specialising the specialiser, this gives a dispatch on procedure names in the residual
program, with the treatment corresponding to the procedure body at each entry.

As an extra optimisation, only the procedures that are called residually in the source program are
put into the list of procedure names. This way there will only be code to generate those procedures
that actually occur in the residual program.

7.3 Sequential Decomposition of a String Matching Algorithm

For a more straightforward application, let us first consider one of the string matching algorithms
from chapter 5, e.g., the one for static pattern strings given in fig. 5.2.

By using the Similix partial evaluator on our data generating program from section 4.5.3, we obtain
a sequential decomposition algorithm (this is more carefully discussed in chapter 7), that we can apply
to our matching algorithm. We then obtain a program that takes a pattern string and generates a
failure table. This is exactly the same program as we would obtain by specialising the data generating
program with respect to the string matching algorithm, since:

M SD1 pmatch = (with our method)
M (M PE [PE, DSd]) pmatch = (by definition 5)

M PE [DSd, pmatch]

The resulting, failure-table generating, program is rather large, so we will not show it. Instead, let
us briefly outline its structure.

It is in fact a specialised version of our data generator, so it has the same general structure as this
program. It consists of a main loop over a list of active states. Each state consists of a label, that can
be either match? or find-match-aux, and a list of values, either the static string or the static string,
its length and the current position. Only the initial state has the label match?, all the states that
are generated in the loop are given the label find-match-aux. Of the static values, only the position
varies, and this is bounded by zero and the length of the string. Thus there are only m + 2 different
states.

Since the failure table generator generates a new node in the graph every time it encounters a new
state it will generate m + 2 nodes. When it generates an already encountered state, it will generate
an edge to this state, but not add it to the list of active states, just like the data generator. For the
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first state it generates one node and one edge. For the last state, it has no actions. For each state in
the list of active states, except the first and last, it generates two new states, one by adding one to
the position and one by computing the value of the failure function on the position. For the first state
it generates one new state and for the last none. Thus it will generate 2m + 1 edges.

The run-time of the failure table generator, however, is not bounded by the length of the pattern.
The problem is that the failure function is computed using the quadratic algorithm inherited from the
string matching program, where it is used to match the static string against itself. Thus the failure
table generator as a whole is not linear in the pattern, although the main loop is.

The resulting failure tables, however, can be used for linear matching, since they will be used with
the residual program obtained by the program generating data specialisation algorithm. We have
already seen that this program is linear.

7.4 Program Specialising the Data Specialisation Program

The actual sequential decomposition algorithm obtained from the graph generating algorithm is also a
quite large program. It is structured like the Similix partial evaluator and thus harder to comprehend.
Like the data specialisation algorithms, Similix loops over a list of active states (here called pending)
and this loop can be recognized in the sequential decomposition algorithm. The states have names from
the data specialisation algorithm: mc-loop, f&t-loop, treat-cond (2 versions), f&ms-loop, ds-eval.
For each of these names there is a specialised version of Similix’s actions on the corresponding procedure
body. Thus the treatment of a state will generate a specialised version of the data specialisation
procedure with respect to the list of static values in the state. Furthermore it will add new states to
“pending” corresponding to the residual procedure calls in this source procedure.

The target programs of this sequential decomposition algorithm will basically look like the string
matching program from the preceding section. They will loop over “active” and generate nodes
corresponding to the residual program points and edges corresponding to the calls.

7.5 Sequential Decomposition for Compiler Generation

In order to generate a realistic compiler, we need to design a series of data specialisers that generate,
as residual data, the series of intermediary data that a realistic compiler uses. The graph generated by
Barzdins’s and Bulyonkov’s algorithm does not immediately fit this description. Although the residual
graph of an interpreter and a program is likely to resemble the structure of the program (depending on
the construction of the interpreter) it does not resemble, e.g., a syntax tree, not even in the structure
since it contains cycles.

The problem seems to be that this data specialiser is in fact not particularly written to generate
compilers. This shows in the fact that the residual data is not designed to be a typical compiler data
structure – it does not “look like” target code.

Designing a series of data specialisers for compiler generation is an open problem that we will
discuss informally in the next section.

7.6 Towards a Compiler-Based Design of Residual Data Structures

For compiler generation we want a series of data specialisers generating residual data resembling the
internal structures of a compiler. For our language of recursive equations, this could for example be
syntax trees, a kind of tree-structured code and a linearised code as the final result.

Let us consider the possibility of generating syntax trees as residual data.



Chapter 7. Applications of Sequential Decomposition 59

Generating syntax-trees

We consider the generation of a syntax tree from a string of tokens as an example of a compiler pass.
In order to obtain such a pass we have to design a data specialisation algorithm that, given an

source interpreter and a string, generates a syntax tree and a corresponding target interpreter. The
source interpreter takes strings and input and interprets the string as a program to be run on the
input. The target interpreter should not contain the actions used in the source interpreter to recognise
syntax. Instead it should contain dispatches on syntax non-terminals. What the data specialiser does
for any other kind of program is not important.

How can we isolate the syntax recognising actions in the source interpreter? It seems reasonable
to say that we cannot in general. Somehow we will have to manage with a simpler criterion that is
likely to include the actions we look for and which gives the desired kind of output.

How can we get the desired output, i.e., syntax trees and corresponding target interpreters? For the
residual program it is simple. We want this program to be an interpreter dispatching on syntax labels,
so we simply move closer to the program specialisation case. Instead of basing the residual program
on the source program we always generate an interpreter dispatching on syntax. The residual actions
(i.e., those depending on dynamic data) of the source program are then fitted into this interpreter
skeleton. Now we just have to decide how to make a suitable syntax.

This is in fact the tricky part. An obvious decision is that the values of the constant expressions
should appear as terminals. Correspondingly a symbol corresponding to each static expression should
appear as a non-terminal. E.g., in specialising one of the string matching algorithms with respect to
the static pattern (a b a) we would have the production:

symbol(list-ref pat j) ::= a | b
This is not enough, however, we need productions with non-terminals at the right-hand side to get

one syntax tree as residual data. The possible sources of such non-terminals are the non-terminals of
the source language (the language the source programs are written in) and the program points of the
source program. Using the non-terminals of the source language will reproduce pieces of the source
program in the residual data. Since we rather want such pieces in the residual program the second
option seems more promising.

If we make non-terminals out of source program points we can see the recursive equations that
make up our source program as part of our syntax instead. We re-interpret all the terms to a syntax
format. To this we add the static expression non-terminals as mentioned above.

The simpler dynamic expressions can be made into non-terminals if they involve static sub-
expressions and terminals if they do not. The code interpreting them is then put in the target
interpreter under the treatment of this syntactic form.

