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Chapter 1

Introduction

1.1 Optimal program specializers

A program specializer is a software system that given a program p and (com-
monly) some of its input d; produces a new program prs Whose behavior on
the remaining input is identical to that if the original program.

We can also express that in algebraic guise:

Vdi,dz:  [pl(ds,d2) = [specl(p, di)l(d2) (1.1)

where [-] is the mapping that takes a program text to its meaning as a function
from input to output.

The program p that is given to the specializer is called the subject program.
The resulting program, called pyes in the verbal description and [spec](p, d1) in
the equation, is called the residual program d; is called the static input and
d, the dynamic input. The idea is that prs is especially useful to have if you
have to run p a lot of times with the same d but different d..

It is not hard to construct a program specializer with the stated property.
Basically, one can just hard-code d; into p and otherwise keep p unchanged.
The real challenge is to employ the knowledge of d; to produce a pres that runs
(significantly) faster than p.

During the last few decades, specializers have been developed which are re-
markably succesful in achieving that goal, mostly so in situations where d; can
be viewed as a program (in a more or less complex programming language)
which is interpreted by p. In that case pres is a program that behaves like d; but
is written in the same programming language as p is. That is, the net effect of
the specialization has been to compile the program d; into another language,
with the interpreter p acting as a catalyst. This effect was first noted by Futa-
mura [1971] who stated what is now known as the First Futamura Projection?:

[spec] (int, source) = target (1.2)

Some contemporary specializers realize this so well that running [target](d)
is an order of magnitude (or more) faster than running [int](source, d). In many
cases the efficiency of target is as good as if it had been manually translated from

1There are two other Futamura Projections as well, but this paper is not concerned with them.
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source by a human programmer who knows how the source language works
(notice that spec does not know that—that knowledge is only implicit in int
which is data for spec). This effect has been expressed by the catch phrase that
the specializer “removes an entire layer of interpretation”.

The ability to remove entire layers of interpretation was formalised by Jones
etal. [1987, problem 3.8]: a program specializer spec was called “strong enough”
iff for some self-interpreter? sint and for all correct programs p,

[specl (sint,p) =« p (1.3)

(where =, denotes textual identity modulo trivial changes such as renaming of
variables or reordering of function definitions). The intuition is that if spec can
do a good job with sint, which cannot be entirely trivial because the language
it interprets is strong enough to permit a self-interpreter to be written, it can
probably do good jobs with other interpreters, too.

Later [Jones et al. 1993, Section 6.4] this notion evolved into the mod-
ern concept of an optimal program specializer, which merely requires that
[spec](sint,p) is at least as efficient as p on all inputs. An optimal specializer
is allowed to be “more than strong enough”—for example, it may apply more
local optimizations to the residual program than are necessary to obtain the
x-equivalence in (1.3).

The notion of optimal specialization is not completely foolproof, because it
is possible for the specializer to “cheat” by simply outputting its second input if
it recognizes its first input as the self-interpreter used in the test, and otherwise
using a general but inefficient specialization method. That possibility nonwith-
standing, the notion has proved very productive as an engineering standard.

1.2 John Hughes’ type specializer

In the mid-1990’s, optimal specializers existed for several untyped (or dynam-
ically typed) programming languages, including various Lisp dialects and the
untyped lambda calculus. Optimal specialization for languages with nontrivial
type systems had proved to be a hard problem, however.

The problem is that when there is no single type (or finite set of types) that
decribes all of the values any program may construct, the self-interpreter needs
to represent the values manipulated by the interpreted program in an encoded
form. And the specialization techniques in use at that date were not powerful
enough to eliminate that encoding, so the residual programs would still contain
code to interpret and maintain the encoding used by the self-interpreter.

Then Hughes [1996a,b] presented his type specializer which optimally® spe-
cialized the simply-typed lambda calculus extended with integer arithmetic and
sum and product types.

2That is an interpreter that interprets the language in which it is itself written

3Actually, Hughes did not demonstrate that the type specializer was optimal, because the inter-
preter he specialized interpreted only a subset of the language it was written in. He did manage,
however, to convince many people—this author included—that the type specializer could be optimal
if the required self-interpreter was constructed and the termination properties of the type specializer
itself was better understood.
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The type specializer departs radically from the predominant technique for
program specialization which could be called partial interpretation* and con-
sists roughly of tracing possible execution paths through the subject program,
keeping track of the variable values that are known or can be precomputed
and producing specialized versions of the subject program containing computa-
tions of those values that cannot be precomputed. In contrast to this, the type
specializer works by performing type inference for a non-standard type system.
This is one of the factors that give the type specializer its name—the other is
that it is able to produce residual programs that use arbitrarily complex types;
that (quasi-mythical) capability had already been called “type specialization”
for some time.

For all its virtues, the type specializer also has some deficiencies:

e The type specializer sometimes rejects static inputs when the subject pro-
gram uses them in ways the specializer cannot handle.

Hughes [1996a, Section 8.8] argues that when specializing an inter-
preter this only happens if the source program (i.e., the static input to the
specializer) is ill-typed, thus it is reasonable that the specializer refuses to
compile it into the target language. However, specializing interpreters is
not the only possible use of a program specializer, and | find it is in general
unacceptable for a specializer to reject its input as “ill-formed” (unless the
subject program in itself is not a valid program, of course).

e Itis hard to understand what the type specializer does.

One difficulty is that the intuitive relation between the non-standard
types and the specialization process is complex. The main step of the type
specializer is to infer a type derivation consisting of judgements of the
form

FlFe:t—e':1

Here, e is a piece of the subject program. e’ is a corresponding piece of
an intermediate program which needs an essential post-processing phase
to form the residual program. T and t’ are types from two different non-
standard type systems; Hughes calls T a “two-level type”, which is reason-
able, and 1’ a “residual type”, which is not because it is neither (in any
obvious way) the type of e’ nor of the corresponding piece of the residual
program. The value of e’ is not quite the same as the value of e (though
the value of e’ together with t’ allows the value of e to be reconstructed),
and neither is it quite the same as that of the corresponding piece of the
residual program. And we haven't even begun to look at I'.

Another difficulty is understanding how the type specializer manages
to be optimal. It works with a fairly complex language, which means that
it is hard to see which of the type specializer’s features are essential for

4This terminology is not standard. Traditionally, there has been no need to distinguish strictly
between the extensional specification of a specializer (which is equation (1.1)) and its internal
workings, because there has only been one basic technique: the one described by [Jones et al.
1993]. However, given that Hughes as well as Danvy [1996] have proposed specialization tech-
niques that are very different from those used previously, | think it is important to keep the “what”s
separate from the “how”s. It would be nice and intuitive to call the traditional technique “par-
tial evaluation”, but that term is already firmly established as being completely synonymous with
“program specialization”. Instead | have coined “partial interpretation” to describe the traditional
technique.
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optimal specialization of strongly typed languages in general and which
are just necessary for supporting non-essential features such as first-class
function values.

e The implementation of the type specializer is complex. The structure of
the type derivation that must be constructed in the main phase does not
reflect the data flows it encodes, so at each level, the subderivations need
to be constructed in parallel. Consequently, the actual control flow inside
Hughes' implementation is not at all easy to follow. It uses a special-
purpose monad that collects “demons”—bits of code that constructs parts
of the derivations—and only executes them when necessary type informa-
tion has been produced in other parts of the derivation.

Furthermore, due to Hughes’' “polyvariant sums and products”, the
derivation rules are nondeterministic—there can be several different pos-
sible type derivations for the same combination of subject program and
static input. Hughes uses a backtracking heuristic for navigating through
this nondeterminism but reports that the backtracking can have nonobvi-
ous effects on the specializer's running time and may even lead to non-
termination [Hughes 1996a, Section 8.4].

