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1. INTRODUCTION

A major concernin the specialization of functional (e.g., see/Conseland Danvy
[199], Joneset al. [1997, and [Turchin [198€]) as well as logic programs (e.g., see
Lloyd and Shepherdson[199]], [Komorowski [1997, |Gallagher[199Y, [Pettorasi
and Prooietti [1994] and |De Sdreye et al. [1995]) has been the issue of cortrol:
how can the transformation processbe guided in such a way that termination is
guaranteed and results are satisfactory?

This problem has beentackled from two (until now) largely separateangles: the
so-calledo -line versuson-line approaches. Partial evaluation of functional pro-
grams [Conseland Danvy 1993 Joneset al. 1993 has mainly stressedthe former,
while supercompilation of functional programs [Turchin 1986 1988 |S ensenand
Glrck 1995 and partial deduction of logic programs [Bol 1993 [Bruynoogheet al.
1992 |Gallagher and Bruynooghe199] [Martens and De Schreye 1996 Martens
and Gallagher 1995 [Sahlin 1999 have concerrated on on-line cortrol. (Some ex-
ceptions are the works of Weiseet al. [199]], Mogensenand Bondorf [1997,
Leusdel [1994], J rgensen and Leusdel [199€], and Bruynoogheet al. [199§].)

The concrete setting of the presert article concernslogic program partial de-
duction. We are, however, corvinced that its contribution is not limited to that
particular eld. Indeed, its techniquesand ideasare also relevant to the cortrol of
supercompilation and on-line partial evaluation of functional (and perhapsalsoim-
perative) languages.Moreover, even abstract interpretation canbenet from them.
We return to thesepoints in SectionZ4

In partial deduction of logic programs, one distinguishes two levels of cortrol
[Gallagher 1993 [Martens and Gallagher 1995: the local and the global level. In a
nutshell, the local level decideson how SLD(NF)-trees for individual atoms should
be built. The (branches of the) resulting trees allow us to construct specialized
clausesfor the given atoms [Benkerimi and Lloyd 1990 [Lloyd and Shepherdsoh
1997]. At the global level on the other hand, one typically attends to the over-
all correctnessof the resulting program (satisfying the closednesscondition in
Lloyd and Shepherdson[199]]) and strivesto achieve the \righ t" amount of poly-
variance, producing su cien tly many (but not more) specialized versionsfor eah
predicate de nition in the original program. At both levels, in the context of pro-
viding a fully automatic tool, termination is obviously of prime importance.

In this article, it is to the global level that we turn our attention. The con-
cept of characteristic trees has been proposedas a basis for the global control of
partial deduction in |Gallagher and Bruynooghe[199]] and (Gallagher [199]]. The
main idea is, instead of using the syntactic structure to decideupon polyvariance,
to examine the specialization behavior of the atoms to be specialized: only if this
behavior is su cien tly dierent from oneatom to the other should di erent special-
ized versionsbe generated. However, the approachesbasedon characteristic trees
have been,up to now, ridden by two major problems. First, they failed to presene
the characteristic treesupon generalization: two atoms with identical specialization
behavior may be generalizedby one with a completely di erent specialization be-
havior. This may lead to signi cant lossesin specialization, aswell asto problems
for the termination of the partial deduction process. Second,the characteristic
trees have always been limited by somead hoc depth bound, possibly leading to
very undesirable specialization results (as we will shaw later in the article).

ACM Transactions on Programming Languages and Systems, Vol. 20, No. 1, January 1998.



210 M. Leuschelet al.

In the presert article, we solve these two problems. After preserting somere-
quired badkground about partial deduction and characteristic treesin Section2, we
addressthe rst problem in Sectiond by developing the ecologicalpartial deduc-
tion principle, ensuringthe presenation of characteristic trees. In Section@we then
solvethe secondproblem, blending the generalframework in [Martens and Gallagher
[1995 with the framework developed in Sectionld We thus obtain an elegar, so-
phisticated, and precise apparatus for on-line global cortrol of partial deduction.
Bendhmark results can be found in SectionH Sectiond subsequetly concludesthe
article.

Finally, we would like to mertion that two workshop papers addresspart of the
material in a preliminary form:

| |Leusdel [1995 describes how to impose characteristic trees and perform set-
basedpartial deduction with characteristic atoms,

|[while |Leusdiel and Martens [199¢] elaboratesthe former approach into oneusing
global trees, and thus not requiring any depth bound.

2. PRELIMINARIESAND MOTIVATIONS

Throughout this article, we supposefamiliarit y with basicnotions in logic program-
ming [Lloyd 1987 and partial deduction [Lloyd and Shepherdson199]]. Notational
convertions are standard and self-evident. In particular, in programs, we denote
variables through (strings starting with) an uppercasesymbol, while the notations
of constarts, functions, and predicates begin with a lowercasecharacter. Unless
stated explicitly otherwise, the terms \(logic) program" and \goal" will referto a
normal logic program and goal, respectively. By an expression we mean either a
term, an atom, a literal, a conjunction, a disjunction, or a program clause. Expres-
sionsare constructed using the languageL p which we implicitly assumeunderlying
the program P under consideration. Lp may contain additional symbols not occur-
ring in P, but, unlessexplicitly stated otherwise, Lp contains only nitely many
constart, function, and predicate symbols. To simplify the preseration we also
assumethat, when talking about expressions,predicate symbols and connectives
are treated like functors which cannot be confounded with the original functors
and constarts (e.g., » and  are binary functors distinct from the other binary
functors). As commonin partial deduction, the notion of SLDNF-trees is extended
to allow incomplete SLDNF-trees which may contain leaves where no literal has
beenselectedfor a further derivation step. Leavesof the latter kind will be called
dangling [Martens and De Screye 199¢.

2.1 Partial Deduction

In contrast to (full) ewaluation, a partial evaluator is given a program P along with
a part of its input, called the static input. The remaining part of the input, called
the dynamic input, will only be known or given at somelater point in time. Given
the static input S, the partial evaluator then producesa specialized versionPg of P
which, when given the dynamic input D, producesthe sameoutput asthe original
program P.

In the context of logic programming, full input to a program P consistsof a goal
G, and evaluation correspondsto constructing a complete SLDNF-tree for P [ f Gg.
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Partial input then takesthe form of a partial ly instantiated goal G% One often uses
the term partial deduction to referto partial evaluation of pure logic programs (see
Komorowski [1997)), a convertion we will adhereto in this article. So, given this
goal G° and the original program P, partial deduction producesa new program P ©
which is P \specialized" to the goal G% P9 can be called for all instancesof G°,
producing the sameoutput as P, but often much more e cien tly.

In order to avoid constructing in nite SLDNF-trees for partially instantiated
goals, partial deduction is based on constructing nite, but possibly incomplete
SLDNF-trees for a set of atoms A. The derivation stepsin these SLDNF-trees cor-
respond to the computation steps performed (beforehand) by the partial deducer,
and the specialized program is extracted from thesetrees by constructing one spe-
cialized clauseper branch. The incomplete SLDNF-trees are obtained by applying
an unfolding rule, de ned as follows:

De nition 2.1.1. An unfolding rule U is a function which, given a program P
and a goal G, returns a nite and possibly incomplete SLDNF-tree for P [ f Gg.

For reasonsto be clari ed later, De nition ZI1is so generalasto even allow a
trivial SLDNF-tree, i.e., one whoseroot is a dangling leaf.
Specialized clausesare extracted from the SLDNF-trees as follows:

De nition 2.1.2. Let P be a program and A an atom. Let bea nite, incom-

plete, and nontrivial fl SLDNF-tree for P[f Ag. Let Gg;:::; Gy bethe goals
in the (nonroot) leavesof the nonfailing branchesof . Let ;;:::; , bethe com-
puted answersof the derivations from A to Gg;:::; Gy respectively. Then
the set of resultants resultants( ) isdened to befA 1 Gi;:::;A g Gnho.