The conditional expressions with static test but dynamic branches correspond to alternatives on
the right-hand side ( true-branch | false-branch ). The dynamic conditionals are simply conditionals,
i.e., a sequence of three non-terminals.

This gives a reasonable syntax. Unfortunately we cannot generate residual data unless all calls in
the source program are unfoldable. If a call is residual, the procedure might be called infinitely often,
so the syntax tree is infinite.

Instead we can leave the residual procedures (the procedures that are called residually) in the
target program as auxiliaries to the interpreter loop (such as “apply” in a hand-written interpreter).
The production of the non-terminal corresponding to a residual call has the list of arguments as
right-hand side rather than the syntax corresponding to the procedure body. The residual syntax tree
contains one subtree for each residual program point (resembling the declaration of residual procedures
in program specialisation). The procedure in the residual interpreter calls the interpreter to evaluate
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the arguments, searches the residual syntax tree for the subtree with the right “name” (pattern of
static arguments) and calls the interpreter loop with this tree.

This algorithm has not been implemented but on paper it looks like a step towards our goal of
compiler generation. It does seem too coarse, though, the generated syntax will involve the whole
interpreter, not just the syntax recognizing parts. It seems that the ability to have good results with
this algorithm still relies on the ability to write source programs that “specialise well” and have the
right kind of division of tasks into procedures.

To generate a kind of target code we might let us inspire by the hand transformation techniques
used to derive compilers from interpreters (see chapter 8). The point here is to try to identify resid-
ual operations in the source program and generate, as residual data, a graph where the nodes are
corresponds to residual operations and the edges are pointers to the next residual operation in the
computation tree (i.e., state transitions).

A likely design would be to generate a simple, but tree-structured, code and then linearise it. Since
the last phase is program specialisation based to end at a fixed target language we should probably
linearise in this phase. Otherwise there is no particular reason that the linear code we generate does
not have to be permuted to translate into the final target language, thus reversing the computations
we just made. This will require closer examinations, both theoretical and practical.

To actually combine these algorithms to give a compiler might still give rise to unexpected prob-
lems. It is possible to foresee at least one problem from the composition: we can hand-tune a hand-
written program to specialise well but if we want realistic compilers out of this method, the successive
transformations must preserve that property in the residual program.

To design and implement a full set of data specialisation algorithms seems a large task and it might
be worth to consider whether this is actually simpler than using the existing compiler technology.
The crucial point here is whether the same intermediary structures are adequate in compilers for
many different languages and whether the same source language is adequate for writing our source
interpreters for many different languages.



Chapter 8

Related Work

The related works in mixed computation have been mentioned in chapters 2, 3 and 4.
The string matching algorithms in chapter 5 were developed to resemble the algorithms

from [Knuth, Morris & Pratt 77], [Weiner 73] and [Blumer et al. 85]. This continues the work of
[Consel & Danvy 89] and has partly been developed in cooperation with these authors. To our knowl-
edge automatic specialisation has not before been used to generate basic pattern matching algorithms.
[Emanuelson 80], [Emanuelson 82] has used program specialisation for pattern matching in more com-
plicated matchers.

8.1 Hand Transformations from Interpreter to Compiler

Many authors discuss techniques for transforming language specifications into executable compilers by
hand. These techniques can be seen as integrations into one phase of specialisation and the techniques
necessary to “specialise well”.

[Jørring & Scherlis 86] stress the concept of binding time (though under a different name) and
point out that when the arguments of programs have different binding times, many optimisations are
made by shifting computations to earlier binding times. This concept is called staging transformation.
The main example throughout the article is compiler generation. Two approaches are discussed: pass
separation and meta-transformation.

In the first case, the specification of the interpreter is divided into two parts by starting with the
trivial case where the compiler is just identity and the moving as many actions as possible into the
compiler by observing which actions are independent of the unavailable data. The two parts are then
separated and the remaining actions then comprise the target interpreter.

In the case of meta-transformations the interpreter is transformed by “freezing” parts of the actions
and returning them as result rather than executing them. In this case the target language is the
language of the original specification.

It is interesting to notice that these different approaches can both be viewed as data specialisation.
Meta-transformation clearly resembles the actions of a partial evaluator on its source programs. The
transformations of source programs to make such actions efficient correspond to the transformations
employed in partial evaluation to make programs “specialise well”.

Pass separation, on the other hand, resembles sequential decomposition. The goal is, given a
function f(x, y), to find to functions f1, f2, so that f(x, y) = f2(f1(x), y) by starting with the identity
function as f1. In fact the derivations show how to derive a non-trivial f1 from an interpreter by hand.

[Jørring & Scherlis 86] also stress the importance of choosing the right data structure as “object
code” between the two phases.

61



Chapter 8. Related Work 62

[Wand 82], [Wand 82’] [Wand 86] treats the derivation of compilers from interpretive specifications
in the form of Scheme interpreters written in a style resembling denotational semantics. The techniques
are gradually simplified and improved to give better code.

The idea is to re-organise the semantics to use a small number of compound actions that can then
be abstracted as combinators. A compiler is then obtained by generating combinator sequences rather
than executing the action. The target machine interprets the sequences of combinator that has been
derived from the semantics.

[Montenyohl & Wand 88] describes a technique for obtaining a compiler with type-checking. The
idea is to rewrite the semantics to express the type-checking in terms of the compile time information
and shift the type-checking actions to be performed before the run time actions. The resulting defini-
tion can then be submitted to the transformation techniques of [Wand 83]. This results in a compiler
performing type-checking at compile time. All transformations are proven to be semantics preserving.

In fact, it seems that everyone makes the same transformations. In automatic transformation we
have the binding time annotations to guide us. In hand transformations, many of the transformations
seem to arrive out of thin air (although they are still guided by binding time information).



Chapter 9

Further Work

Although the data specialisation algorithm discussed here is less powerful than the polyvariant program
specialisation algorithm, the benefit of a more compact representation of the residual output still
justifies further work on this approach.

One obvious line of work would be to design an algorithm able to handle unfolding and conditionals
more efficiently than ours. The syntax-tree generating algorithm of chapter 7 might solve this problem
and it would probably be worth to polish this to an implementable description and implement a version
of the algorithm.

A more ambitious plan would be also to design and implement the remaining algorithms for a
compiler.

Another direction is to extend our algorithm to handle other language features, such as higher-
order procedures or even side-effects, in order to treat, e.g. full Scheme, or structured loops and block
structures for imperative languages.

Before the present work could be used for any practical purposes it would also be necessary to
implement a more efficient treatment of the residual data.