1.3 This paper

The original goal of the project that resulted in this paper was to try to under-
stand Hughes’ work better by creating a light-weight version of the type special-
izer, guided by the question: “which of all these features are actually necessary
to obtain optimal specialization of a typed language?”

In the beginning, my thesis was that the critical idea in Hughes’ work was
the idea of using a type-like notation for encoding static values in the specializer,
but that it was not important that these types was the result of a type inference
algorithm.

My plan was to reexpress the specialization phase of the type specializer
as something that resembled abstract interpretation more than type inference.
I was making reasonably good progress when, a couple of weeks before the
deadline, | realized that the computation steps that technical considerations had
forced me to move from the specialization phase to a postphase were actually
those that solved the hard problems. A quick experiment confirmed that the
quite complex specializer | worked on by then could be replaced with a simple
partial interpreter with no novel features—and my system could still specialize
its typed target language optimally.

Thus, my initial thesis has been disproved. There are excellent compensa-
tions, however. The specializer | worked on previously was based on abstract
interpretation over a domain that turned out not to have any nice limit proper-
ties, so | had to use quite exotic heuristics to find nontrivial fixpoints at all. It
was also inherently on-line, and as | had no new innovative proposals to offer
for how to control generalization in online specializers, it could only specialize
a self-interpreter with respect to the simplest of programs without exhibiting
non-termination. Yet it still threatened to become as least as complex as Hughes’
one.
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Instead of all that, |1 can now present a specializer, MiXIMUM?®, which is
constructed from well-understood standard components. Its only not necessar-
ily terminating component is a good old-fashioned partial interpreter, which
means that well-known techinques for controlling the termination of partial in-
terpreters can be applied. In particular, the accumulated experience of how
to avoid infinite specialization by annotating the subject program intelligently
before specialization, is readily applicable.

Yet MiXIMUM is optimal according to Jones' criterion, even for a typed lan-
guage. This is possible thanks to an extensive post-processing of the specialized
program. The post-processes are direct descendants of Hughes' system. Two of
them are built around a type-inference step on the input program—so in the end
Hughes was right after all: Type inference is the key to optimal specialization of
typed languages.

MiXIMUM also never rejects static input as “ill-formed”. If p is not a well-
typed program when executing [spec] (sint, p), the specializer leaves just enough
tagging and untagging operations in the residual program that it is type-correct
and computes at run-time whether the original program would commit a type
error. In effect, the specializer can use an interpreter to compile an untyped lan-
guage efficiently into a typed one—without inserting gratuitous run-time checks
in programs (or program parts) that do not need them. This is a well-known im-
plementation trick for dynamically typed languages (“soft typing”), but as far as
I know, MiXIMUM is the first system that does it automatically when compiling
by specializing an interpreter.

Because the insights that enabled me to do this are quite recent, I'll have to
ask the reader to bear with the presentation being somewhat rough and unpol-
ished at places.

5The choice of this particular name is fairly arbitrary, but it is on purpose that | give my special-
izer a name at all. After writing this paper and needing to refer to “Hughes’ type specializer” many
times, | have reached the conclusion that even primitive and unstable prototype systems ought to
have names, so that one can refer to them easily in a discussion.



Chapter 2

Language

We use the PEL language defined by Welinder [1998]. It is a minimal strict func-
tional language which manipulates first-order terms built from this grammar:

(Val)sv = (vyv)
| Lv|Rv
| 0]1]2]...

The language is attractive for our purposes because its simplicity and because
we can use Welinder’s PEL self-interpreter, which has been formally proven cor-
rect, in optimality experiments. Using an existing self-interpreter vindicates us
of the possible critique of having programmed the self-interpreter in unnatural
ways to compensate for idiosyncrasies in the specializer.

The syntax of PEL is given in Figure 2.1. The semantics in Figure 2.2 is non-
surprising: a program is a set of mutually recursive functions, the first of which
defines the meaning of the program. Pairs and sums are constructed and de-
structed in the usual way, integer addition and multiplication work as expected,
subtraction rounds negative results up to 0, integer comparison encodes false
as L0 and true as RO (this allows case expressions to be used for if-then—else).
For full details see Welinder [1998, Section 3.3].

We assume that there is a distinguished function name f, which is the name
of the first function (i.e., the main function) of every PEL program.

2.1 Evaluation order

The PEL semantics does not specify the evaluation order of the operands to the
arithmetic operators and pair construction in PEL. This works formally because
the semantics does not distinguish between different kinds of error conditions.
Welinder gets away with that by arguing that tracking error conditions in the
semantics would be very complex! and “does not appear to be needed”.

In the real world, however, | think that it is important whether a program
such as

fox = (error + fo x)

1This complexity is exaggerated by the fact that Welinder's main goal is to produce mechine-
checked proofs about program transformation, so increased complexity in the semantics would
have meant extra complexity in the entire rest of his thesis.
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p = fx=¢e; ps Program
e = ¢ Integer constant
| (eve) Integer operation
| (e,e) Pair construction
| fste Pair destruction
| snde Pair destruction
| Le Sum construction
| Re Sum construction
Lx+— H
|  caseeof { R’;Hi} Sum destruction
| x Variable reference
| error Error indication
|  fe Function application
| letx=-eineend Let-binding
o u= +|-|*]|= Integer operators
f € (Func) Function names
x € (Var) Variable names
c € N={012,..} The integers

Figure 2.1: Abstract syntax of PEL. Essentially this is Figure 1 of Welinder [1998].

Eljje]:}C] El—p€2=>C2
Ehc=>c Eh (e10e2) =V

vV=2C10C2

Ek el =W Ehe=wv
Eh (e1,e2) = (v1,v2)

Eh e= (viv2) Eh e= (viv2)

Ehk fste = vy Ek snde = v,
Ekhe=v Ehk eo = Lvy Ex1i —»vitk el =V

EhLle=Lv El—pcaseeoof{;’;‘zii‘z}#v’
Ehe=v Eh eo = Rwv, E{x2 = w2}k e2 = v/

Eh Re= Rv E i case ep of{k’;‘z:’)i‘z}iv’

Eheo=>v x—vikger =V

m ER feo = v/ [fx=ei]l€p

Ek e =>v Elx »vik e =V
Ek letx =epinej end = v/

Figure 2.2: Dynamic semantics for PEL. Except for notation, this is Figure 4 of
Welinder [1998]. There is intentionally no rule for error.
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terminates immediately with an error message or enters an infinite loop. In
particular | think we should care whether a program specializer might transform
a program that terminates immidiately with an error message to one that enters
an infinite loop.

Therefore, let us pretend that an arithmetic operator or a pair construction
evaluate its left operand before its right one. We will take care to develop our
specializer such that each step preserves this evaluation order, even though the
PEL semantics as it stands doesn't allow us to reason formally about whether
we succeed.

For use in the specification of transformations we introduce the following
abbreviations:

{eo)er = letxo=-¢epine;end

e1{eo) = letxy =-eqinletxp =eoinxq endend

where xo and x; are “fresh” variables. In both cases the intended semantics is
to compute the value of ey but also evaluate e for its possible side effects (of
committing an error or entering an infinite loop). The difference between the
two forms is the evaluation order of ey and ej.

2.2 Types

Because we are concerned with specialization of typed languages, we add a
(monomorphic) type system to PEL. Our types will be quite simple, built from
the grammar

(Typ) 31 == int
| (Lt+R7)
| (T

where we follow the lead of languages such as Haskell and let the syntax of a
product type imitate the syntax for values of the type.