Partial deduction, as de ned for example by |Lloyd and Shepherdson[199]] and
Benkerimi and Lloyd [199(], usesthe resultants for a given set of atoms A to con-
struct the specializedprogram and for eac atom in A a di erent specializedpredi-
cate de nition is generated,replacing the original de nition in P. Under the condi-
tions stated in |Lloyd and Shepherdson[1991], namely closednessnd independence,
correctnessof the specializedprogram is guaranteed. Independene requiresthat no
two atomsin A have a commoninstance. This ensuresthat no two specializedpred-
icate de nitions match the same(run-time) call. Usually this condition is satis ed
by performing a renaming of the atomsin A (seeGallagher and Bruynooghe[199(]
and Benkerimi and Hill [1997). Closalness (as well as the related notion of cov-
erednessin Benkerimi and Lloyd [199(]) basically requires that every atom in the
body of a resultant is matched by a specialized predicate de nition. This guar-
anteesthat A forms a complete description of all possible computations that can
occur at run-time of the specialized program.

The main practical dicult y of partial deduction is the control of polyvariance
problem, which reducesto nding a terminating procedureto producea nite set
of atoms A which satis es the above correctness conditions while at the sametime
providing as much potential for specialization as possible.

1To avoid the problematic resultant A A.
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2.2 Abstraction

Termination is usually obtained by using a suitable abstraction operator, de ned
as follows:

De nition 2.2.1. Let A and A° be setsof atoms. Then ACis an abstraction of
A if and only if every atom in A is an instance of an atom in A% An abstraction
operator is an operator which maps every nite setof atomsto a nite abstraction
of it.

The following generic scheme, based on a similar one in |Gallagher [1997]] and
Gallagher [1994, describesthe basiclayout of practically all algorithms for cortrol-
ling partial deduction.

Algorithm 2.2.2 (Standard Partial Deduction).

Input: A program P and a goal G
Output: A specialized program P°
Initialization: i=0,A;=fAjAisanatomin Gg
rep eat
for each Ax 2 A, compute a nite SLDNF-tree ¢ forP[ f Agxg
by applying unfolding rule U;
let A? = Ai[ fB,jB, isanatom in aleaf of sometree |, suc that
B, is not an instancef of any A; 2 Aig;
let Ajyq = abstract(A?) where abstract is an abstraction operator
let i:=i+1;
until Aj+1 = A
Apply a renaming transformation to A; to ensureindependenceand
then construct P° by taking resultants.

In itself the use of an abstraction operator doesnot yet guarantee global termi-
nation. But if the above algorithm terminates then independenceand coveredness
are ensured. With this obsenation we can reformulate the control of polyvariance
problem as one of nding an abstraction operator which maximizes specialization
while ensuring termination .

The abstraction operator examinesthe set of atoms to be partially deducedand
then decideswhich atoms should be abstracted and which onesshould be left un-
modi ed. A very simple abstraction operator, which ensurestermination, can be
obtained by imposinga nite  maximum number of atomsin A; and using the most
speci ¢ genealization (msg) to stick to that maximum. This approacd is however
unsatisfactory. First, it involvesan ad hoc maximum number, which might lead to
either too much or too little polyvariance, depending on the context. Second,the
msg is just basedon the syntactic structure of the atoms to be specialized. This is
generally not such a good idea. Indeed, two atoms can be unfolded and specialized
in a very similar way in the context of one program P, while in the context of
another program P, their specialization behavior can be drastically dierent. The

20ne can also use the variant test to make the algorithm more precise.
3Also known as antiuni cation  or least general generalization; seefor instance [Lassez et al. [1988].
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append([a]; X;Y) append(X;[a]; Y)
@ o @ @ q
append([]; X; Y9 2 append(X % [a]; Y9
(1)
2

Fig. 1. SLD-trees g and ¢ for Example EZZ3

syntactic structure of the two atoms is of courseuna ected by the particular con-
text, and an operator like the msgwill perform exactly the sameabstraction within
P1 and P,, although di erent generalizationsmight be called for.

A better candidate for an abstraction might be to examine the SLDNF-trees
generatedfor theseatoms. Thesetrees capture (to somedepth) how the atoms be-
have computationally in the context of the respective programs. They also capture
(part of) the specialization that has beenperformed on these atoms. An abstrac-
tion operator which takesthesetreesinto accourt will notice their similar behavior
in the context of P; and their dissimilar behavior within P, and cantherefore take
appropriate actions in the form of di erent generalizations. The following example
illustrates these points.

Example 2.2.3. Let P be the append program:

(1) append([]; Z;Z)
(2) append([HjX1;Y;[Hjz]) append(X;Y;Z)

Note that we have added clausenumbers, which we will henceforth take the liberty
to incorporate into illustrations of SLD-treesin order to clarify which clauseshave
beenresolved with. To avoid cluttering the gures we will alsosometimesdrop the
substitutions in such gures.

Let A = fB;Cg be a dependen set of atoms, where B = append([a]; X;Y) and
C = apend(X;[a]; Y). Typically a partial deducerwill unfold the two atoms of A
in the way depicted in Figure [0 returning the nite SLD-trees g and ¢. These
two trees, aswell asthe assaiated resultants, have a very di erent structure. The
atom append([a]; X ; Y) has beenfully unfolded, and we obtain for resultants( g)
the single fact

append([a]; X ; [ajX])
while for append(X; [a]; Y) we obtain for resultants ( ¢) the following set of clauses:

append([]; [a]; [a])

append([HjX ] [al;[Hjz])  append(X;[a];Z)
So, in this case,it is vital to keep separate specialized versionsfor B and C and
not abstract them for example by their msg

However, it is very easyto comeup with another context in which the specializa-
tion behaviors of B and C are almost indiscernible. Take for instance the following
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append ([a]; X;Y) append (X;[a];Y)
@) @ ) ) @ @)

2 append ([]; Tx ; E) 2 append (Tx ;[I;E)
fail fail

Fig. 2. SLD-trees g and . for Example ZZ3

program P in which append no longer appendstwo lists, but nds common ele-
ments at common positions:

(1) append ([XjTx I [XjTy;[X])
(2 ) append ([XjTxLIYJTYyLE) append (Tx;Ty;E)

The assaiated nite SLD-trees g and ., depicted in Figure [3, are now almost
fully identical. In that case,it is not usefulto keepdi erent specializedversionsfor
B and C becausethe following single set of specializedclausescould be usedfor B
and C without specialization loss:

append ([ajT1];[ajT2]; [a])
This illustrates that the syntactic structures of B and C alone provide insu cien t
information for a satisfactory control of polyvarianceand that are ned abstraction
operator should also take the assaiated SLDNF-trees into consideration.

2.3 Chaacteristic Paths and Trees

Above we have illustrated the interest of examining the SLDNF-trees generated
for the atomsto be partially deducedand for example only abstract atoms if their
assaiated trees are \similar enough.” A crucial question is of course which part
of these SLDNF-trees should be taken into accourt to decide upon similarity. If
we take everything into accourt, i.e., only abstract two atoms if their assciated
trees are identical, this amourts to performing no abstraction at all. So an ab-
straction operator should focus on the \essertial" structure of an SLDNF-tree and
for instance disregard the particular substitutions and goalswithin the tree. The
following two de nitions, adapted from |Gallagher [199]], do just that: they char-
acterize the essetial structure of SLDNF-derivations and trees.

De nition 2.3.1 (Characteristic Path). Let Gy be a goal, and let P be a normal

program whose clausesare numbered. Let Go;:::;G, be the goals of a nite,
possibly incomplete SLDNF-derivation D of P [ fGpg. The characteristic path of
the derivation D is the sequencetly : co;:: ;1 1 : ¢y 1, wherel; is the position

of the selectedliteral in Gi, and ¢; is de ned as follows:

[if the selectedliteral is an atom, then ¢; is the number of the clausechosento
resolve with G;.
[if the selectedliteral is : p(t), then ¢ is the predicate p.
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The setcontaining the characteristic paths of all possible nite  SLDNF-derivations
for P [ fGog will be denoted by chpaths(P; Go).

For example, the characteristic path of the derivation assaiated with the only
branch of the SLD-tree g in FigureMishl:2;1: 1i.

Recall that an SLDNF-derivation D can be either failed, incomplete, successful,
or innite. As we will seebelow, characteristic paths will only be usedto char-
acterize nite and nonfailing derivations of atomic goals. Once the top-level goal
is known, the characteristic path is sucient to reconstruct all the intermediate
goalsas well asthe nal one. So, using p in the secondpoint of De nition 37
instead of a unique symbol to signal the selection of a negative literal is a matter
of convertion rather than necessiy.

Now that we have characterized derivations, we can characterize goals through
the derivations in their assaiated SLDNF-trees.