There is also much to be done about a semantic foundation for data specialisation.
In order to be able to separate static and dynamic computation it might be possible to use some of

the techniques employed when parallelising sequential programs. This would require a clarification of
the relation between independence of computation as we want it for specialising well and independence
of computation as it is used to parallelise sequential programs.
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Chapter 10

Conclusion

The string matching examples show that it is possible to obtain realistic results by data specialisation.
The various rewritings of the original naive algorithm emphasize that the straightforward algo-

rithms usually refer to their arguments in an “interleaved” way. If we want to obtain good results from
specialisation we have to re-organise the source algorithm, so that the static data are accessed first
and the static conditionals are completely eliminated. Furthermore the implicit information about
dynamic data that can be derived from dynamic conditionals should be exploited.

The string matching examples use mainly the last technique, and these examples suggest to extend
the specialiser to take advantage of the implicit information that can be derived during a symbolic
evaluation.

Since this is a complicated task with inherent threats of combinatory explosion, it might be more
realistic to rewrite the source program in a preprocessing phase. This is, however, not always an ideal
solution. This is seen in the string matching with static subject string, where the rewriting introduces
a new static variable that causes the specialiser to distinguish program points that we want to be
collapsed.

It is possible to separate static and dynamic computation by hand rewriting, by mechanical rewrit-
ing or on the fly during specialisation. But we see that although the technique of polyvariant special-
isation captures the concept of specialisation very precisely, it is not capable of sorting the threads of
an interleaved treatment of static and dynamic data.

Presently this sorting must be done by the programmer, who needs to understand polyvariant
specialisation and binding times to have good results.

But it is not necessary to have any understanding of which parts of the program would naturally
fit the purpose of the residual program and thus should be abstracted as residual program points.
This will arise by itself from the binding time directed rewriting, since such primitives are exactly
characterised by being completely dynamic. This is opposed to the hand-transformation techniques,
where isolating such parts often appear as the “magic” point in the transformation.

In the case of data specialisation, however, there do not seem to be any similar principles deter-
mining the “optimal” structure of the residual data. It should incorporate those parts of the structure
and contents of the static data that will be compared against the dynamic data and those parts of
the static control that modify dynamic data. Furthermore it should not contain those parts of the
static data that only determine static control but only the resulting control structure and it should
not contain those parts of the static control that only modify static data. These are, however, rather
general conditions and do not tell us which structure best fulfills them.

Furthermore, since multipass transformations are frequently used in realistic applications, such a
structure might best be constructed in several phases. This is possible using sequential decomposition
but again we have no directions about the “optimal” (or even adequate) structure after each pass.
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Appendix A

Implementation of the Imperative Algorithm

BNF for the imperative language

Pr-ann ::= ((De-ann*) In*)

De-ann ::= (Id Bt Ex) | (Id Bt)

Bt ::= d | s
In ::= (La Co)

Co ::= LS := Ex | goto La | if Ex goto La | read LS | print Ex | end
La ::= Id

Ex ::= (O1 Ex) | (O2 Ex Ex) | #t | #f | Id | (vector-ref Id Ex) | Number | String
O1 ::= add1 | sub1 | length | not
O2 ::= + | - | / | * | member
LS ::= Id | (vector-ref Id Ex)

A.1 Main parts of the graph generating program

The initialisation procedure takes an annotated program and a list of input to the program. It
initialises the graph and state and calls the main loop.

(define (mc-1 p-ann i) ; initialisation
(let* ((node-0 (new-node))

(defs (fetch-defs-p p-ann))
(p (fetch-p p-ann))
(state (mk-init-state (first-lbl p) defs)))

(mc-loop (init-graph node-0) (list state) init-passed p
(lambda (s)

(if (equal? s (fetch-store state))
(node-name node-0) ’no-node))

i)))

The main loop over the list of active states ac:

(define (mc-loop G ac pa p node-of i) ; loop over ac
(if (null? ac)
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G
(let ((state (car ac)))

(if (member state pa)
(mc-loop G (cdr ac) pa p node-of i)
(treat-state state G (cdr ac) (cons state pa) p node-of i)))))

The treatment of each state have been separated into the procedure treat-state. This procedure
takes a state and adds the values of all static expressions as attributes to the corresponding node in
the graph G. Each subsequent state(s) is added to ac and in case of assignment the edge to and the
node of the corresponding new store is added to G. The node corresponding to a store is found using
the procedure node-of.

treat-state dispatches on the type of command and most of the treatment is done by tail-recursive
auxiliary procedures.

(define (treat-state state G ac pa p node-of i)
(let* ((lbl (fetch-lbl state))

(store (fetch-store state))
(comm (fetch-comm lbl p)))

(record-case comm
[goto (to-lbl)

(mc-loop G (cons (cons to-lbl store) ac) pa p node-of i)]
[if (expr goto to-lbl)

(treat-if expr to-lbl lbl state (node-of store) G ac pa p node-of i)]
[read (ls)

(treat-read ls lbl (fetch-next-lbl lbl p) state (node-of store)
G ac pa p node-of i)]

[print (expr)
(let ((next-lbl (fetch-next-lbl lbl p)))

(treat-expr state (node-of store)
G (cons (mk-state next-lbl store) ac) pa p node-of i (list expr)))]

[end ()
(mc-loop G ac pa p node-of i)]

[else (if (equal? (cadr comm) ’:=)
(let ((nxt-lbl (fetch-next-lbl lbl p)))

(treat-assign lbl (car comm) (caddr comm) nxt-lbl
state (node-of store)
G ac pa p node-of i))

(error ’treat-state "unknown command: ~s." comm))])))

treat-expr descends into expressions to find and evaluate static sub-expressions. The results are
then added as attributes in the graph.

treat-assign determines whether the right-hand side is static or dynamic and then either evalu-
ates it and calls treat-static-update to perform all the updatings corresponding to a new store or
calls treat-expr to determine the static subparts of the right-hand side of the assignment.

(define (treat-assign lbl l-side r-side nxt-lbl state v G ac pa p node-of i)
(if (static-expr-s? r-side state)

(treat-static-update lbl
(update-state nxt-lbl l-side (eval-expr r-side state) state)
v G ac pa p node-of i)

(treat-expr state v
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G (cons (mk-state nxt-lbl (fetch-store state)) ac)
pa p node-of i
(cons r-side (if (vec-ref? l-side)

(list (fetch-pos l-side))
’())))))

treat-if determines whether the test is static or dynamic. For static tests it evaluates the test
and adds the corresponding next state to ac. For dynamic tests it adds both subsequent states to
active and calls treat-expr to determine the static subparts of the expr.

The rest of the procedures are fairly obvious. Since the imperative version is not written to be
partially evaluated it is of a standard design except for the fact that it descends breath-first into the
evaluation, using a list of active states, rather than depth-first, with a control stack.

A.2 The program generating program

The program generator simply removes the static variables from the variable list, add the graph and
the current node and traverses the list of commands, modifying each as described in section 4.4.