We need to be able to speak about recursive types. The traditional way of
doing that is to introduce a formal recursion operator u with associated type
variables and identities to allow unfolding of the recursion one step at a time.
That is, however, too clumsy a representation to be used in actual algorithms,
so instead | prefer to view a recursive type as a graph:

Definition 2.1 A type graph is an directed, labeled, ordered graph where each
node has out-arity 0 or 2; every node with out-arity 0 is labeled “int” and every
node with out-arity 2 is labeled “(L- + R-)" or “(-,-)".

A type T is a particular node in a particular type graph.

With an appropriate amount of mathematical machinery we can give mean-
ing to expressions such as (L Ty + Rt2) for arbitrary types t; and 1, and to case
analysis on types. The gory details are in Makholm [2000, Section A.1].

Each type t € (Typ) naturally describes a set of values [t] C (Val):

[int] = N
[(Lti +Rt2)] = {Lv|ve[nullU{Rv|ve ]}
[ty = {(vi,v2) [vi € [mil}
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' ep:int FI—Tez:intQ?é_
' c:int I (e10e2):int
FI—Te1:int r|—T82:int FI—Te1:T1 r|—T82:T2
'k (e1=e2) : (Lint+ Rint) Ik (er,e2) : (t1,12)
M e:(t1,72) N e:(t1,72)

[ fste: Ty IHsnde: T2
He:Ty lFe:t
rl—TLel<LT]+RT2> FI—TR€:<LT]+RT2>
rl—Teol<LT1+RT2> F{Xﬂ—)T]}l—Te]:T r{Xzb—)Tz}l—Tele
Fl—-rcaseeoof{'é’;‘z:i‘z}:fc
MHx:T(x) I error:t
rl—Teo:To rl—Teo:To F{X'—)To}l—Tm:T]

—TE0 70 1) =
I fep:ty (f) =70 =™ I letx =epineyend: Ty

Figure 2.3: Typing rules for PEL.

Superficially it might be doubtful whether these equations define anything,
because types may be recursive. However, it can be seen by induction on v
(which is always finite) that the definition uniquely determines the truth value
of v € [1] for all vand .

The typing rules for PEL are given in Figure 2.3. They define a judgement
“I'ty e : v where I' : (Vary — (Typ) and T : (Func) — (Typ) x (Typ) are type
environments that give types to the program’s variables and functions, respec-
tively.

Definition 2.2 A PEL program p is typable iff there is a T such that

o . . T(f) =T — T1
Vifx =e] € p: 31,11 { X Tol by €111
The typing rules are sound with respect to the dynamic PEL semantics:
Theorem 2.3 If p is typable with witness T, then for all E, T, e, v, T with

e DomE =DomT
o Vx e DomE:E(x) € [I'(x)]
ebEhe=v
elFe:T
it holds that v € [1].

Proof. By induction on the derivation of E k, e = v. Details omitted. O
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Although Welinder treats PEL as a dynamically typed language, his self-
interpreter is consciously written such that it can be typed in a type system
like ours [Welinder 1998, Section 5.4.8].



Chapter 3

Description of MiXIMUM

In this chapter | describe how MiXIMUM works.

Because the goal of this project is to investigate exactly what is necessary to
make a specializer optimal, | have tried to follow the principle that MiXIMUM
should be as weak as possible. That is, | have ruthlessly omitted otherwise
“nice” optimizations whenever it turned out that they were not necessary for
specializing the PEL self-interpreter optimally.t

A secondary goal has been to make MiXIMUM as modular as possible. The
ideal here is that nothing happens in more than one place in the specializer, and
that two different things does not happen simultaneously if it can be helped.
This goal has resulted in a specializer whose internal structure is very different
from a specializer that has been written with efficiency in mind. It has also,
hopefully, resulted in a specializer that is easier to understand.

Specializing with MiXIMUM consists of five transformations:

1. Trivial specialization of the subject program with respect to static input.

The output of the trivial specialization is a valid pyes according to equa-
tion 1.1; each of the the subsequent transformations is simply a semantics-
preserving source-to-source transformation on well-typable PEL programs
(except that the partial interpretation needs some amount of binding-time
annotations on it input program to guide it).

The trivial specialization is only implicitly present in Hughes' articles;
his type specializer basically specializes closed terms, and trivial special-
ization for the lambda calculus consists simply of juxtaposing the subject
program and the static input.

2. Partial interpretation of the trivially specialized program. The goal of this
phase is primarily to decide which functions the final residual program
will have, so function calls are unfolded and new specialized functions
are generated here.

The partial interpretation phase also removes? branches of case ex-
pressions where it statically knows which branch will be taken, and re-

1There are certain limits to this idealism. For example, the self-interpreter does arithmetic only
on behalf of the interpreted program, so it can be specialized even by a specializer that cannot
do static arithmetic. | left the static arithmetic in MiXIMUM, however, so that I can still specialize
classical examples such as the power function.

2This is not a exact representation of what actually happens. See Section 3.2 for the details.

13
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places arithmetic operations with their results when the operands are stat-
ically known.

Normally, a partial interpreter constructs specialized expressions whose
values do not contain the “static” parts of the subject program’s expres-
sions’ values. Our partial interpreter does not follow that principle: the
specialized version of an expression has exactly the same value as the orig-
inal expression. This difference is not essential; | simply chose to do it this
way because the post-processing | need for other reasons can also simplify
the data representations in the way the partial interpreter could otherwise
have done.

In other words, the partial interpreter changes the program structure
but not the data manipulated by the program.

3. Sum reduction. This transformation removes as many sum types as possi-
ble from the program. A sum type is removable if only one of the construc-
tors are used to construct values of the sum type. Constructors that inject
into a removable sum type are simply erased, and case expressions that
analyze removable sumtypes are replaced with let bindings (the unused
branch of the case expression disappears completely).

Constructors that were static during the entire partial interpretation
always get removed. That corresponds to what Hughes' type specializer
does during its specialization pass, but my sum reduction is stronger be-
cause is can also remove constructors that were dynamic during the partial
interpretation.

In the context of specializing the PEL self-interpreter, the sum reduc-
tion has the following effects:

e The tags used in the self-interpreter’s value encoding can be removed
if the source program was well-typed program. If the source program
was not well-typed, residues of the value encoding remain in some
(but not necessarily all) of the values.

e The sum types that represent “cons” or “nil” in the environment lists
get removed. Each environment collapses into a tuple® containing
the values of all variables.

e The sum types in the interpreter’s representation of the source pro-
gram are removed. Afterwards, the source program is just a big clus-
ter of nested pairs that contains all of the integers that represent
variable and function names, source program constants, and miscel-
laneous placeholdes.

4. Product reduction. This transformation simplifies product types by remov-
ing unused data from the program (for an appropriate definition of “un-
used”). Pairs where one of the components is unused can be eliminated;
other unused data can be replaced with dummy values®

This corresponds directly to the postphase that Hughes calls void era-
sure. One small difference is that our product reduction is not guided by
types constructed during the specialization; it infers its own types when
deciding which values in the program is unused. | do not think this dif-
ference is important: my (unsystematic) experiments show that even very

Sn-“tuples” for n > 2 are made up of a nested structure of PELs binary pairs.
“4Because PEL lacks an explicit unit type we use integers—normally 0—as dummy values.
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conservative estimates of “unused” types in the product reduction phase
still leads to optimal specialization.

In the context of specializing the PEL self-interpreter, the only impor-
tant effect of product reduction is that the function parameters that origi-
nally contained the source program (or parts of it) are identified as being
unused and become removed.

After the product reduction, the extensional behavior of each of the
specialized program’s functions is identical to that of one of the functions
in the source program. That is, encodings and other administrative values
from the self-interpreter have been completely removed from each func-
tion’s input and output.