De nition 2.3.2 (Characteristic Tree). Let G be a goal, P a normal program,
and a nite SLDNF-tree for P[ f Gg. Then the characteristic tree * of isthe set
cortaining the characteristic paths of the nonfailing SLDNF-derivations assaiated
with the branchesof . ~ is called a characteristic tree if and only if it is the
characteristic tree of some nite SLDNF-tree.

Let U be an unfolding rule such that U(P;G) = . Then ~ is also called the
characteristic tree of G (in P) via U. We introducethe notation chtregG; P;U) =
A, We also say that " is a characteristic tree of G (in P) if it is the characteristic
tree of G (in P) via someunfolding rule U.

Note that the characteristic path of an empty derivation is the empty path hi,
and the characteristic tree of a trivial SLDNF-tree is fhig.

Although a characteristic tree only corntains a collection of characteristic paths,
the actual tree structure is not lost and can be reconstructed without ambigu-
ity. The \glue" is provided by the clause numbers inside the characteristic paths
(branching in the tree is indicated by di ering clausenumbers).

Example 2.3.3. The characteristic trees of the nite SLD-trees g and ¢ in
Figure M are th1 : 2;1: 1ig and fh1: 1i;hl : 2ig respectively. The characteristic
treesof the nite SLD-trees ; and  in Figure @are both fh1:1 ig.

The characteristic tree capturesall the relevant aspectsof specialization, attained
by the local cortrol for a particular atom:

[The branchesthat have beenpruned through the unfolding procesg(namely those
that are absernt from the characteristic tree).

[Ho w deep A has been unfolded and which literals and clauseshave been
resolved with ead other in that process. This captures the computation steps
that have already beenperformed at partial deduction time.

[The number of clausesin the resultants of A (hamely one per characteristic path)
and (implicitly) which predicates are called in the bodies of the resultants. As
we will seelater, this meansthat a single predicate de nition can (in principle)
be usedfor two atoms which have the samecharacteristic tree.
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memter (a; [a]) memter (a; [a; b])
@ @ @ (€] @®
2 memter(a;[]) 2 memter (a; [b])
o | @
ail ?
memter (a;[])
I
fail

Fig. 3. SLD-trees for Example 234

A specialization aspect that does not materialize within a characteristic tree is
how the atoms in the leavesof the assaiated SLDNF-tree are further specialized,
i.e., the global control and precision are not captured.

By examining only the nonfailing brancheswe do not capture how exactly some
brancheswere pruned. The following example illustrates why this is adequateand
even bene cial.

Example 2.3.4. Let P be the following program:

(1) memker(X;[X]jT])
(2) memter(X;[YjT]) memker(X;T)

Let A = memter(a;[a;b]) and B = memier(a;[a]). Supposethat A and B are un-
folded asdepictedin Figure[3 Then both theseatoms have the samecharacteristic
tree = fhl: 1lig although the assaiated SLDNF-trees di er by the structure of
their failing branches. However, this is of no relevance,becausethe failing branches
do not materialize within the resultants (i.e., the specializedcode generatedfor the
atoms), and furthermore the single resultant memlker(a;[ajT])  could be usedfor
both A and B without loosing any specialization.

In summary, characteristic trees seemto be an almost ideal vehicle for a re ned
cortrol of polyvariance, a fact we will try to exploit in the following.

2.4 An Abstraction Operata Using Chaacteristic Trees

The following abstraction operator represerts a rst attempt at using characteristic
treesfor the control of polyvariance. Basically it classi es atoms accordingto their
assiated characteristic tree. Generalization, in this casethe msg, is then only
applied on those atoms which have the samecharacteristic tree.

De nition 2.4.1 (chabs.y). Let P be a normal program, U an unfolding rule
and A a set of atoms. For every characteristic tree , let A bedened asA =
fAJA2 A " chtree(  A;P;U) = g. The abstraction operator chabs .y is then
de ned aschabs.y; (A) = fmsg(A )| is a characteristic treeg.

Unfortunately, although for a lot of practical caseschabs.y performs quite well,
it does not always presere the characteristic trees, entailing a sometimes quite
sewere loss of precision and specialization.

We rst illustrate the possiblespecialization lossesin the following example.
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Example 2.4.2. Let usreturn to Example 2334 and specializethe memter pro-
gramfor A = memter(a;[a;b]) and B = memler(a;[a]). First we put the atomsinto
Ao: Ag = fmemler(a;[a; b]); memter(a;[a])g. For both atoms the assaiated char-
acteristic tree is = fh1: 1ig, given for example a determinate unfolding rule with
lookahead(seeFigure§). Thuschabs.,, aswell asthe method of Gallagher [1991],
abstracts the two atoms and producesthe generalizedset A1 = f memter(a;[ajT])g.
Unfortunately, the generalizedatom memter(a;[ajT]) hasa di erent characteristic
tree 9 independertly of the particular unfolding rule. For a determinate unfolding
rule with lookaheadwe obtain °= fhi:1i;hl: 2ig.

This lossof precisionleadsto suboptimal specializedprograms. At the next step
of the algorithm the atom memter(a; T) will be addedto A;. This atom also has
the characteristic tree ° under U. Hencethe nal set A, equalsf memter(a;L)g
(containing the msg of memier(a;[ajT]) and memter(a;T)g), and we obtain the
following specialization, suboptimal for  memler(a;[a;b]); memker(a;[a]):

(1) memter(a;[ajT])
(2) memter(a;[XjT]) memker(a;T)

So, although partial deduction was able to gure out that memlker(a;[a;h]) as
well as memter(a;[a]) have only one nonfailing resolvent, this information has
been lost due to an imprecision of the abstraction operator, thereby leading to
a suboptimal residual program in which the determinacy is not explicit (and re-
dundant computation steps occur at run-time). Note that a \p erfect" program
for  memter(a;[a;b]); memter(a;[a]) would just consistof (a Itered version of)
clause(1").

As explained by |Leusdel and De Sdireye [199¢], these lossesof precision can
also lead to nontermination of the partial deduction process,further illustrating
the importance of preserving characteristic trees upon generalization.

3. PARTIAL DEDUCTION WITH CHARACTERISTICATOMS

We now presen away to presene characteristic treesduring abstraction. The basic
idea is to simply impose characteristic trees on the generalizedatoms.

3.1 Chaacteristic Atoms
We rst introduce the crucial notion of a characteristic atom.

De nition 3.1.1. A characteristic atom is a couple (A; ) consisting of an atom
A and a characteristic tree

Note that is not required to be a characteristic tree of A in the context of the
particular program P under consideration.

Example 3.1.2. Let = fhl: lig be a characteristic tree. Then the couples
CA; = (memler(a;[a;bh]); ) and CA, = (memtler(a;[a]); ) are characteristic
atoms. CA3z = (memter(a;[ajT]); ) is also a characteristic atom, but for ex-
ample in the context of the memker program P from Example Z334 is not a
characteristic tree of its atom componert memter(a;[ajT]) (cf. Example ZZ43). In-
tuitiv ely, such a situation correspondsto imposing the characteristic tree  on the
atom memier(a;[ajT]). Indeed, aswe will seelater, CA3 can be seenas a precise
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generalization (in P) of the atoms memker(a; [a; b]) and memter (a;[a]), solving the
problem of Example ZZ2

A characteristic atom will be usedto represert a possibly in nite set of atoms,
calledits concretizations. This is nothing really new: in standard partial deduction,
an atom A also represents a possibly in nite set of concrete atoms, namely its
instances. The characteristic tree componert of a characteristic atom will just act
as a constraint on the instances, i.e., keeping only those instanceswhich have a
particular characteristic tree. This is captured by the following de nition.

De nition 3.1.3 (Concretization). Let (A; a) be a characteristic atom and P a
program. An atom B is a precise concretization of (A; ) (in P)A if and only if B
is an instance of A and, for someunfolding rule U, chtree( B;P;U) = a. An
atom is a concretization of (A; A) (in P) if and only if it is an instance of a precise
concretization of (A; a) (in P). We denote the set of concretizations of (A; ) in
P by p(A a).

A characteristic atom with a nonempty set of concretizationsin P will be called
well-formed in P or a P-characteristic atom. We will from now on usually restrict
our attention to P-characteristic atoms. In particular, the partial deduction algo-
rithm preserted later on in SectionB4 will only produce P -characteristic atoms,
where P is the original program to be specialized.