The main procedure:

(define (mc-2 p-ann)
(let ((p (fetch-p p-ann))

(defs (fetch-defs-p p-ann)))
(make-program (make-res-defs defs) (make-res-p-init p defs))))

The command modifying procedure:

(define (make-res-p p defs)
(if (null? p)

’()
(let* ((first (car p))

(comm (cdr first))
(lbl (car first))
(rest (cdr p)))

(record-case comm
[goto (to-lbl)

(cons first (make-res-p rest defs))]
[if (expr goto to-lbl)

(cons (make-res-if lbl (make-res-expr expr defs) to-lbl)
(make-res-p rest defs))]

[read (ls)
(if (static-ls-d? ls defs)

(cons (make-res-assign lbl ’node (list ’graph-ref ’G ’node lbl))
(make-res-p rest defs))

(cons (make-res-read lbl (make-res-ls ls defs))
(make-res-p rest defs)))]

[print (expr)
(cons (make-res-print lbl (make-res-expr expr defs))

(make-res-p rest defs))]
[end ()

(cons first (make-res-p rest defs))]
[else (if (equal? (cadr comm) ’:=)

(if (static-expr-d? (car comm) defs)
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(cons (make-res-assign lbl ’node (list ’graph-ref ’G ’node lbl))
(make-res-p rest defs))

(cons (make-res-assign lbl
(make-res-ls (car comm) defs)
(make-res-expr (caddr comm) defs))

(make-res-p rest defs)))
(error ’make-res-p "unknown command: ~s." comm))]))))



Appendix B

Semantics of the First-Order Recursive
Equations

This appendix contains a denotational semantics of the language treated by the data specialiser de-
scribed in section 4.5.3.

Abstract Syntax

P ::= (D D∗)
D ::= (define (F I1 . . . In) E)

E ::= C | I | (if E1 E2 E3) | (O E1 . . . En) | (F E1 . . . En)

F ::= I

O ::= car | cdr | cons | + | - | * | / | add1 | sub1 | null? | equal? | . . .

Semantic Domains

Num, String, Ide, List, Bool (definition omitted)
Denotable values:
v ∈ Val = Num + String + List + Bool
Environments:
ρ ∈ Env = Ide → Val
Operations: lookup-ρ: Ide → Env → Val

lookup-ρ = λ i ρ. ρ i
Primitive procedures: π ∈ Prims = Val* → Val
Operations: lookup-π: O → Val∗ → Val

(definition omitted)
Procedures:
f ∈ Proc = Val∗ → Cont → Ans
φ ∈ Procs = Ide → Proc
Operations: lookup-φ: F → Procs → Val∗ → Cont → Ans

lookup-φ = λ [[F ]]φ. (φ[[F ]])
extend-φ: Ide × Proc → Procs → Procs

Continuations:
κ ∈ Cont = Val → Ans
Answers:
v ∈ Ans = Val⊥
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Valuation Functions

P : P → Env → Procs
D : D → Env → Prims → Procs → Ide × Proc
E : E → Prims → Procs → Expr-Cont
C : C → Val
I : I → Ide

P[[(D D∗)]]ρ
= fixλφ. (extend-φ (D[[D]]ρ πinit φ)P[[D∗]]ρ)

D[[(define (F I1 . . . In) E)]] ρ π φ
= [[[F ]], λ [v1 . . . vn]. E [[E1]](extend-ρ [I[[I1]], . . . , I[[In]]] [v1, . . . , vn] ρ) π φ]

E [[C]]ρ π φκ = κ C[[C]]
E [[I]]ρ π φ κ = κ (lookup-ρ I[[I]] ρ)
E [[(if E1 E2 E3)]]ρ π φκ
= E [[E1]]ρ π φ (λ v. (let v = Bool(b) in b → E [[E2]]ρ π φ κ [] E [[E3]]ρ π φ κ))
E [[(OE1 . . . En)]]ρ π φ κ
= E [[E1]]ρ π φ (λ v1. . . . E [[En]]ρ π φ (λ vn. κ ((lookup-π [[O]]π) [v1, . . . , vn])))
E [[(FE1 . . . En)]]ρ π φκ
= E [[E1]]ρ π φ (λ v1. . . . E [[En]]ρ π φ (λ vn. lookup-φ [[F ]]φ [v1, . . . , vn]κ))



Appendix C

Implementation of the Algorithm for
First-order Recursive Equations

This appendix describes two programs, written for the Similix system [Bondorf & Danvy 89], imple-
menting the data specialisation algorithm from section 4.5.3.

The algorithm has been transformed to the source language of Similix in order to be partially
evaluated for chapters 6 and 7.

In the Similix system, it is possible for the user to extend the set of procedures that Similix
understands as primitives. This facility has been used here to hide, e.g the treatment of the graph. A
graph is an abstract data type with operations add-node, add-edge, add-att, etc.

The program can be run in Scheme if these procedures are instead defined as Scheme procedures.
Certain Scheme procedures are not available in the current version of Similix. An example is list,

which is replaced by list-1, list-2, etc. with fixed arities.

C.1 The graph generator

C.1.1 Data structures

The input is an annotated program, the name of the procedure to be specialised and a list of the static
data.

The output is a graph, represented as a list of nodes, where each node contains a name, a list of
attributes and a list of labeled edges.

The main internal data structures are a list of active state, ac, a correspondence between states
and node-names, node-of, and a list of expressions within the current state, exprs. A state is a list
of the name of a procedure and the list of static arguments.

C.1.2 The initialisation

The introductory procedure initialises the graph and the list of active states. The variable f* is a
list of the names of the procedures that will occur in the residual program. It is used to look up the
bodies of the procedures in the program.

(define (mc-1 p-ann fname s-vals)
(let ((node-0 (new-node))

(f* (make-f* p-ann fname))
(state (list-2 fname s-vals)))

(mc-loop (init-graph node-0) (list-1 state) p-ann f*
(make-node-tbl state (node-name node-0)))))
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C.1.3 The main loop

The main loop loops over the list of active states. For each state it adds the values of all static
expressions except static arguments of procedures to the node in the graph corresponding to that
state. It also computes the new states arising from calls to other procedures. If a state has not been
seen before, a node is created for it and it is added to the list of active states. Anyway the edge from
the node corresponding to the current state to the node corresponding to the new state is generated.