5. Let reduction. This transformation removes “trivial” let bindings from the
program. The preceding transformations use let bindings very liberally,
which makes the transformations easy to specify and easy to reason about.
Now it is time to unfold most of the let bindings, being careful not to
duplicate code or change the evaluation order or termination properties
of the program.

Hughes’ type specializer has no direct counterpart of this—primarily
because it works with a non-strict language where most of the let bindings
we eliminate here never need to be at all.

The let reduction also simplifies expressions of the form

let x = (e7,e2) in e end

where x only appears in e as operand to fst or snd. In the context of
specializing the PEL self-interpreter, the effect is that the tuples that con-
tains the values from the self-interpreter’s environment eventually detori-
ate into individual variables.

Hughes does something similar as part of his void erasure, but states
[Hughes 19964, Section 5] that he “view[s] this as a hack”.

3.1 Trivial specialization

The purpose of the trivial specialization phase is to allow the subsequent trans-
formations to be expressed simply as transformations of complete PEL pro-
grams. This means that we don't have to be specific about how the special-
ization phase treats the static input, because to it the static input is simply a
constant in the program text.

In the simplest form, trivial specialization just creates a new main function
which constructs the static input, pairs it with the dynamic input, and calls the
old main function.

In MiXIMUM, the trivial specialization is done by hand.

3.2 Partial interpretation

The partial interpreter in MiXIMUM uses standard techniques. Its most ad-
vanced feature is that it supports partially static structures in the manner of
Mogensen [1987]. The partial interpreter maintains static knowledge of a pre-
fix of the value of each expression. The form of a “static prefix” { € (StatPfx) is
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(StatPf) 5 == T [T] = (Val)
| 01 ]2].. [c] ={c}
| Ly [LY] ={Lv]|ve ]}
| R [RY] ={Rv|ve ]}
ENCURUY (W1, 2)] ={(v1,v2) [ vi € [}
| L [L]l=o

Figure 3.1: The syntax and meaning of static prefixes. Static prefixes are used in
the partial interpretation phase.

Epreiici —ef
Ehrcic—=c Ehz (e10ea)ic—= (eq) (er)

oF=c10Cc2=¢C
c

Ehreiici —ef
€ (e1=e2) : RO ) {ez) RO

C1 =C2

Ehreiici —ef
Ehx (e1=e2) :LO—= (e]) (es) LO

c1 #c2

8"1,’31 eitlbi‘—)ei’
Ehxr (e10e2): T <= (ejoe))

V1 =TVP2=T

Figure 3.2: The specification of the partial interpreter, part I. Each premise con-
taining “e;” is a shorthand for two similar premises withi =1, 2.

given in Figure 3.1, which also defines a function [-] : (StatPfx) — P((Val)) that
takes a static prefix to the set of values it “describes”.

The core of the partial interpreter is specified in Figures 3.2 and 3.3. These
figures define a judgement form

Ehrer:p—e
where

p is the subject program

R is a catalogue of specialized functions, that is, a finite, injective map (Func) x
(StatPfx) — (Func).

& is a specialization environent, that is, a map (Var) — (StatPfx).

eq is an expression from the subject program. The subject program is lightly
annotated in that it can contain the non-standard expression forms “f @
e” and “LIFT ¢” which denote dynamic function application and explicit
generalization, respectively.

VP is the statically known prefix of e;’s value.

e, is a specialized expression which has the same value as e; when evaluated
in an environment that meets the assertations in €.
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8'7),3{ eitlbi‘—) e{
€z (e1,e2): (W1,h2) = (e],e5)

Ehre:T—e Ehre: T e
Ehag fste: T — fste! Epxrsnde: T — snde’

Sh),ﬂz(%i(lbmbz)‘—w'lp ¢ N Ehze:(Prpa) = e
€y fste: — fste' ! E g snde:Py — snde’

Ehze:lcapr) —e Ehxe:(Prc) = e
Elzfsteic— (e)c Ehxsnde:c— (e')c

Ehre: Ll —e Ehzre:l—e
Ehag fste: L — fste! Epxrsnde: L — snde’

Ehre:p—e! Ehre:p—e
Ehrle:Lp—=Le Ehxr Re:RYp — Re’

Ehxer: T — e Exi— Tihzr e — ef

LX]HK] . ! LX]P—)E{
€ bz case ey Of{RXzHez} : T < case g of{szHeé

Ehxreo: Ly — e Exi itz er b — e

Lx;— e . ' Lxy+— e}
€ b case ey of{RXZHZZ } 1 < case e of{RXZ s emror

& |_p’j{ eo R‘L])z — e(’) E{Xz — 1])2} |—p_gg (%) :Ib — eé

Lx;— e . ' L x — error
€ bz case ey of{szHez} 1 < case e} of{szHeé }

8"1)3{80:J_‘—)66

& x case e of{LX‘ —el } 1 L < (ef) error

RX20—)22

Ex)=v ¢N )

ElhrxiPp—=x Ehrxic—=c

Il
o

€ bz error : L — error

8'7,360:1])0‘—)66
ERrT@eo: T —=f'e)

R(f, o) =1’

Ehxreo: o — e {XHﬂ)o}%,meﬂﬂh‘—)e{[

; fx=-eq] €
Epx feo: Py —letx =efinej] end 1Ep

8"1,3 60:1])0‘—)66 S{Xf—)lbo}'_p’j{ (4] :1b1 ‘—)e{
Erletx =epine;end:P — letx =ef in e} end

Ehrerp—e!
Ehxr LIFTe: T —e!

P2 €N

Figure 3.3: The specification of the partial interpreter, part Il.
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The partial interpreter begins by setting R = {(fy, T) — fo} and iteratively
adding new pairs to R until

[fx=elep
x—UVlhre:p' — e

Along the way, the e’s in this equation are collected to form a specialized pro-
gram.

Y(f,p) € DomR:3Ix, e, Pp’,e’: { (3.1)

3.2.1 Discussion

Most of the rules in Figures 3.2 and 3.3 are nonsurprising. Notice that the
“(e) e” construction is used liberally for preserving the side-effects of static ex-
pressions. The let bindings thus introduced will eventually be removed by the
let reduction in the common case that there are no side effects to preserve.

On Figure 3.3, notice the special rule for specializing pair destructions and
variable references when the result is statically known to be a particular integer
constant.

These rule makes it possible for integer constants to propagate from the spe-
cialized function where they are created (or computed) to the function where
they are used. The net effect is that “integers can be lifted”. Without such rules,
a specialized interpreter would have to pass around a tuple of all constants in
the source program (which arises as the residue of the source program itself)
and extract one of those consants whenever one was needed.

It may seem somewhat ad hoc to do the integer lifting precisely at variable
references and pair destructions and nowhere else. This is, however, complete
in the sense that whenever

Ehxreicoe’

can be derived, e’ will either be an integer constant or an integer constant
wrapped in a series of let and/or case bindings (this is easy to see by induction
on the structure of the derivation). Thus every practical opportunity for lifting
is in fact employed.

In fact, to achieve optimal specialization of the PEL self-interpreter, it is only
necessary to lift integers at variable references. | left the lifting rules for fst and
snd in because even minor modifications to the self-interpreter’s data format
may make them necessary.

One seemingly attractive idea would be to generalize the lifting rules to
handle more complex types than integers. There is a problem here, however:
Consider specializing

foxo = letxy =LRLOIn (f; @ x7,f1 @ x1) end
f]Xo = L|FTX0

If complex types, even fully static, could be lifted, the result might be

foxo = (f10,£10)
f]Xo = LRLO

which is less efficient than the original program under several natural cost mea-
sures. This behviour does not seem desirable for a program specializer.
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One final feature to notice in Figure 3.3 is that the result of a dynamic case
or a dynamic function call is always completely generalized. That is a standard
choice for partial interpreters, but it is perhaps surprising that such a primitive
technigue works when the goal is optimal specialization of a typed language.