Example 3.1.4. Take the characteristic atom CA3; = (memter(a;[ajT]); ) with

= fhl: lig from Example 32 and the memker program P from Example Z34
The atoms memter(a;[a]) and memker(a; [a;b]) are preciseconcretizations of CA3
in P (seeFigure @). Also, neither memter(a;[ajT]) nor memier(a;[a;a]) are con-
cretizations of CA3 in P. Finally, obsene that CAj3 is a P-characteristic atom
while for instance (memter(a;[ajT]);fh2 : 5ig or even (memter(a;[ajT]); thl : 2ig
are not.

Example 3.1.5. Let P be the following simple program:

(1) p(ay)
(2 p(X;Y) 1 q(Y);aX)
(3) a(b)

Let =fhl:12i;h:21:q1l:3igandCA = (p(X;Y); ). Then p(X;a) and
p(X;c) are preciseconcretizations of CA in P and neither p(b;b), p(X;b), p(a;Y),
nor p(X;Y) are concretizations of CA in P. Also p(b;a) and p(a;a) are both
concretizations of CA in P, but they are not preciseconcretizations. Observe that
the selectionof the negative literal : g(Y), correspondingto 1: qin , is unsafefor

p(X;Y), but that for any concretization of CA in P the corresponding derivation
step is safeand succeedgqi.e., the negatedatom is ground and fails nitely).

Note that by de nition the set of concretizations assaiated with a characteristic
atom is downwad closel (or closal under substitution).This obsenation justi es
the following de nition.

41f P is clear from the context, we will not explicity mention it.
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De nition 3.1.6 (Unconstrained Characteristic Atom). A P-characteristic atom
(A; a) with A2 p(A; a) is called unconstrained (in P).

The concretizations of an unconstrained characteristic atom (A; A) areidentical
to the instancesof the ordinary atom A (becausethe concretizations are downward
closed,and p(A; ) cortains no atom strictly more generalthan A). So,character-
istic atoms along with De nition B3 provide a proper generalization of the way
atoms are usedin the standard partial deduction approad.

3.2 GeneratingResultants

We now addressthe generation of resultants for characteristic atoms. We needthe
following de nition in order to formalize the resultants assaiated with a charac-
teristic atom.

De nition 3.2.1. A genenlized SLDNF-derivation is either composed of ordi-
nary SLDNF-derivation stepsor of derivation stepsin which a nonground negative
literal is selectedand removed. Generalized SLDNF-derivations will be called un-
safe if they contain stepsof the latter kind and safe if they do not.

Most of the de nitions for ordinary SLDNF-derivations, like the assaiated char-
acteristic path and resultant, carry over to generalizedderivations.

We rst de ne a setof possibly unsafegeneralizedSLDNF-derivations assaiated
with a characteristic atom:

De nition 3.2.2 (Dp(A; )). Let P be a program and (A; ) a P-characteristic
atom. If 6 fhig then Dp (A; ) is the set of all generalizedSLDNF-derivations of
P[ f Agsud that their characteristic paths arein . If = fhig then Dp (A; )
is the set of all nonfailing SLD-derivations of P [ f  Ag of length 18

Note that the derivations in Dp (A; ) are necessarily nite and nonfailing (be-
cause(A; ) is a P-characteristic atom; seealso Lemma [B.Z9 in the electronic
appendix to this article).

Wewill call a P-characteristic atom (A; ) safe(in P) if and only if all derivations
in Dp (A; ) are safe. An unconstrained characteristic atom in P is safein PH

Using the de nition of Dp (A; ), we can now de ne the resultants, and hence
the partial deduction, assaiated with characteristic atoms:

De nition 3.2.3 (Partial Deduction of (A; )). Let P beaprogramand (A; ) a

Let 1;:::; n bethe computedanswersofthe derivationsfrom Ato Gj;:::;
G, respectively. Then the set of resultants fA 1 Gi;:::; A g Ghg is called
the partial deduction of (A; ) in P. Every atom occurring in someof the G; will
be called a leaf atom (in P) of (A; ). Wewill denotethe set of such leaf atoms by
leavess (A; ).

5Just like in ordinary partial deduction, we want to construct only nontrivial SLDNF-trees for
P[ f Agto avoid the problematic resultant A A.

6Because A must be a precise concretization of (A; ), we have that is a characteristic tree of
A, and thus all derivations in Dp (A; ) are ordinary SLDNF-deriv ations and therefore safe.

ACM Transactions on Programming Languages and Systems, Vol. 20, No. 1, January 1998.



220 M. Leuschelet al.

Example 3.2.4. The partial deduction of (memter(a;[ajT]);fh1: lig) in the pro-
gram P of Example 234 is f memter(a;[ajT]) g . Note that it is dierent from
any set of resultants that can be obtained for the ordinary atom memter(a;[ajT]).
However, aswe will prove below, the partial deduction is correct for any concretiza-
tion of (memker(a;[ajT]); fhl: 1ig).

Example 3.2.5. The partial deduction P° of (p(X;Y); ) with = fhl : 1i;
hl:2;1:q;1:3ig of Example BT His

(1) p(a;Y)
(2) p(b;Y)
Note that using P instead of P is correct for the concretizations p(b;a) or p(X; a)
of (p(X;Y); ) but not for p(b;b) or p(X;b), which are not concretizations of
(P(X;Y); ).

We can now generate partial deductions not for sets of atoms, but for sets of
characteristic atoms. As suc, the sameatom A might occur in seweral charac-
teristic atoms, but with di erent assaiated characteristic trees. This meansthat
renaming, as a way to ensureindependence,becomeseven more compelling than
in the standard partial deduction setting.

In addition to renaming, we also incorporate argumert Itering, leading to the
following de nition.

De nition 3.2.6 (Renaming). An atomic renaming for a set A of characteristic
atoms is a mapping from A to atoms suc that

[for ead (A; )2 A, vars( ((A; ))) = vars(A);

[for CA;CA°2 A, such that CA 6 CA?, the predicate symbols of (CA) and
(CAY are distinct (but not necessarilyfresh, in the sensethat they can occur

in X).
Let P be a program. A renaming function for Ain P basedon is a mapping
from atoms to atoms such that
(A) = (A% 9) for some(A% 92 Awith A= A% andA 2 p(A% 0.
Weleave (A) unde ned if A is not a concretization in P of an elemert in A= A

renaming function can also be applied to a rst-order formula, by applying it
individually to eadh atom of the formula.

Note that, if the sets of concretizations of two or more elemens in A overlap,
then  must make a choice for the atomsin the intersection, and seweral renaming
functions basedon the same exist.

De nition 3.2.7 (Partial Deduction with respect to A). Let P beaprogram and

f ((Ai; 1) (Bdy) j A; Bdy2 Ri~1 i n” (Bdy)isdenedgis
called the partial deduction of P with respect to A" and

Example 3.2.8. Let P be the following program:
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(1) memker(X;[X]|T])
(2) memter(X;[YjT]) memker(X;T)
(3) t memter(a;[a]); memter(a;[a;b])

Let = fhl: lig, °= fhl: 3ig, and let A = f(memter(a;[ajT]); );(t; 9o.
Also let ((memter(a;[ajT]); )) = my(T) and ((t; 9) = t. Becausethe con-
cretizations in P of the elemeris in A are disjoint there exists only one renam-
ing function basedon . Notably ( memter(a;[a]); memter(a;[a;h])) =

m1([1); m1([b]) becauseboth atoms are concretizations of (memter(a;[ajT]); ).
Therefore the partial deduction of P with respectto A and i

(1) ma(X)
(2) t my([); ma([b])

Note that in De nition BZdthe original program P is completely \thro wn away."
This is actually what a lot of practical partial evaluators for functional or logic
programming languagesdo, but is dissimilar to the |Lloyd and Shepherdson199]]
framework. However, there is no fundamertal di erence between these two ap-
proaches: keepingpart of the original program can be simulated in our approac
by using unconstrained characteristic atoms of the form (A; fhig) combined with a
renaming sud that ((A; fhig)) = A.

3.3 CarectnessResults

Let us rst rephrasethe coverednesscondition of ordinary partial deduction in the
cortext of characteristic atoms. This de nition will ensurethat the renamings,
applied for instancein De nition B2, are always de ned.