(define (mc-loop G ac p f* node-tbl)
(if (null? ac)

G
(let ((state (car ac)))

(let ((v (node_of state node-tbl))
(fname (fetch-fname state))
(s-vals (fetch-vals state)))

(fetch&treat-body fname s-vals v G (cdr ac) p f* node-tbl)))))

; Finds the body of the goal procedure and calls treat-expr to treat it
(define (fetch&treat-body fname s-vals v G ac p f* node-tbl)

(f&t-loop 0 f* fname s-vals v G ac p f* node-tbl))

(define (f&t-loop index loop-list fname s-vals v G ac p f* node-tbl)
(if (null? loop-list)

(error ’fetch&treat-body "unknown procedure: ~s" fname)
(let ((tag-name (car loop-list)))

(if (residual-f? tag-name)
(if (equal? fname (fetch-fname-tag tag-name))

(let ((def (fetch-def p index)))
(let ((body (fetch-def-body def))

(ann-pars (fetch-def-param def)))
(let ((s-pars (fetch-s-pars ann-pars)))

(treat-expr s-pars s-vals v G ac p f* node-tbl (list-1 body)))))
(f&t-loop (add1 index) (cdr loop-list) fname s-vals v G ac p f* node-tbl))

(f&t-loop (add1 index) (cdr loop-list) fname s-vals v G ac p f* node-tbl)))))

The body of the procedure that is to be specialised is found using a loop over the list of possible
procedure names. This is done in order to specialise well. Since we want to specialise the program
with ac dynamic, we cannot use the actual name of the state, since the lookup would then be dynamic.

C.1.4 Treatment of expressions

The procedure treat-expr loops over a list of expressions. For each expression it adds attributes for
all static subexpressions. If the expression contains a call it evaluates the static arguments and makes
the new state. If the new state has not been seen before, it adds it to ac and makes a new node and
an edge to it in G. If it has been seen before, it just makes an edge from the current node to the node
of the new state. Most of this is done in auxiliary procedures, the procedure treat-expr itself mainly
dispatch on the syntactic form of the expression.

(define (treat-expr s-pars s-vals v G ac p f* node-tbl exprs)
(if (null? exprs)

(mc-loop G ac p f* node-tbl)
(let ((expr (car exprs)))

(let ((nt (car expr)))
(cond
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((equal? nt ’quot) ; (quot (quote s-expr))
(treat-expr s-pars s-vals v G ac p f* node-tbl (cdr exprs)))

; corresponds to putting the constant in the graph --
; (add-att (list q s-expr) s-expr v-state G) corresponds to putting the
; constants in the residual program

((equal? nt ’ide) ; (ide i)
(let ((ident (cadr expr)))

(if (static-ident? ident s-pars)
(let ((att (lookup-s ident s-pars s-vals)))

(treat-expr s-pars s-vals v (add-att expr att v G)
ac p f* node-tbl (cdr exprs)))

(treat-expr s-pars s-vals v G ac p f* node-tbl (cdr exprs)))))
((equal? nt ’cst)
(treat-expr s-pars s-vals v G ac p f* node-tbl (cdr exprs)))

((equal? nt ’prim-op) ; (prim-op (ann op) args)
(let ((op (cadr expr))

(args (cddr expr)))
(if (static-prim? op)

(treat-stat-prim-op expr s-pars s-vals v G ac p f* node-tbl (cdr exprs))
(treat-expr s-pars s-vals v G ac p f* node-tbl

(append args (cdr exprs))))))
((equal? nt ’appl); (appl (tag ann fname) args)
(let ((fname (cadr expr))

(args (cddr expr)))
(treat-app expr (car fname) (cadr fname) (caddr fname) args

s-pars s-vals v G ac p f* node-tbl (cdr exprs))))
((equal? nt ’cond) ; (cond if test exp-t exp-f)
(let ((test (caddr expr))

(exp-t (cadddr expr))
(exp-f (car (cddddr expr))))

(treat-cond test exp-t exp-f s-pars s-vals v G ac p f* node-tbl
(cdr exprs))))

(else (error ’treat-expr "unknown expr: ~s" expr)))))))

C.1.5 Treatment of procedure application

The most interesting of the auxiliaries to treat-expr is probably treat-app that treats the procedure
calls.

The actions of this procedure were briefly outlined above. It first test on the annotations to
determine whether the call is unfoldable and static, unfoldable and dynamic, or residual. In the case
of a static call, it is simply evaluated and the value is added as an attribute to the current node v.
In the case of an unfoldable dynamic call, the body of the called procedure is found and inserted
using the auxiliary unfold-and-treat. In the case of a residual call the parameter list of the called
procedure is fetched to determine which arguments are static and they are then evaluated to make a
new state.

(define (treat-app expr tag ann fname args s-pars s-vals v G ac p f* node-tbl exprs)
(if (equal? tag ’u) ; unfoldable

(if (equal? ann ’s) ; even static
(let ((att (ds-eval expr s-pars s-vals p f*)))

(treat-expr s-pars s-vals v (add-att expr att v G) ac p f* node-tbl exprs))
(unfold-and-treat fname args s-pars s-vals v ; just unfoldable

G ac p f* node-tbl exprs))
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(fetch&make-state fname args s-pars s-vals v ; residual - make edge
G ac p f* node-tbl exprs)))

The new state is made in f&ms-loop, the loop that also finds the parameter list of the called
procedure. It is then tested whether there is a node corresponding to the state. If this is the case, it has
been seen before, and f&ms-loop calls old-state-app, that adds an edge to G from the current node
to the node of the new state. If it is not the case the state is new and f&ms-loop calls new-state-app,
that adds the state to ac, makes a new node, and adds the node and an edge to it to G.

(define (f&ms-loop index loop-list fname args s-pars s-vals v G ac p f* node-tbl exprs)
(if (null? loop-list)

(error ’fetch&make-state "unknown procedure: ~s" fname)
(let ((tag-name (car loop-list)))

(if (residual-f? tag-name)
(if (equal? fname (fetch-fname-tag tag-name))

(let* ((def (fetch-def p index))
(ann-pars (fetch-def-param def))
(dyn-args (d-args args ann-pars))
(new-s-vals (make-s-vals ann-pars args s-pars s-vals p f*))
(new-state (list-2 fname new-s-vals))
(label (cons fname args))
(new-exprs (append dyn-args exprs)))

(if (no-node? new-state node-tbl)
(new-state-app label s-pars s-vals v new-state

G ac p f* node-tbl new-exprs)
(old-state-app label s-pars s-vals v new-state

G ac p f* node-tbl new-exprs)))
(f&ms-loop (add1 index) (cdr loop-list) fname

args s-pars s-vals v G ac p f* node-tbl exprs))
(f&ms-loop (add1 index) (cdr loop-list) fname

args s-pars s-vals v G ac p f* node-tbl exprs)))))

(define (new-state-app label s-pars s-vals v new-state G ac p f* node-tbl exprs)
(let* ((v-new-state (new-node))

(new-v-name (node-name v-new-state))
(new-node-tbl (add-to-node-tbl new-state new-v-name node-tbl))
(new-edge (make-edge label new-v-name)))