The answer is this: In traditional partial evaluators there are two ways to
define the difference between static and dynamic data. One is that the dynamic
data are those that remain in the residual progam, and the static data are those
that disappear during specialization. Another one is that the static data are
those that are used to select among multiple specialized versions of each subject
function. It is a deep-rooted assumption that these two definitions have to be
equivalent. Even Hughes' type specializer, which is otherwise very different
from traditional partial interpeters, use the assumption that if we want the type
tags in the interpreter to disappear, we need to take them into account when
creating specialized functions.

The fundamental new idea in MiXIMUM is that this is not the case. A value
can disappear in the residual program even if it is not one of the values that
are important when identifying which specialized functions the program needs.
This means that the only consideration that matters when we select the bind-
ing times used in the partial-interpretation phase is how we want the residual
functions to be identified.

In the main case where we specialize an interpreter with respect to a source
program, we want the residual functions to correspond one-to-one to the func-
tions in the source program. Thus the only thing that should matter when
selecting which specialized function to use in a call is which source function the
call models—not which types the arguments to that source function has. There-
fore it is safe to let the type tags be dynamic when specializing the interpreter,
and therefore simple generalization strategies can be used.

3.2.2 Termination and binding-time analysis

Like other partial interpreters based on the same principles, MiXIMUM's partial
interpratation may fail to terminate.

The good news here is that the situation really is analogous to traditional
partial interpreters. The only significant difference between our partial interpre-
tation and well-known is that ours produce more verbose residual expressions—
but that has obviously no bearing on its termination properties.

This means that we can use the entire accumulated knowledge on how to
control partial interpreters with MiXIMUM. In particular we can apply the stan-
dard idea of a binding-time analysis that constructs a consistently annotated
version of the program where it can be determined in advance how large the
static prefix of each of the program’s values will be. MiXIMUM has (as yet) no
integrated binding-time analysis, but there would not be any inherent problems
in adding one using existing methods.

The traditional way of using a binding-time analysis is to have a human
inspect the behavior of the specialization and adjust the parameters for the
binding-time analysis if non-termination occurs (or the specialization is simply
too slow). Some recent work on how to make a binding-time analysis guar-
antee termination of the specialization also exists [Glenstrup and Jones 1996;
Glenstrup 1999]; this can also be applied to the MiXIMUM model.
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P E Ty P ET
TET LY € (Lt1 +R1) Ry € (Lti +Rty)

Py € Ty P2 €12
c Eint (b1,d2) € (T1,72) lLér

Figure 3.4: Inductive definition of the relation used in Lemma 3.2

Another common use of a binding-time analysis is to optimize the efficiency
of the partial interpreter itself. This is less relevant for MiXIMUM at present,
because the partial interpretation phase takes only about 5% of the time used
for the entire specialization. (Of course, in a MiXIMUM-like specializer written
with efficiency in mind, that figure might be different, so more conventionally
on-line techniques might be relevant).

3.2.3 Correctness

Under the assumption that the partial interpretation terminates, it is easy to
reason about its correctness. We are interested in two properties:

e The partial interpretation should preserve the behavior of the input pro-
gram.

e The partial interpretation should preserve the typability of the input pro-
gram.

In both of these cases the “input program” should be understood as the input
program stripped of “@” or “LIFT” annotations.

Because our partial interpretation does not change the data representation
of the program, the induction lemmas needed to prove its correctness are sim-
ple:

Lemma 3.1 Assume the partial interpreter terminates on program p with cata-
logue R. Then, for all E, &, e, e, v, P with

e DomE =Domé
o VYx e DomE:E(x) € [E(x)]
e Ehhre:p—e

it holds that E i, ¢’ = vifandonly if E k, e = v, and if these equivalent
conditions hold, then v € [{].

Proof. By induction on the derivation of E i, e = v (in the “if” direction) or
E & e = v (in the “only if” direction). Most of the cases are reasonably trivial,
although it takes some extra lemmas to show that it does not matter that some
specialized expressions are executed in larger environments than the original
ones. For time reasons | omit the details. O

Lemma 3.2 Let € be the relation defined in Figure 3.4. Assume that p is typable
with witness T, and that the partial interpreter terminates on program p with
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catalogue R. Let T' = {f’' — T(f) | R(f,P) = f'}. Thenforall &, T, e, P, T, €’
with

e Domé& =DomT
e VxeDomé: E(x) €Tl (x)
e Ehrerp—e,

e NKe:T,
itholdsthatT ., e’ : tand ¢ € .

Proof. By induction on the derivation of € k% e : {p — e’. The & relation is
necessary for proving the cases concerning integer lifting. Details omitted. O

3.3 Sum reduction

The sum reduction phase works by first doing a simple type-based analysis to
find which of the sum types in the program can be removed, then reducing the
program guided by the results of the analysis.

3.3.1 Non-standard type analysis

The type-based analysis use a non-standard type system where types are built
from the grammar (but can be recursive just like PEL types can):

(STyp) 5T == int
| (LeT+RoT)
| (T

(Sign) 30 == |6

Intuitively, the os encode whether a each branch of a sum type occurs in prac-
tise. @& means that it does, and & means that it does not.

The typing rules are given in Figure 3.5. They are almost identical to the
standard PEL typing rules. Indeed, if the program p is (PEL) typable with wit-
ness T, there is also at least one V such that

- Lo~ o~ . V(f):¥0—>¥1
Vifx =e] € p: 3T, T1 { [ %ol by €1 ¥
(compare with Definition 2.2), namely the one produced by simply setting every
o to &.

The sum reduction computes a typing with as few @s as possible given the
constraints in the typing rules and the additional rule that every ¢ in V (f,) must
be & (but & may occur in V(f) for f # fy). This additional rule makes sure the
the sum reduction does not change the external behavior of the program.

It is easy to convert a standard PEL typing into a “maxilally @¢-free” typing,
because the only thing the typing rules ever say about the os is that some of the
0s must be @, and different os cannot influence each other.
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Iv"l—ve1:int lv“l—vez:into?é_
'k c:int 'K (e10ey):int
Fkve1:int F|—v62:int Fl—ve1:’\f1 F|—v62:’\l‘lz
'R (e1=e2): (Lgint + Ry int) 'k (e1,e2): (F1,%2)
Tk oe:(f1,%2) Tk e: (%)
Ik fste: T, I snde: 7,
FFve:¥1 FFve:fz
' Le:(Lg ¥ +RoT2) s Re:(LeT1 + Ry T2)
TRe:(leTi+ReT2) Txi—TlRer:T T[xamTlhker:t
'K, case eo of{;’;‘z:i‘z}:%
s x:T(x) 'K error: ¥
VF Y eo:”?vo (F=% = %, lv’l—vveo:fo l\:{x.!—) Yol K el 0
'k feo: Ty 'R/ letx =epinejend: Ty

Figure 3.5: Non-standard type system for the sum reduction phase. Note that apart
from the signs in the sum types these rules are identical to the ones in Figure 2.3.