De nition 3.3.1 (P-Covered). Let P be a program and A a set of characteristic
atoms. Then A is called P-covered if and only if for every characteristic atom in
A, ead of its leaf atoms (in P) is a concretization in P of a characteristic atom in
A Also, a goal G is P-covered by A if and only if every atom A occurring in G is
a concretization in P of a characteristic atom in A.

The main correctnessresult for partial deduction with characteristic atoms is as
follows:

Theorem 3.3.2. Let P be a normal program, G a gal, A any nite setof P-
characteristic atoms, and P ° the partial deduction of P with respect to A and some
. If Ais P-covered and if G is P-coverad by A" then the following hold:

(1) P°[ f (G)g hasan SLDNF-refutation with computed answer if and only if
P [ fGg does.
(2) P°[ f (G)ghasa nitely failed SLDNF-treeif and only if P [ fGg does.

The proof can be found in the (electronic) Appendix [Bl and proceedsin three
successie stages.

“The FAR ltering algorithm of [Ceuschel and S rensen [1996] can be used to further impro ve the
specialized program by removing the redundant argument of mj.
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(1) First, we restrict ourselvesto unconstrained characteristic atoms. This allows
usto straightforwardly reusethe correctnessresults for standard partial deduc-
tion with renaming.

(2) We then move on to safe characteristic atoms. Their partial deductions can
basically be obtained from partial deductions for unconstrained characteristic
atoms by removing certain clauses. We show that these clausescan be safely
removed without a ecting computed answersor nite failure.

(3) In the nal step we allow any characteristic atom. The assaiated partial de-
ductions can be obtained from partial deductionsfor safecharacteristic atoms,
basically by removing negative literals from the clauses. We establish correct-
nessby showing that, for all concrete executions,thesenegative literals will be
ground and succeed.

3.4 A Set-BasedAlgorithm and Its Termination

In this section, we presert a simple (set-based) algorithm for partial deduction
through characteristic atoms.

We rst de ne an abstraction operator which, by de nition, presenesthe char-
acteristic trees.

De nition 3.4.1 (chmsg;)A] ). Let A be a set of characteristic atoms. Also
let, for every characteristic tree , Aj bedened asA] = fAj(A; )2 Ag. The
operator chmsg) is de ned as

chmsgA) = f(msg(A] ); )| Iis acharacteristic tree g.

In other words, only one characteristic atom per characteristic tree is allowed
in the resulting abstraction. Given for example, A = f(p(a);fhl: 1lig); (p(b);fhl:
lig)g, we obtain the abstraction chmsgA) = f(p(X);th1: lig)g.

De nition 3.4.2 (chatom, chatoms). Let A bean ordinary atom, U an unfolding
rule, and P a program. We then de ne chatom:

chatom(A; P;U) = (A; ), where = chtree( A;P;U)
We extend chatom to setsof atoms:
chatomg A P; U) = fchatom(A; P;U) j A 2 Ay
Note that A is a preciseconcretization of chatom(A; P; U)
The following algorithm for partial deduction with characteristic atoms is para-

metrized by an unfolding rule U, thus leaving the particulars of local control un-
speci ed. Recall that leavesp (A; a) represerts the leaf atoms of (A; a) (seeDef-

inition B2Z3J).
Algorithm 3.4.3 (Ecological Partial Deduction).
Input: a program P and a goal G
Output: a specialized program P°
Initialization:  k := 0; Ay := chatomgfA j A is an atom in Gg; P; U);
rep eat
Ck := chatomgfleavesq (A; a)j (A; a) 2 Axg; P;U);
Ak+1 = chmsgAx [ Ck); k:=k+ 1;
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until Ay = Ak+1 (modulo variable renaming)
A= A,
PY:= a partial deduction of P with respectto A" and some ;

Let usillustrate the operation of Algorithm 223 on Example 2234

Example 3.4.4. Let G= memler(a;[a]); memker(a;[a;b]), and P be the pro-
gram from Example Z324 Also let chtree( memler(a;[a]); P;U) = chtreg(
memler(a;[a;b]); P;U) = fhl: lig = (seeFigure @ for the corresponding SLD-
trees). The algorithm operatesas follows:

(1) Ao = f(memter(a;[al); );(memter(a;[a;h]); )9

(2) leavess (memter(a;[a]); ) = leavesr (memter(a;[a;b]); ) =;,
A = chmsg Ap) = f(memter(a;[ajT]); )g

(3) leavess (memter(a;[ajT]); ) = ;, A2 = chmsg A7) = A1 and we have reached
the xp oint A

A partial deduction P°with respectto A and  with ((memter(a;[ajT]); )) =
mi(T) is
my(X)
A is P-covered, and every atom in G is a concretization of a characteristic atom
in A Hence Theorem 3232 can be applied: we obtain the renamed goal G° =
(G) = ma([]);m1([h), and P°[ fGY yields the correct result.

The following theorem establishesthe correctnessof Algorithm BZ3 aswell as
its termination under a certain condition.

Theorem 3.4.5. If Algorithm 343 geneates a nite number of distinct char-
acteristic trees then it terminates and produces a partial deduction satisfying the
requirements of TheoremBZ32A for any gaal G° whoseatoms are instances of atoms
in G.

Pr oof. Seeelectronic Appendix[d O

The method for partial deduction as described in this section, using the frame-
work of Sectionld, has been called ecological partial deduction by |Leusdel [1995
becauseit guaranteesthe presenation of characteristic trees. A prototype par-
tial deduction system, using Algorithm B.Z-3 has beenimplemented, and experi-
mental results have beenreported by [Leusdel [1995 and Meulemans[199. We
will however further re ne the algorithm in the next section and presert extensive
bencdhmarks in SectionE2

Let us concludethis sectionwith somecommerts on the relation with the work of
Leusdel and De Sdreye [199¢, which alsosolvesthe problem of preservingcharac-
teristic trees upon generalization. In fact, |Leuscthel and De Sahreye [199¢ achieve
this by incorporating disequality constraints into the partial deduction process.
Note that in this section and article, the characteristic tree inside a character-
istic atom (A; ) can also be seenas an implicit represeration of constraints on
A. However, here these constraints are used only locally and are not propagated
to other characteristic atoms, while in the work of |Leustel and De Sareye [199¢
the constraints are propagated and thus used globally. Whether this has any sig-
nicant in uence in practice remainsto be seen. On the other hand, the method
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in this sectionis conceptually simpler and can handle any unfolding rule aswell as
normal logic programs, while the work of [Leusthel and De Screye [199¢] is cur-
rently limited to purely determinate unfoldings (without a lookahead)and de nite
programs.

4. REMOVING DEPTH BOUNDSBY ADDING GLOBAL TREES

Having solved the rst problem related to characteristic trees, their presenation
upon generalization, we now turn to the secondproblem: getting rid of the depth
bound, necessaryto ensuretermination of Algorithm BZ3

4.1 The Depth Bound Problem

In some casesAlgorithm BZ3 only terminates when imposing a depth bound on
characteristic trees. In this section we present somenatural exampleswhich showv
that this leads to undesired results in caseswhere the depth bound is actually
required. (These examplescan also be adapted to prove a similar point about
neighborhoods in the context of supercompilation of functional programs. We will
return to the relation of neighborhoods to characteristic treesin SectionE4)

When, for the given program, query, and unfolding rule, the above sketched
method generatesa nite number of di er ent characteristic trees its global con-
trol regime guaranteestermination and correctnessof the specialized program as
well as\p erfect" polyvariance: for every predicate, exactly one specialized version
is produced for each of its dier ent assaiated characteristic trees Howewer, it
turns out that for a fairly large class of realistic programs (and unfolding rules),
the number of dier ent characteristic trees geneated is in nite . In those cases
Algorithm Z3 as well as all earlier approaches based on characteristic trees
[Gallagher 1997; |Gallagher and Bruynooghe 1997; [Leusdel and De Schreye 199§,
terminates at the cost of imposing an ad hoc depth bound on characteristic trees.

We illustrate the problem through some examples, setting out with a slightly
arti cial, but very simple one.

Example 4.1.1. The following is the well-known reversewith accunulating pa-
rameter where a list type ched (in the style of (Gallagher and de Waal [1992]) on
the accunulator has beenadded.