(treat-expr s-pars s-vals v
(add-node v-new-state (add-edge new-edge v G))
(cons new-state ac) ; only place ac is increased!
p f* new-node-tbl exprs)))

(define (old-state-app label s-pars s-vals v new-state G ac p f* node-tbl exprs)
(let ((new-edge (make-edge label (node_of new-state node-tbl))))

; don’t put new-state in ac, since it is already there or treated
(treat-expr s-pars s-vals v (add-edge new-edge v G) ac p f* node-tbl exprs)))

C.2 The Program Generator

The program generator is again relatively simpler, it simply traverses the list of procedures in the
program and modifies each one. The static parameters are removed from the parameter list, and the
current node and the graph are added.
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(define (mc-2-loop defs p)
(if (null? defs)

’()
(let ((def (car defs)))

(make-pgm (make-def (fetch-def-name def)
(fetch-dpars def)
(make-expr (fetch-def-body def) (fetch-spars def) p))

(mc-2-loop (cdr defs) p)))))

Then the body is modified using the procedure make-expr that dispatch on the syntactic con-
structions and calls itself to build the new expression. The only slightly tricky point is when it meets
an unfoldable procedure call. Then it has to insert the body of the procedure. For this it uses the
procedure beta-reduce to replace the occurrences of the actual parameters by the arguments and the
resulting expression is then transformed.

(define (make-expr expr svars p)
(record-case expr

(quot (s-expr) (make-quot s-expr))
(ide (i) (if (static-ident? i svars)

(make-graph-ref expr)
(make-i i)))

(cst (c) (make-c c))
(prim-op (op . args)

(if (static-prim? op)
(make-graph-ref expr)
(make-prim-op (cadr op) (make-p-args args svars p))))

(appl (fname . args)
(if (res-fname? fname)

(make-app fname (make-f-args fname args svars p) args)
(if (static-f? fname)

(make-graph-ref expr)
(make-expr (beta-reduce (fetch-def-by-name (fetch-name fname) p)

args)
svars p))))

(cond (name test e-t e-f)
(if (static-cond? test e-t e-f svars)

(make-graph-ref expr)
(make-if (make-expr test svars p)

(make-expr e-t svars p)
(make-expr e-f svars p))))

(else (error ’make-expr "unknown expression: ~s" expr))))

make-expr uses record-case that is a syntactic extension to Scheme [Dybvig 87].



Appendix D

Specialising String Matching Algorithms

This appendix contains various results of specialising string matching programs. The results are
described in chapter 5.

Program specialising the quadratic algorithm with respect to the static pattern (a b a) using
Similix:

(define (match?-0 sub_0)
(let ((i_3_0_ (generalize 0)))
(let ((n_4_1_ (length sub_0)))

(find-match-aux-1 sub_0 i_3_0_ n_4_1_))))
(define (find-match-aux-1 sub_0 i_1 n_2)

(and (not (= i_1 n_2))
(if (equal? (list-ref sub_0 i_1) ’a)

(let ((i_6_0_ (add1 i_1)))
(and (not (= i_6_0_ n_2))

(if (equal? (list-ref sub_0 i_6_0_) ’b)
(let ((i_6_1_ (add1 i_6_0_)))
(and (not (= i_6_1_ n_2))

(if (equal? (list-ref sub_0 i_6_1_) ’a)
(let ((i_6_2_ (add1 i_6_1_))) #t)
(find-match-aux-1
sub_0
(add1 i_6_1_)
n_2))))

(find-match-aux-1 sub_0 (add1 i_6_0_) n_2))))
(find-match-aux-1 sub_0 (add1 i_1) n_2))))

Data specialisation of the quadratic algorithm with the same static data:

((g93 (((find-match-aux sub (add1 i) n pat 0 m) g91))
(((= (add1 j) m) #t)
((list-ref pat j) a)))

(g92 (((find-match-aux sub (add1 i) n pat 0 m) g91)
((find-match-aux sub (add1 i) n pat (add1 j) m) g93))

(((= (add1 j) m) ())
((list-ref pat j) b)))

(g91 (((find-match-aux sub (add1 i) n pat 0 m) g91)
((find-match-aux sub (add1 i) n pat (add1 j) m) g92))

(((= (add1 j) m) ())
((list-ref pat j) a)))

(g90 (((find-match-aux sub 0 (length sub) pat 0 (length pat)) g91))
(((= 0 (length pat)) ()))))

79



Appendix D. Specialising String Matching Algorithms 80

And the residual program of data specialisation:

(define (match? current g sub)
(if (find-att ’(= 0 (length pat)) (fetch-atts (find-node current g)))

#t
(find-match-aux
(find-edge ’(find-match-aux sub 0 (length sub) pat 0 (length pat))

(fetch-edges (find-node current g)))
g sub 0 (length sub))))

(define (find-match current g sub i n)
(if (find-att ’(= j m) (fetch-atts (find-node current g)))

#t
(find-match-aux
(find-edge ’(find-match-aux sub i n pat j m)

(fetch-edges (find-node current g)))
g sub i n)))

(define (find-match-aux current g sub i n)
(if (= i n)

()
(if (equal? (list-ref sub i)

(find-att ’(list-ref pat j) (fetch-atts (find-node current g))))
(if (find-att ’(= (add1 j) m)

(fetch-atts (find-node current g)))
#t
(find-match-aux
(find-edge
’(find-match-aux sub (add1 i) n pat (add1 j) m)
(fetch-edges (find-node current g)))

g sub (add1 i) n))
(find-match-aux
(find-edge ’(find-match-aux sub (add1 i) n pat 0 m)

(fetch-edges (find-node current g)))
g sub (add1 i) n))))

Program specialisation of the quadratic program with respect to the static subject string (a b a).

(define (match?-0 pat_0)
(let ((j_4_0_ (generalize 0)))

(let ((m_5_1_ (length pat_0)))
(or (= j_4_0_ m_5_1_)

(if (equal? ’a (list-ref pat_0 j_4_0_))
(let ((j_4_2_ (add1 j_4_0_)))

(or (= j_4_2_ m_5_1_)
(find-match-aux--0--4 j_4_2_ pat_0 m_5_1_)))

(find-match-aux--0--4 0 pat_0 m_5_1_))))))
(define (find-match-aux--0--4 j_0 pat_1 m_2)

(if (equal? ’b (list-ref pat_1 j_0))
(let ((j_4_0_ (add1 j_0)))

(or (= j_4_0_ m_2) (find-match-aux--0--6 j_4_0_ pat_1 m_2)))
(find-match-aux--0--6 0 pat_1 m_2)))

(define (find-match-aux--0--6 j_0 pat_1 m_2)
(and (equal? ’a (list-ref pat_1 j_0))

(let ((j_7_0_ (add1 j_0))) (= j_7_0_ m_2))))
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And the results of data specialisation for the static subject (a b a).