[int] = int
l{Le Tt +ReT2)] = [T1]
[{Le Tt +RaT2)] = [T2]
I{Le Tt +Ra T2)] = (L[T1] +R[T2])
L(F1,%2)] = (%0, 17T2])

Figure 3.6: The intuitive relation between sum-reduction types and the types of
the reduced program. Note that this definition does not specify what | T| should
be if T = (Lg T1 + Rg T2) or, for example, T is the recursive type that solves the
equation T = (Lg T + Rg int). Because no terminating computation can have one
of those types, it does not matter for us what | T| is in that case. Therefore any
|- | which statisfies the specification will work. (I do have a proof that such a | -]
exists, but unfortunately the margin is to small to write it down...)
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le] = ¢
Lleroez)] = (lei] o [ez])
Ller,e2)] = ([ei],[e2])
Ifste] = fst|e]
|snde] = snd]e]
LLe)*®] = Lle]
LLe)*e] = [el
L(Re)**] = Rle]
L(Re)*®] = [e]
ucase eo P of { IF});]Z:Z }JJ = case |eg] of { ;’;‘Z:‘)lhee‘zjjjj }
ucase €0 of { k’;‘z:i‘z }JJ = letx; = |eo] in |er] end
ucase eo°? of { k’;‘z:i‘z }JJ = letxy = |eo] in |ez] end
ucase eo“° of { 'F‘(’;‘Z:i‘z }JJ = {(leo]) error
Ix] = x
lerror| = error
lfe] = flel
|let x =epineyend] = letx=|eo]in |er] end

Figure 3.7: Reduction rules for the sum reduction phase. The expressions inside the
| s are supposed to be annotated with sum-reduction types; the pattern “e®'°2”
matches an e that annotated with type (L, T1 + Rg, T2) for some T ».

3.3.2 Reduction

What the sum reduction phase does is perhaps best understood by looking at
Figure 3.6, which (almost) defines a function | -] : (STyp) — (Typ) from sum-
reduction types to the standard types of the reduced program. The interest-
ing rules are the two that define that a sum type disappears if only one of the
branches are annoated with an &.

Figure 3.7 defines a reduction mapping |- | from expressions annotated with
sum reduction types to plain PEL expressions. The definition of that mapping is
a simple consequences of the mapping from Figure 3.6.

The sum reduction now simply consists of replacing every function definition
fx =ewith fx=|e].

3.3.3 Discussion

The primary virtue of the sum reduction is its simplcity. Of course it fulfills the
basic requirements of preserving the semantics and typability of the program,
and it is also easy to see that it never decreases the efficiency of the program.
But that is about all of its nice properties.
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In particular the sum reduction is not idempotent. That is, doing sum reduc-
tion twice on a program may improve it more than doing sum reduction once.
The reason for this is that sum reduction sometimes removes entire expressions
from the program, and one of the expressions that get removed might be the
only source of a & annotation that prevented some other expression from being
removed.

It is not difficult to write down a type system for a more powerful, idem-
potent sum-reduction analysis, but type inference would become more compli-
cated, probably needing control structures similar to the “demons” of Hughes’
type specializer.

On the other hand, extension to a polymorphic type system appears not to
be problematic (except for the well-known problem of how to infer polymorphic
types in languages where all functions can in principle be mutually recursive).

3.3.4 Correctness

| claim that the sum reduction is correct (that is, the output program is always
typable and the behavior of its main function is identical to the behavior of the
input program’s main function), but | don’'t even have time to sketch a proof.
Sigh.

3.4 Product reduction

The product reduction phase is quite similar to the sum reduction phase: It
first does a simple type-based analysis to find which of the product types in
the program can be elimiates. Then it then reduces the program guided by the
results of the analysis.

3.4.1 Non-standard type analysis

Product-reduction types are built from the grammar

(PTyp) 5T == inte
| (LT+R7T)
L (T)
(Sign) >0 == @6

and can be recursive in the same manner of standard PEL types.

The typing rules, in Figure 3.8, are similar in nature to the typing rules for
the sum-reduction types. Also like in the sum reduction phase, the product
reduction analysis consists of computing a “maximally & free” typing A such
that A(fp) contains no ©s.

3.4.2 Reduction

The goal of the product reduction is to remove “unnecessary” components of
pairs. The job of the product-reduction types is to approximate which values
are “unnecessary”:
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T F\ €1 :intg T F\ e2 :intg -
FI—/\c:int(T FI—A (e oez) tinty
T Fy e1 :intg T F\ ez :intg T F\ e1: T T F\e2:72
T H (e1=e2): (Lints + Rintg) Th (e1,e2) : (71,7%2)

Th e: (@1,72)
T fste:

Fbyoe:

Th e: (T1,72)

TFh snde: 7,

Fbye:Ts

e: <L’?1 + R’/l_'\2>

TH Le: (LT +R%,)

/ﬁb\ 60:<L:C\1+R’/L'\2> F{X] l—)’/f\]}'—/\ el T /ﬁ{Xzb—):l'\z}l—/\ 62:’/1_'\
T, case e of{:;’;‘z:i‘z} T
fl—,\x:f(x) FI—A error: T

rl—/\eot’/f\o F{XP—)TO '_/\61 ’?1

Tk 1T ~ ~
M/\(f):%_}ﬁ

FEy fep: Ty F'Ey letx =epinej end: Ty

Figure 3.8: Non-standard type system for the product reduction phase. Note that
apart from the signs in the inttypes these rules are identical to the ones in Fig-
ure 2.3.

Definition 3.3 The set Tr of trivial types is the smallest subset of (PTyp) that
contains intg and is closed under formation of product types.

In case analyses on product-reduction types we write T to mean any T ¢ Tr
and T to mean any T € Tr.

The actual reduction is very similar to the reduction in the sum reduction
phase: Figure 3.9 (almost) defines the relation between product-reduction types
and the types in the reduced program, and Figure 3.10 defines the correspond-

ing reduction function on expressions.

3.4.3 Discussion

The similarity between Figures 3.10 and 3.7 (and to an even higher degree
between Figures 3.9 and 3.6) suggests that sum reduction and product reduc-
tion are closely related transformations. In both cases the reduction consists
of removing certain applications of a binary type constructor with one of the
operands. The actual reduction mappings are straightforward adaptations of
that idea to the various introduction and elimintation operations in the lan-
guage.

The two transformation differ, however, in how they select the type nodes
that can be eliminated. Both of the type-based analyses consist of decorating
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int

int

(LTwT + R T2
(T 1, T721)

izl

71

Figure 3.9: The intuitive relation between product-reduction types and the types
of the reduced program. As was the case for Figure 3.6 this definition does not
completely specify, for example, what [T] should be if T is the recursive type that

solves T = (T,intg).

fel c
[(e1oea)] (TexT o Tez1)
”(61 ’ez)eaeaﬂ (TeaT,Tez1)
[tere2®®]| = Ter(Teal)
[tere2®®]] = (el Te2
[tere2®]| = (Terl) Tea]
[fst e®®] fst [e]
[fst e®°] Tel
[fste®®] (Teldo
[fst e©°] Tel
Tsnd e®®] fst [e]
[snd e®<1] (Teldo
[snd e®9] lel
[snd e®°] Tel
TLe] LTe]
[Re] Rel
Hcase eo of { IF});]Z:Z }ﬂ case [eg] of { ;’;‘2:‘)%21{] }
Mx] X
[error] error
[fel = flel
[let x = e in ey end] let x = [eo] in [e1] end

Figure 3.10: Reduction rules for the sum reduction phase. The expressions inside
the []s are supposed to be annotated with product-reduction types; the pattern
“e192” matches an e that is annotated with type (T7',75%).
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some of the type nodes in a standard PEL typing with os, but that similarity
turns out to be superficial on closer inspection.

I think it would be valuable to view the sum and product reductions as each
other’s duals, corresponding to the categorical duality between sums and prod-
ucts (or, though the Curry-Howard isomorphism, to the logical duality between
disjunction and conjunction).