(1) rev([]; Acc; Acc)
(2) rev([H]jT]; Acc;Res)  Is(Acc);rev(T;[HjAcc]; Res)

(3) Is()
(4) Is((HjT])  Is(T)

As can be noticed in Figure B, unfolding (determinate [Gallagher 1997, |Gallaghel
Bruynooghe[1991} [Leusdhel and De Schreye 199§ and well founded [Bruyno oghe
ef al. 1992 |[Martens and De Schreye 1996 IMartens et al. 1994, amongothers) pro-
ducesan in nite  number of di erent characteristic atoms, all with a di erent char-
acteristic tree. Imposinga depth bound of say 100, we obtain termination; however,
100di erent characteristic trees (and instantiations of the accurrulator) arise, and
the algorithm produces 100 di erent versionsof rev: one for eat characteristic
tree. The specialized program thus looks like:

(1) rev(; ;1)
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In general:
rev(L; [I;R)
A ZJ{
(h) @@) rev(T; [2] ;R)
2 Is(); rev(T;[H]; R) @ @é@
|,)(3) 2 Is([::]); rev(T%[HS 2 R)
’ 9
rev(T;[H];R) |°(4) >
rev(T;[H];R) TS n
(@) @@2) |?(4) ;

2 ISHT); rev(T% [H% H];R) Is([); rev(T%H 1 R)
5 o
Is();rev(T%[HEHLR) rev(T%[HC::];R)

y

rev(T%[H%H];R)

Fig. 4. SLD-trees for Example EET1

(2) rev([HjT[;[I;Res)  revy(T;[H];Res)
(3) revo([I;[AL [A]
(4) revo([HJT];[Al;Res)  revs(T;[H;A];Res)

1) :
(197") reveg([l;[A1;:::; Agsl; [A1; 1115 Aggl)
(198') reveg([HJTI; [A1;:::; Ags]; Res)

(199) revigo([l; [A1;:::; AggjAT I [Ar; 115 Agg]AT])
(2007) revipo([H]T];[A1;:::; AgeAT ]; Res)

(201") Is(M)
(202) Is([HjT])  Is(T)

This program is certainly far from optimal and clearly exhibits the ad hoc nature
of the depth bound.

Situations like the above typically arise when an accunulating parameter in-
uences the computation, becausethen the growing of the accunulator causesa
corresponding growing of the characteristic trees. With most simple programs, this
is not the case.For instance, in the standard reversewith accunulating parameter,
the accumulator is only copiedin the end, but never in uences the computation.
For this reasonit was generally felt that natural logic programs would give rise to
only nitely many characteristic trees.
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Program:

(1) make_non _ground(Gr Term; NgTerm)
mng(Gr Term; N gT erm; []; Sub)

(2) mng(var(N);X; [I; [sub(N; X)])

(3) mng(var(N);X;[sub(N; X )jT]; [sub(N; X)jT])

(4) mng(var(N); X;[sub(M;Y)jT]; [sub(M;Y)jT1])
not(N = M); mng(var(N); X;T;T1)

(5) mng(struct (F; GrAr gs); struct (F; N gAr gs); | nSub; OutS ub)
I_mng(Gr Ar gs; N gAr gs; | nSub; OutS ub)

(6) 1_mng([l; [I; Sub; Sub)

(7) 1-mng([GrHjGrT];[NgH]NgT]; 1 nSub; OutS ub)
mng(GrH;NgH ;I nSub;l nSubl);
I_mng(GrT;NgT; | nSubl; OutS ub)

Example query:
make_non _ground (struct (f ; [var (1); var (2); var (1)]); F)
c.a.s. fF=struct (f;[Z;V;Z])g

]

Fig. 5. Lifting the ground representation.

However, among larger and more sophisticated programs, caseslike the above
becomemore and more frequert, even in the absenceof type-cheking. For in-
stance, in an explicit uni cation algorithm, one accunulating parameter is the
substitution built sofar. It heavily in uences the computation becausenew bind-
ings have to be added and cheded for compatibilit y with the current substitution.
Another exampleis the \mixed" metainterpreter of Hill and Gallagher [1994] and
Leusdel and De Sdreye [1994 (called InstanceDemo in the former; part of it is
depicted in Figure B for the ground represenation in which (operationally) the
goals are \lifted" to the nonground represenation for resolution. To perform the
lifting, an accunulating parameter is usedto keeptrack of the ground represera-
tion of variablesthat have already beenencourtered. This accunulator in uences
the computation: upon encourtering a new ground represeration of a variable
(var(N) in clauses(2){(4) of Figure B), the program inspectsthe accunulator (the
incoming accunulator is represerted in the third argument of the predicate mng;
the resulting accunulator is generatedin the fourth argumert).

Example 4.1.2. Let A = |_-mng(Lg;Ln; [sub(N;X)];S) and P be the program
of Figure Bin which the predicate | _mng transforms a list of ground terms (its rst
argumert) into alist of nongroundterms (its secondargumert; the third and fourth
argumerts represen the incoming and outgoing accurrulator respectively). As can
be seenin Figure B unfolding A (e.g., using well-founded measures),the atom

I _mng(Tg; Tn; [sub(N;X);sub(J;Hn)];S)

is addedat the global cortrol level. The third argumernt hasgrown, i.e., we have an
accumulator. When in turn unfolding |_mng(Tg; Tn; [sub(N; X);sub(J; Hn)];S),
we obtain a deeper characteristic tree (becausemng traversesthe third argumert
and thus needsone more step to reach the end) with

I_mng(T g% Tn®[sub(N; X ):sub(J;Hn);subJ®HNY; S)

asoneofits leaves. An in nite sequenceof ever-growing characteristic treesresults,
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accurgylator

I_mng (Lg; Ln; [sub(N;X)];S)
H

6 7
(6) H H(j-)l
2 mng (H g; Hn; [sub(N;X)];S1);1_mng (Tg; Tn; S1;S)
H
3 5
(3) @ H |£|)
I_mng (Tg; Tn; [sub(N; X)];S) I_mng (Ag; An; [sub(N;X)]; S1);
o I_mng (Tg; Tn; S1;S)

not (J = N);mng (var (J);Hn; [I;T1); I_-mng (Tg; Tn; [sub(N; X )jT1];S)

@

?
not(J = N); Il_mng(Tg;Tn; isub(N;X)'}sub(J;Hn)};S)

{

accumulator

Fig. 6. Accumulator growth in Example EET2A

I-mng (Lg ; Ln; [sub(N;X)];S)

Hi
s H

I_mng (Tg; Tn; [sub(N; X)];S) SS I-mng (Tg; Tn; S1;S)

/ &

I-mng (Tg; Tn; [sub(N;X);sub(J;HN)];S)  I-mng (Ag;An; [sub(N;X)];S1)

S

Fig. 7. Initial section of a global tree for Example EZI and the unfolding of Figure @

and again, asin Example I we obtain nontermination without a depth bound,
and very unsatisfactory ad hoc specializations with it.

Summarizing, computations in uenced by one or more growing data structures
are not sorare after all, and they causead hoc behavior of partial deduction, where
the global control is founded on characteristic trees with a depth bound. In the
next section, we shav how this depth bound can be removed without endangering
termination.

4.2 Partial DeductionUsingGlobal Trees

A general framework for global cortrol, not relying on any depth bounds, is pro-
posedby Martens and Gallagher [1995. Marked trees (m-trees) are introduced to
register descendencyrelationships among atoms at the global level. These trees
are subdivided into classesof nodes, and assaiated measurefunctions map nodes
to well-founded sets. The overall tree is kept nite through ensuring monotonicity
of the measurefunctions, and termination of the algorithm follows, provided the
abstraction operator (on atoms) is similarly well-founded. It is to this framework
that weturn for inspiration on how to solve the depth bound problem described in
SectionZ1

First, we have chosento usethe term \global tree" rather than \mark ed tree" in
the presen article, becauseit better indicates its functionality. Moreover, global
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treesrely on a well-quasi-order (or well-quasi-relation) betweennodes, rather than
a well-founded one, to ensuretheir niteness. Apart from that, in essencetheir
structure is similar: they register which atoms derive from which at the global
cortrol level. The initial part of suc a tree, showing the descendencyelationship
betweenthe atom in the root and those in the dangling leavesof the SLDNF-tree
in Figure @ is depicted in FigurelZlE

Now, the basic idea will be to have just a single classcovering the whole global
tree structure and to watch over the ewvolution of characteristic trees assaiated to
atoms along its branches. Obviously, just measuring the depth of characteristic
trees would be far too crude: global brancheswould be cut o prematurely, and
ertirely unrelated atoms could be mopped together through generalization, result-
ing in unacceptable specialization losses. As can be seenin Figure @ we needa
more re ned measurewhich would somehav spot when a characteristic tree (piece-
meal) \contains" characteristic trees appearing earlier in the samebranch of the
global tree. If such a situation arises|as it indeeddoesin Example L llit seems
reasonableto stop expanding the global tree, generalizethe o ending atoms, and
produce a specialized procedurefor the generalization instead.