((g108 () (((= i n) #t)))
(g107 (((find-match-aux sub i n pat j m) g108))

())
(g106 (((find-match-aux sub (add1 i) n pat 0 m) g108)

((find-match sub (add1 i) n pat (add1 j) m) g107))
(((list-ref sub i) a)
((= i n) ())))

(g105 (((find-match-aux sub i n pat j m) g106))
())

(g104 (((find-match-aux sub (add1 i) n pat 0 m) g106)
((find-match sub (add1 i) n pat (add1 j) m) g105))

(((list-ref sub i) b)
((= i n) ())))

(g103 (((find-match-aux sub i n pat j m) g104))
())

(g102 (((find-match-aux sub (add1 i) n pat 0 m) g104)
((find-match sub (add1 i) n pat (add1 j) m) g103))

(((list-ref sub i) a)
((= i n) ())))

(g101 (((find-match-aux sub 0 (length sub) pat 0 (length pat)) g102))
()))

(define (match? current g pat)
(if (= 0 (length pat))

#t
(find-match-aux (find-edge ’(find-match-aux sub 0 (length sub) pat 0 (length pat))

(fetch-edges (find-node current g)))
g pat 0 (length pat))))

(define (find-match current g pat j m)
(if (= j m)

#t
(find-match-aux (find-edge ’(find-match-aux sub i n pat j m)

(fetch-edges (find-node current g)))
g pat j m)))

(define (find-match-aux current g pat j m)
(if (find-att ’(= i n) (fetch-atts (find-node current g)))

()
(if (equal? (find-att ’(list-ref sub i) (fetch-atts (find-node current g)))

(list-ref pat j))
(find-match (find-edge ’(find-match sub (add1 i) n pat (add1 j) m)

(fetch-edges (find-node current g)))
g pat (add1 j) m)

(find-match-aux (find-edge ’(find-match-aux sub (add1 i) n pat 0 m)
(fetch-edges (find-node current g)))

g pat 0 m))))

The following pages contains some figures with the actual output of the graph generator. The
corresponding graphs are shown in chapter 5.

Figure D.1 gives the residual graph when specialising the program of fig. 5.2 with respect to the
pattern string “ababc”.
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((g420 (((find-match-aux sub i n pat (length-s-match pat 0 1 j) m) g418))
(((zero? j) #f)
((= (add1 j) m) #t)
((list-ref pat j) c)))

(g419 (((find-match-aux sub i n pat (length-s-match pat 0 1 j) m) g417)
((find-match-aux sub (add1 i) n pat (add1 j) m) g420))

(((zero? j) #f)
((= (add1 j) m) #f)
((list-ref pat j) b)))

(g418 (((find-match-aux sub i n pat (length-s-match pat 0 1 j) m) g416)
((find-match-aux sub (add1 i) n pat (add1 j) m) g419))

(((zero? j) #f)
((= (add1 j) m) #f)
((list-ref pat j) a)))

(g417 (((find-match-aux sub i n pat (length-s-match pat 0 1 j) m) g416)
((find-match-aux sub (add1 i) n pat (add1 j) m) g418))

(((zero? j) #f)
((= (add1 j) m) #f)
((list-ref pat j) b)))

(g416 (((find-match-aux sub (add1 i) n pat 0 m) g416)
((find-match-aux sub (add1 i) n pat (add1 j) m) g417))

(((zero? j) #t)
((= (add1 j) m) #f)
((list-ref pat j) a)))

(g415 (((find-match-aux sub 0 (length sub) pat 0 (length pat)) g416))
(((= 0 (length pat)) #f))))

Figure D.1: The actual output corresponding to figure 5.4.

Figure D.2 gives the residual graph when specialising the program of figure 5.6 with respect to the
static subject string “aba”.

Figure D.3 gives the residual program of data specialising the program from figure 5.8 with respect
to the static subject string “ababc”.

Figure D.4 gives the residual graph when specialising the program of figure 5.8 with respect to the
static subject string “ababc”.

Figure D.5 gives the residual program of program specialising 5.12.
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((g101 ()
(((>= (+ (pos-next-match sub (add1 i) n 0 i j) j) n) #t)
((>= (+ i (add1 j)) n) #t)
((add1 j) 3)
(j 2)
((list-ref sub (+ i j)) a)))

(g100 ()
(((>= (+ (pos-next-match sub (add1 i) n 0 i j) j) n) #t)
((>= (+ i (add1 j)) n) #t)
((add1 j) 1)
(j 0)
((list-ref sub (+ i j)) a)))

(g99 ()
(((>= (+ (pos-next-match sub (add1 i) n 0 i j) j) n) #t)
((>= (+ i (add1 j)) n) #t)
((add1 j) 2)
(j 1)
((list-ref sub (+ i j)) a)))

(g98 (((find-match-aux-2 sub (pos-next-match sub (add1 i) n 0 i j) n pat j m) g100)
((find-match-aux-2 sub i n pat (add1 j) m) g99))

(((>= (+ (pos-next-match sub (add1 i) n 0 i j) j) n) ())
((>= (+ i (add1 j)) n) ())
((add1 j) 1)
(j 0)
((list-ref sub (+ i j)) b)))

(g97 (((find-match-aux-2 sub i n pat (add1 j) m) g101))
(((>= (+ (pos-next-match sub (add1 i) n 0 i j) j) n) #t)
((>= (+ i (add1 j)) n) ())
((add1 j) 2)
(j 1)
((list-ref sub (+ i j)) b)))

(g96 (((find-match-aux-2 sub (pos-next-match sub (add1 i) n 0 i j) n pat j m) g98)
((find-match-aux-2 sub i n pat (add1 j) m) g97))

(((>= (+ (pos-next-match sub (add1 i) n 0 i j) j) n) ())
((>= (+ i (add1 j)) n) ())
((add1 j) 1)
(j 0)
((list-ref sub (+ i j)) a)))

(g95 (((find-match-aux-2 sub 0 (length sub) pat 0 (length pat)) g96))
(((>= (+ 0 0) (length sub)) ()))))

Figure D.2: The actual output corresponding to figure 5.7.
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(define (match?-0 pat_0)
(let ((m_3_0_ (length pat_0)))

(or (= 0 m_3_0_)
(cond

((equal? ’a (list-ref pat_0 0))
(or (= 1 m_3_0_)

(and (equal? ’b (list-ref pat_0 1))
(or (= 2 m_3_0_)

(cond
((equal? ’a (list-ref pat_0 2))
(or (= 3 m_3_0_)