When viewed in this way, the differences between the type-based analyses
begin to make sense: the sum reduction’s type system computes how a value
with a sum type is created, whereas the product reduction’s type system com-
putes how a value with a product type is used.

Still, that does not completely explain the differences between the two anal-
yses. The most direct dual of the sum reduction would be a product reduction
where a product type could be eliminated if expressions of that type never oc-
cured as arguments to fst, or to snd. Such a transformation would indeed be
possible and sound, but it would not be strong enough for MiXIMUM to be
optimal.

Going in the other direction, the direct dual of the product reduction as
presented here would be a sum reduction that allowed, for example, the first
summand of

(Lo (Le T11 + Ro T12) + Rg T2)

to be removed because even though there is a L e expression that creates that
side of the sum somewhere in the program, that expression is never evaluated
because its argument cannot exist. Such a sum reduction would also be possible
and sound, but the added complexity would not make MiXIMUM more optimal
than it already is.

One can readily imagine making the product reduction stronger than it is
presently. The current product reduction will not remove pair components that
contain sum types at all, but doing so would be harmless it the sum type in
guestion was never used in a case expression. Indeed, the product reduction in
an early version of MiXIMUM attached a o to each sum type and handled sum
types similarly to ints. This turned out not to be used when specializing the PEL
self-interpreter, either.

3.4.4 Correctness

As for the sum reduction (mutatis mutandis).

3.5 Let reduction

The sum and product reduction phases are both essentially inter-procedural. In
the context of specializing the PEL self-interpreter their main task have been to
reduce the argument types of the various specialized versions of the eval func-
tion such that they become identical to the types of the corresponding functions
in the source program.

These phases, however, do not care much about the efficiency of the body
of each function, apart from what comes naturally as by-products of the global
optimizations. In particular, all of the preceding phases have a tendency of cre-
ating very many trivial let bindings. The partial interpretation uses a let binding
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for each function call it unfolds. The sum reduction replaces case analysis on
removable sum types with let bindings. The product reduction uses let bindings
(disguised as “{e}) e” expressions) to avoid throwing any side-effecting expres-
sions away. The most prominent job of the let reduction phase is to find out
which of all these let bindings do any useful work and eliminate the remainder.

Not less important, however, is the final elimination of the tuples that are
the remainder of the interpreter's environment list. For example, when the
interpreter is specialized with respect to the expression

let xs =5inlet x; =7 in (x5 +x7) end end

after sum and product reduction the specialized code looks like (in addition to
a lot of trivial let bindings)

let x =5inlet x = (7,x) in (sndx + fst x) end end

—that is, each variable binding in the original program has resulted in a bind-
ing of a tuple containing the values of all variables in scope at the point of
the binding. The let reduction phase contains dedicated rules to simplify such
constructions.

The let reduction phase is purely intra-procedural—in fact, it consists of
nothing more than a series of local “peephole” optimizations.

3.5.1 Selector movement

The first step of the let reduction is to move pair selectors inside variable bind-
ings by repeated applications of the rewrite rules

fstlet x =epine;end <— letx =epin fstey end
sndlet x =epinejend <— letx =epin snde; end

Lx; — e Lxq; — fsteg
Rx, — ez} Rxy; — fstez}

Lx; — e Lx; — snde;
snd case ey of < case eg of
Rx> — e> Rx> — sndex

fst case eg of{ — case eg of{

The point here is that expressions like “fst x” enable later optimzations that are
not possible with “fstlet ... = ... in x end”.

This transformation is not actually needed for optimal specialization of the
PEL specializer, so it really ought to have been removed in MiXIMUM.

3.5.2 The main phase

Then the main phase of the let reduction follows. It is a bottom-up simplifica-
tions that simplifies the operand expressions of each let binding before trying
to simplify the binding itself (every other expression form is left unchanged at
first).

For each expression of the form

let x =ep in e; end

the first applicable of the following transformations is applied:
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{cher = e
(leroes)her = (er)t(er)er
(leres))er = (er)T (eshTen
(fste'Yer — (e')te
(snde’her — (e'V e
(LeYer = (e'Dler
(Reher = (e'her
<<eé)_>]ZT ' dex h ide effects)
, Lxi el IT e; and e> have ,HOTSI e effects
((case e} Of{szHeé }>>e1 — (case e} Of{;i;:i&i]é))éf%}» e
(otherwise)
(xher = e
{error) ey — error
(feher = (fehe
(letx =ebinelend)er — letx=ce}in (e])t e end

Figure 3.11: Reduction of let bindings where the bound variable is never used.

If g is a variable, then the let binding is eliminated—that is, the entire let
expression is replaced by eq[eo/x].

If e is a pair construction (ep1,e02) and the only (free) occurences of x in
eq are as the operand in fst or snd expressions, then the let expression is
replaced with

let X1 = eg7 in let x2 = eg2 in ey[x1/fstx][x2/sndx] end end

(where x; and x, are fresh variables). If e; contained subexpressions of
the form
let x’ =fstx in e’ end

these become egligible for elimination as a result of this substitution; they
are thus eliminated. Finally, the two new bindings of x; and x, are recur-
sively simplified.

If x does not appear at all in ey, then the let binding is reduced according
to the rules in Figure 3.11. The new let bindings in the reduced expression
that are marked with a “1” in Figure 3.11 are then recursively simplified.

If x is referenced exactly once while ey evaluated (that is, if x occur in one
of the brances of a case expression it must occur once in the other branch,
too), and no side effects (i.e., function calls or error expressions) in e; are
evaluated before that reference, then the let binding is eliminated.

If x is referenced at most once while e; is evaluated and no side effects
occur in eg, then the let binding is eliminated.

Otherwise the let binding is left in the program.
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3.5.3 Discussion

The simplifications in the let reduction phase are not selected in a very sys-
tematic way. Even more than the other phases in MiXIMUM, the let reduction
phase simply follows the design principle of including whatever turned out to
be necessary for achieving optimal specialization of the PEL self-interpreter.

For example, there is no need in this particular application to include a rule
to reduce fst (5,17) to 5. It proved to be sufficient to be able to remove pair
constructions in the ey position of a let binding. Hughes' type specializer, on
the other hand, obtains the corresponding effect by reducing selectors that are
applied to pair construction.

3.5.4 Correctness

The correctness of the let reduction follows from the fact that each of the indi-
vidual simplifications preserves semantics and typability.

3.6 Cheating

After the let reduction phase, the very last step in MiXIMUM consists of applying
the reduction rule

case (e1 =ey) of Lxi = L0 — (e1 =e3)
1o Rx2 — RO 1o

wherever the left-hand side of the rule occurs. Expressions of this shape arise
when specializing the PEL self-interpreter with respect to equality tests. The
case expression comes from the self-interpreter where its job is to analyse the
result of the equality test so that an equivalent encoded value can be built.

I call this phase the “cheat” phase because | think the problem is really a
symptom of a more general problem with specializing interpreter code that en-
codes complex already existing terms with the universal encoding. The equality
test is simply the only place the problem surfaces with the PEL self-interpreter,
and | think that a more general solution ought to be found before we can say
that the problem of specializing interpreters in strongly typed languages is fully
solved.



Chapter 4

Optimal specialization of the
PEL self-interpreter

As evidence that MiXIMUM is optimal, | have used it to specialize Welinder’s
self-interpreter for PEL with respect to itself. That is, | computed

[spec] (pelint, pelint) (4.1)

which, if MiXIMUM is “strong enough” according to equation (1.3) on page 4,
ought to produce essentially the text of pelint as output.