However, a closerlook at the following variation of Example EEL2 shows that
also this approach would sometimesovergeneralizeand consequetly fall short of
providing su cien tly detailed polyvariance.

Example 4.2.1. Reconsiderthe program in Figure B, and supposethat determi-
nate unfolding is usedfor the local control. Take asstarting point for partial deduc-
tion A = mng(G; struct(cl; [struct(f ;[X;Y])jB]);[]; S). When unfolding A (seeFig-
ure8), we obtain an SLD-tree containing the atom mng(H ; struct(f ; [X; Y]); []; S1)
in one of its leaves. If we subsequetly determinately unfold the latter atom, we
obtain a tree that is \larger" than its predecessoralsoin the more re ned sense.
Potential nontermination would therefore be detected and a generalization exe-
cuted. However, the atoms in the leavesof the secondtree are more generalthan
those already met, and simply continuing partial deduction without generalization
will lead to natural termination without any depth bound intervertion.

Example 271 demonstratesthat only measuring growth of characteristic trees,
even in are ned way, doesnot always lead to satisfactory specialization. In fact,
whene\er the unfolding rule doesnot unfold \as deeply" aswould be possibleusing
a re ned termination relation (for whatever reason,e.g., e ciency of the special-
ized program or becausethe unfolding rule is not re ned enough), then a growing
characteristic tree might simply be causedby splitting the \maximally deeptree"
(i.e., the one constructed using a re ned termination relation) in such a way that
the secondpart \contains" the rst part. Indeed, in Example EEZ7 an unfolding
rule basedon well-founded measurescould have cortin ued unfolding more deeply
for the rst atom, thus avoiding the fake growing problem in this case.

Luckily, the sameexample also suggestsa solution to this problem: rather than
measuringand comparing characteristic trees, we will scrutinize entire characteris-

8The global tree in Figure B also contains two nodes which are variants of their parent node.
Usually, atoms which are variants of one of their ancestor nodes will not be added to the global
tree, asthey do not give rise to further specialization.
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mng (G; struct (cl; [struct (f;[X;YDiB]);[0;S)

2 @ ()
®
2 I_mng (A; [struct (f;[X;YDiB]);[;S)

L)(?)

‘nng(H;struct %fj [X;Y]);[];S]?;I_mng (T;B;S1;S)

Z
mng (H; struct (f;[X;Y]);[;S1)
@ @ (5
®
2 I_mng (A; [X;Y];[I; S1)

|o<7)

mng (H; X;[];S2);1_mng (T;[Y]; S2; S1)

L)(?)

mng (H; X; [1;S2);mng (H% Y;S2;S3);1_mng (T%[]; S3; S1)

b

mng (H; X; [];S2); mng (H% Y;S2;S1)

Fig. 8. SLD-trees for Example EEZ1

tic atoms, comparing both the syntactic content of the ordinary atoms they contain
and the asseiated characteristic trees Accordingly, the global tree nodeswill not
be labeled by plain atoms asin the work of [Martens and Gallagher [199, but by
ertire characteristic atoms. A growing of a characteristic tree not coupled with
a growing of the syntactic structure then indicates a fake growing causedby a
consenative unfolding rule.

The rest of this section contains the formal elaboration of this new approadc.

4.3 GeneralizingChaacteristic Atoms

In this section we extend the notions of variants, instances, and generalizations,
familiar for ordinary atoms, to characteristic trees and atoms.

Henceforth, we will usesymbolslike and (possibly annotated by somesub-
script) to refer to strict partial orders (antisymmetric, antire exiv e, and transitiv e
binary relations) and and to refer to quasiorders (re exiv e and transitiv e bi-
nary relations). We will useeither \directionalit y" asis conveniert in the context.
Givena quasiorder , wewill usethe assaiated equivalencerelation  and strict
partial order

For ordinary atoms, A; A, will denotethat A; is more generalthan A,. We
de ne a similar notion for characteristic atoms along with an operator to compute
the most speci ¢ generalization. In a rst attempt onemight usethe concretization
function to that end, i.e., one could stipulate that (A; a) is more general than
(B; g)ifandonlyif p(A; A) p(B; B). The problemwith this de nition, from
a practical point of view, is that this notion is undecidablein general,and a most
speci ¢ generalization is uncomputable. For instance, p(A; )= p(A; [ f Q)
holds if and only if for every instance of A, the last goal assaiated with  fails
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nitely . Deciding this is equivalent to the halting problem. We will therefore
preser a safebut computable approximation of the above notion, for which a most
speci ¢ generalization can be easily computed and which has somenice properties
in the context of a partial deduction algorithm (e.g., seeDe nition EZ3).

We rst de ne an ordering on characteristic trees. In that corntext, the following
notation will proveto be useful: prex( ) =f j9 sucdhthat 2 g.

Denition 4.3.1 ( ). Let 3; » becharacteristic trees. We say that ; is more
geneal than »,, and we denote this by 3 2, if and only if
Q) 2 1) 2prex(2)and
(2) %2 ,) 9 2prex(f ) suhthat 2 ;.

Note that is a quasiorder on the set of characteristic treesand that ; 2

is equivalert to saying that , canbe obtained from ; by attaching subtreesto the
leavesof ;.

Example 4.3.2. Given 1 = fhl:3ig, » = fhl:3;2:4ig,and 3= fhl: 3i;

hl : 4ig we have that ; > and even 1 2, but not that 1 3 hor
2 3. We also have that fhig 1, but not that ; 1. In fact, fhig
holds for any 6 ;, while ; only holdsfor = ;. Also fhig only holds
for = fhig, and ; only holdsfor = ;.

The next two lemmasrespectively establish a form of antisymmetry and transi-
tivit y of the order relation on characteristic trees.

Lemma 4.3.3. Let 1; , be two characteristic trees. Then 1 2 if and only
if 1= 2.

Pr oof. Seeelectronic Appendix D O

Lemma 4.3.4. Let 1; », and 3 be characteristic trees. If 1 >and » 3
then 4 3.

Pr oof. Immediate from De nition B34 O

We now presert an algorithm to generalizetwo characteristic treesby computing
the common initial subtree. We will later prove that this algorithm calculatesthe
most speci ¢ generalization. The following notations will be useful in formalizing
the algorithm.

De nition 4.3.5. Let be a characteristic tree and a characteristic path. We
then de ne the notations # =f | 2 gandtop()=fl:mjH :mi?2

prex ( )g.
Note that, for a nonempty characteristic tree , top( ) = ; , = fhig.
Algorithm 4.3.6 (msg of Characteristic Trees).

Input: two nonempty characteristic trees 5 and g
Output: themsg of A and g

Initialization: i :=0; o:= fhig;

while 9 2 suchthattop( o # )=top(g # )6 ; do
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i = (inf Q[ fH:mijl:m2top(a# )g i:=i+1;
end while
return = =

Example 4.3.7. Take the characteristic trees o = fh1:1;1:2ig and g = fhl:
1;1:2i;hl:1;1:3ig. Then Algorithm E38 proceedsas follows:

(1) o= fhig,
(2) 1= fhl:1lig asfor hi2 o wehavetop( a #hi) = top( g #hi) = f1:1g.
(3) = jastop(a#hl:1li)=fl:2gandtop( g #h :1i)=f1l:2;1:3gand

the while loop terminates.

Lemma 4.3.8. Algorithm B:3.g terminates and produces as output a character-
istic tree  such that if chtree(G;P;U) =  (resgctively g), then for some U°,
chtree(G;P;U% = . The sameholds for any ; arising during the exeution of

Algorithm E3d
Pr oof. Seeelectronic Appendix Bl O

Pr oposition 4.3.9. Let A; g be two nonempty characteristic trees. Then the
output of Algorithm 3§ is the unique most speci ¢ genealization of A and .

For o 6 ; and g 6 ; wedenoteby msg( a; s) the output of Algorithm E38
If both o = ; and g = ; then; is the unique most speci ¢ generalization,and we
therefore de ne msg(;;;) = ;. Only in caseone of the characteristic treesis empty
while the other is not, do we leave the msg unde ned.