(and (equal? ’b (list-ref pat_0 3))
(or (= 4 m_3_0_)

(and (equal?
’c
(list-ref pat_0 4))

(= 5 m_3_0_))))))
((equal? ’c (list-ref pat_0 2))
(= 3 m_3_0_))
(else #f))))))

((equal? ’b (list-ref pat_0 0))
(or (= 1 m_3_0_)

(cond
((equal? ’a (list-ref pat_0 1))
(or (= 2 m_3_0_)

(and (equal? ’b (list-ref pat_0 2))
(or (= 3 m_3_0_)

(and (equal? ’c (list-ref pat_0 3))
(= 4 m_3_0_))))))

((equal? ’c (list-ref pat_0 1)) (= 2 m_3_0_))
(else #f))))

((equal? ’c (list-ref pat_0 0)) (= 1 m_3_0_))
(else #f)))))

Figure D.3: The actual result of program specialisation of 5.8 with respect to (a b a b c).
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((g105 ()
(((>= (+ (pos-next-match sub (add1 i) n 0 i j (cons (list-ref sub (+ i j)) e*)) j) n) #t)
((>= (+ i (add1 j)) n) #t) ((add1 j) 5) (j 4) ((list-ref sub (+ i j)) c)))

(g104 ()
(((>= (+ (pos-next-match sub (add1 i) n 0 i j (cons (list-ref sub (+ i j)) e*)) j) n) #t)
((>= (+ i (add1 j)) n) #t) ((add1 j) 3) (j 2) ((list-ref sub (+ i j)) c)))

(g103 (((find-match-aux-2 sub i n (add1 j) m ()) g105))
(((>= (+ (pos-next-match sub (add1 i) n 0 i j (cons (list-ref sub (+ i j)) e*)) j) n) #t)
((>= (+ i (add1 j)) n) ()) ((add1 j) 4) (j 3) ((list-ref sub (+ i j)) b)))

(g102 (((find-match-aux-2 sub (pos-next-match sub (add1 i) n 0 i j
(cons (list-ref sub (+ i j)) e*))

n pat j m (cons (list-ref sub (+ i j)) e*)) g104)
((find-match-aux-2 sub i n pat (add1 j) m ()) g103))

(((>= (+ (pos-next-match sub (add1 i) n 0 i j (cons (list-ref sub (+ i j)) e*)) j) n) ())
((>= (+ i (add1 j)) n) ()) ((add1 j) 3) (j 2) ((list-ref sub (+ i j)) a)))

(g101 ()
(((>= (+ (pos-next-match sub (add1 i) n 0 i j (cons (list-ref sub (+ i j)) e*)) j) n) #t)
((>= (+ i (add1 j)) n) #t) ((add1 j) 4) (j 3) ((list-ref sub (+ i j)) c)))

(g100 ()
(((>= (+ (pos-next-match sub (add1 i) n 0 i j (cons (list-ref sub (+ i j)) e*)) j) n) #t)
((>= (+ i (add1 j)) n) #t) ((add1 j) 2) (j 1) ((list-ref sub (+ i j)) c)))

(g99 (((find-match-aux-2 sub i n pat (add1 j) m ()) g101))
(((>= (+ (pos-next-match sub (add1 i) n 0 i j (cons (list-ref sub (+ i j) e*))) j) n) #t)
((>= (+ i (add1 j)) n) ()) ((add1 j) 3) (j 2) ((list-ref sub (+ i j)) b)))

(g98 (((find-match-aux-2 sub (pos-next-match sub (add1 i) n 0 i j
(cons (list-ref sub (+ i j)) e*))

n pat j m (cons (list-ref sub (+ i j)) e*)) g100)
((find-match-aux-2 sub i n pat (add1 j) m ()) g99))

(((>= (+ (pos-next-match sub (add1 i) n 0 i j (cons (list-ref sub (+ i j)) e*)) j) n) ())
((>= (+ i (add1 j)) n) ()) ((add1 j) 2) (j 1) ((list-ref sub (+ i j)) a)))

(g97 (((find-match-aux-2 sub i n pat (add1 j) m ()) g98))
(((>= (+ (pos-next-match sub (add1 i) n 0 i j (cons (list-ref sub (+ i j)) e*)) j) n) #t)
((>= (+ i (add1 j)) n) ()) ((add1 j) 1) (j 0) ((list-ref sub (+ i j)) b)))

(g96 (((find-match-aux-2 sub i n pat (add1 j) m ()) g102))
(((>= (+ (pos-next-match sub (add1 i) n 0 i j (cons (list-ref sub (+ i j)) e*)) j) n) #t)
((>= (+ i (add1 j)) n) ()) ((add1 j) 2) (j 1) ((list-ref sub (+ i j)) b)))

(g95 (((find-match-aux-2 sub (pos-next-match sub (add1 i) n 0 i j
(cons (list-ref sub (+ i j)) e*))

n pat j m (cons (list-ref sub (+ i j)) e*)) g97)
((find-match-aux-2 sub i n pat (add1 j) m ()) g96))

(((>= (+ (pos-next-match sub (add1 i) n 0 i j (cons (list-ref sub (+ i j)) e*)) j) n) ())
((>= (+ i (add1 j)) n) ()) ((add1 j) 1) (j 0) ((list-ref sub (+ i j)) a)))

(g94 (((find-match-aux-2 sub 0 (length sub) pat 0 (length pat) ()) g95))
(((>= (+ 0 0) (length sub)) ()))))

Figure D.4: The residual graph corresponding to figure 5.11.
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(define (substring?-0 pat_0)
(or (null? pat_0)

(cond
((equal? (car pat_0) ’a)
(let ((pat_1_0_ (cdr pat_0)))

(or (null? pat_1_0_)
(and (equal? (car pat_1_0_) ’b)

(find-match-6 (cdr pat_1_0_))))))
((equal? (car pat_0) ’b) (find-match-6 (cdr pat_0)))
((equal? (car pat_0) ’c) (find-match-9 (cdr pat_0)))
(else #f))))

(define (find-match-6 pat_0)
(or (null? pat_0)

(cond
((equal? (car pat_0) ’a)
(let ((pat_3_0_ (cdr pat_0)))

(or (null? pat_3_0_)
(and (equal? (car pat_3_0_) ’b)

(let ((pat_8_1_ (cdr pat_3_0_)))
(or (null? pat_8_1_)

(and (equal? (car pat_8_1_) ’c)
(find-match-9 (cdr pat_8_1_)))))))))

((equal? (car pat_0) ’c) (find-match-9 (cdr pat_0)))
(else #f))))

(define (find-match-9 pat_0) (null? pat_0))

Figure D.5: The residual program when program specialising the extending program 5.12 with respect
to (a b a b c).