The formal definition of optimality requires that the self-interpreter can be
specialized with any correct program as its static input. That is, of course,
impossible to test in practise, so our options are to provide a mathematical proof
of the optimality of the specializer, or to settle for experimental evidence. | do
not think the time needed to produce an actual proof of optimality would be
well invested at this time. We are still in the process of determining how far the
ideas behind MiXIMUM can be stretched at all; in essence we're investigating
what would be interesting to prove at all, and work spent on the details of a
proof of one system might well be wasted as soon as we discover how to build
a better, but different system.

Thus, for the time being, we shall be satisfied with experiments to establish
the optimality of the specializer. That leaves the question of which programs we
should try to use as static inputs for the self-interpreter.

The self-interpreter itself turns out to be a good candidate. One reason for
this is simply that it is a reasonably large program which is already at hand and
which does something interesting. Another argument is that the self-interpreter
can be expected to exercise every feature of the language, which means that
using it as the static input for itself ought to reveal if portions of the interpeter
cannot specialized optimally.

4.1 Types and encodings

In real life, the optimality test is not as simple as it looks in (4.1) or (1.3). That
is because we work with a typed language and a typed self-interpreter.
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Normally when the Futamura projections are derived, the definition of a
self-interpreter is supposed to be

[sintl(p,d) = [pl(d) (4.2)

That does not work well with a typed language such as our typed version of PEL.
Here, the type of the input to a program is determined by the program itself.
For example, a program might expect its input to be an integer; then it cannot
also be used with a pair of integers as its input (at least not if it does anyting
nontrivial with its input). However, another program might indeed expect a
pair of integers as its input. If a self-interpreter sint were to satisfy (4.2) for
both of these programs, it would have to accept input whose second component
could be either an integer or a pair of integers—and then the self-interpreter
itself would not be well-typed.

The solution adopted by the PEL self-interpreter is to accept the interpreted
program’s input (and deliver its output) in the same encoding as it uses inter-
nally. Let us call the type that describes values in this encoding Univ.

Then, for each PEL type T there exist functions encode. : T — Univ and
decode. : Univ — T which encodes, respectively decodes, values of type t. Note
that decode. is a partial function: It fails if its input is an encoding of a value
that is not in [t].

For each T, encode. and decode. can be defined in PEL. Slightly abusing no-
tation, we'll also call the PEL functions that realise the mathematical functione
encode. and decode.. Note that the PEL functions depend on T; there is no
general encode or decode that is expressible in PEL.

Now, we can write a better algebraic specifiction of a self interpreter such as
pelint. pelint itself has type (Pgm,Univ) — Univ (where Pgm is some type that
can represent program texts). The defining property of pelint is that for each
program p of type 17 — T2 and each input d € [t2],

decode-, ([pelint](p, encode~, (d))) = [pl(d) (4.3)
If we combine this with (1.1), we arrive at
decode-, ([[spec](pelint, p)l(encode~, (d))) = [pl(d) (4.4)
or, equivalently,
[[specl (pelint, p)l(d’) = encode, ([p](decoder, (d'))) (4.5)

The consequence of these equations is that we cannot hope for [spec] (pelint, p)
to be comparable to p itself, because the equations say they behave differently.

My conclusion is that to implement the first Futamura projection for a typed
langage, one should not compute [spec](pelint,p) but

[specl (decode~, o pelinto (Id x encode., ), p) (4.6)

where decode., o pelint o (Id x encode., ) is the symbolic composition of pelint
with the PEL versions of the encoding and decoding functions, that is,

fox = fufh(fstx,fasndx)
fox = (PEL definition of encode, (x))
fox = (PEL definition of decode., (x))

fyx = (the text of the general PEL self-interpreter)
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With some algebraic juggling we can see that the output of (4.6) really ought
to behave the same as p itself. Thus when using the specializer in that way we
can hope for optimality.

4.2 Specializing the self-interpreter to itself

When we instantiate p in (4.6) to pelint we get
[spec] (decodeyniy o pelint o (Id x encode pgm,univ) ), Pelint) 4.7

I have constructed decodeyniy o pelinto (1d x encode pgm univ) ) by hand and trivially
specialized it to the text of the original pelint by hand. I then ran the MiXIMUM
prototype on the trivially specialized program.

The output is not «-equivalent to the original pelint, but has the shape

Iduniv © pelint o Id(Pgm,Univ) (48)

where the two Id; functions are function that take a value of type T apart and
builds it again from its primitive components. For example, the PEL definition

LXZ — LXZ
fxq1 = case x7 of

Lxg —RRLfxy

Lx3— RL(ffstxz,fsndxz)
Rx, +— case x; of
RX47—)RRRfX4}

R x3 +— case x;of{

The two Id.s in (4.8) are the residues of decodeyniy and encode pgm univ)- | think
that despite their presence it is fair to call MiXIMUM optimal—after all the
pieces it can't remove completely are not part of a layer of interpretation at all.

Still, it ought to be possible to write a general automatic transformation that
identify and eliminate functions (or expressions) that behave like Id; functions.
I think this is basically the same problem as the one mentioned in Section 3.6.

The pelint part of (4.8) is not completely equivalent to the original pelint
text but slightly better. If the original pelint text is run through the let reduc-
tion phase of MiXIMUM, it becomes «-equivalent to the pelint from (4.8). The
only differences are in the order and naming of the functions, in the names of
variables, and in the the main function where calls to the Id; functions have
been inserted. If the function order is adjusted manually, and MiXIMUM's pret-
typrinter is used to canonicalize the variable names, the two programs become
textually identical (again except for the main function).

4.3 Reproducing the results

The MiXIMUM prototype | have developed is available electronically at
(http://www.diku.dk/ makholm/miximum.tar.gz)

The system can be compiled in a unixish environment where GNU make and

Moscow ML 1.44 is installed. Follow the instructions in the README file.
Beware that the system is very much a prototype. The user interface is

kludgy; the error messages when anything goes wrong are wildly misleading;
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the transformations themselves are at least an order of magnitude slower than
they need be; and the source code for the system is hard to understand except
perhaps for its author. Also, the PEL dialect it works with is sligtly different from
the one that occurs in Welinder [1998] in that the subtraction operator is miss-
ing. That is because the machine-readable version of the PEL self-interpreter
| have available is from an early draft of the thesis, before he decided to add
subtraction.

Still the system can be used to specialize pelint to itself, and it also contains
a framework for doing

[spec] (decode;,; o pelint o (Id x encodej,:), p)

thus specializing pelint to any program p that accepts and produces integers
(in that case the encoding and decoding functions disappear completely during
specialization). You can also try to specialize pelint to programs that are not
type correct.



Chapter 5

Conclusion

| have developed and described an optimal (or at least very close to optimal)
program specializer for a strongly typed language. The specializer is simpler and
easier to understand than previous proposals for how to create optimal special-
izers for typed languages. Unlike the type specializer proposed by Hughes it
never rejects static input as long as the static input is syntactically correct.

It still remains to be seen whether the techniques described here can be
extended to more advanced language features such as first-class functions, ex-
ceptions, or imperative primitives. Though not described in this paper, the MiX-
IMUM prototype already supports n-ary sums and products (by viewing them
as syntactic sugar in the parser; conversely, the prettyprinter can be set to rein-
troduce n-ary sums and products by collapsing the binary ones in the output
program. That way arbitrary types can be generated for the residual program).

Another possible (long-term) goal would be to produce a self-applicable
MiXIMUM, but it is not clear how much practical value that would have, given
that most of the complexity in the current system lies in the post-processes.

This project has ended up looking very differently from what | imagined
when | started it. One direct conclusion | can make from that is that is is not
advisable to find out halfway through a project that the problem you're solving
is not the relevant problem—at least not in projects with deadlines.
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