Example 4.3.10. Given ;= thl:3ig, 2= fhl:3;2:4ig, 3= fhl:3i;hl: 4ig,
4= fhl:3;2:4i;hl: 3;2: 5ig, we have that msg( 1; 2) = 1, msg( 1; 3) =
msg( 2; 3) = fhig, and msg( 2; 4) = 1.

Lemma 338 and Proposition E239 can also be used to prove an interesting
property about the relation.

Corollar y 4.3.11. Let ; and , be characteristic treessuchthat ; 2. If
chtree(G; P;U) = , then for someU? chtree(G;P;U% = ;.

Pr oof. First we have that Algorithm EZ38 will producefor ; and , the out-
put = 1 (becauseAlgorithm E38 computesthe most speci c generalization by
Proposition EE39). Hencewe have the desired property by Lemmal38 O

De nition 4.3.12 ( ). A characteristic atom (Aj1; 1) is more geneal than
another characteristic atom (A,; ), denotedby (A1; 1) ca (Az; 2), if and only
if A7, Asand ; 2. (A1; 1) is said to be a variant of (A,; ») if and only if
(A1; 1) ca (A2 2).

The following proposition shavsthat the above de nition safelyapproximatesthe
optimal but impractical \more general" de nition basedon the set of concretiza-
tions.

Pr oposition 4.3.13. Let (A; a) and (B; g) be two characteristic atoms. If
(A; A) ca(B; B)then p(A; A) r(B; 8).
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Pr oof. Seeelectronic AppendixDl O

The converseof the above proposition doesof coursenot hold. Take the memker
program from Example Z34 and let A = memter(a;[a]), = fhl: 1i;hl : 2ig
and %= fhl: lig. Then p(A; ) = p(A; 9 = fmemker(a;[a)])g (because
the resolvent memler(a;[]) assciated with hl : 2i fails nitely), but neither
(A ) ca(A 9nor(A; 9 ca(A; ) hold.

The following is an immediate corollary of Proposition EE31T3

Corollar y 4.3.14. Let P be a program and CA, CB be two characteristic
atoms suchthat CA ., CB. If CB is a P-characteristic atom then sois CA.

Finally, we extend the notion of most speci ¢ genealization (msg) to character-
istic atoms:

De nition 4.3.15. Let (A71; 1), (A2; 2) be two characteristic atoms suc that
their msgis de ned. Then msg((A1; 1);(Az2; 2)) = (msg(A1;Az);msy( 1; 2)).

Note that the above msg for characteristic atoms is indeed a most speci ¢ general-
ization (becausemsg(Aj; Az) and msg( 1; 2) are most speci c generalizationsfor
the atom and characteristic tree parts respectively) and is still unique up to vari-
able renaming. Its further extensionto sets of characteristic atoms (rather than
just pairs) is straightforward and will not be included explicitly .

4.4 Well-QuasiOrderingof Chaacteristic Atoms.

We now proceedto introduce another order relation on characteristic atoms. It
will be instrumental in guaranteeing termination of the re ned partial deduction
method to be preserted.

De nition 4.4.1. Arelation  onV is calledawell-quasirelation (WQR) on V
if and only if for any in nite sequencef elemerns e;; e;;:::in V therearei < j such
that &  &. A well-quasirelation  is also called a wel-quasi order (WQO)
on V if it is a quasiorder.

An interesting WQO is the homeomorphic embedding relation . It has been
adapted from the work of|Dershowitz [1987] and|Dershaowitz and Jouannaud [199(],
whereit is usedin the context of term-rewriting systems,for usein supercompilation
by IS rensen and Gluck [1995. Its usefulnessas a stop criterion for partial evalua-
tion is alsodiscussedand advocated by [Marlet [1994. Somecomplexity results can
be found in the works of |Stillman [198& and |Gustedt [19927 (also summarized by
Marlet [1994).

Recallthat expressionsare formulated usingthe alphabet Ap which we implicitly
assumeunderlying the programs and queriesunder consideration. Remenber that
it may contain symbols occurring in no program and query but that it contains only
nitely many constart, function, and predicate symbols. The latter property is of
crucial importance for some of the propositions and proofs below. In SectionB7
we will present a way to lift this restriction.

The following is the de nition of |S rensen and Gluck [1999, which adapts the
pure homeomorphic embedding of [Dershowitz and Jouannaud [199(] by adding a
rudimentary treatment of variables.

ACM Transactions on Programming Languages and Systems, Vol. 20, No. 1, January 1998.



Controlling Generalizationand Polyvaiance 233

De nition 4.4.2 ( ). The (pure) homeomorphic emtedding relation  on ex-
pressionsis de ned inductiv ely as follows:

(1) X Y for all variables X ;Y
(2) s f(ty;:::;ty) if s t; for somei
(3) f(sy1;::i58n) f(tyyiinty)if8i2fl:::;ng: s .

Example 4.4.3. Wehavethat p(a) p(f (a)), X X, p(X) p(f(Y)), p(X;X)
P(X;Y), and p(X;Y)  p(X;X).

Pr oposition 4.4.4. The relation is a WQO on the set of expressionsover a
nite alphaket.

Pr oof. Seeelectronic AppendixDl O

The intuition behind De nition EZ3 is that when some structure reappears
within alarger one, it is homeomorphicallyembeddedby the latter. As is arguedby
Marlet [1994 and |S rensen and Gleck [1995, this provides a good starting point
for detecting growing structures created by possibly nonterminating processes.

However, as can be obsened in Example EZ3 the homeomorphic embedding
relation asde ned in De nition EZZ s rather crude with respect to variables.
In fact, all variables are treated asif they werethe samevariable, a practice which
is undesirablein a logic programming context. Intuitiv ely, in the above example,
p(X;Y) p(X;X) is acceptable,while p(X;X) p(X;Y) is not. Indeed p(X;X)
can be seenas standing for something like and(eqX;Y);p(X;Y)), which clearly
embedsp(X;Y), but the reversedoesnot hold.

To remedy the problem (as well as another one related to the msg which we
discusslater), we re ne the above intro duced homeomorphicembedding as follows:

De nition 4.4.5 (). Let A; B be expressions.Then B (strictly homeomorphi-
cally) emteds A, written as A B, if and only if A B and A is not a strict
instance of B.

Example 4.4.6. We now still havethat p(X;Y) p(X;X) but not p(X;X)
p(X;Y). Note that still X Y and X X.

An alternate approach might be basedon numbering variables using somemap-
ping #( :) and then stipulating that X # Y if and only if #( X) #(Y). For
instance Marlet {1994 proposesa de Bruijn numbering of the variables. Sud an
approadh, however, has a somewhat ad hoc avor to it. Take for instance the
terms p(X;Y;X), and p(X;Y;Y). Neither term is an instance of the other and
we thus have p(X;Y;X) p(X;Y;Y) and p(X;Y;Y) p(X;Y;X). Depend-
ing on the particular numbering we will have either p(X;Y;X) 6 # p(X;Y;Y) or
p(X;Y;Y) 6 #p(X;Y;X), while there is no apparert reasonwhy one expression
should be consideredsmaller than the otherH

9Marlet [1994] also proposesto consider all possible numberings, but (leading to n! complexity,
where n is the number of variables in the terms to be compared). It is unclear how such a relation
compares to of De nition EZ3
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Theorem 4.4.7. The relation is a well-quasi relation on the set of expres-
sions over a nite alphalet.

Pr oof. Seeelectronic Appendix[El O

Obsene that is not a WQO becauseit is not transitive. We now extend
the embedding relation of De nition EEZ3to characteristic atoms. Notice that the
relation is not a WQR on characteristic trees, even in the context of a given
xed program P. Take for example the in nite sequenceof characteristic trees
depicted in Figure @ None of thesetreesis an instance of any other tree.

Oneway to obtain aWQR isto rst de ne aterm represenation of characteristic
trees and then apply the embedding relation to this term represenation.

De nition 4.4.8 (d:e). By d.e we denote a total mapping from characteristic
treesto terms (expressiblein some nite alphabet) sud that

| 1 2) die dze(ie., deis strictty monotonic) and
| die dye) msg 1; 2) is de ned.

The conditions of De nition HLZg are essetial for the termination of a Algo-

rithm E&7
The following proposition establishesthat such a mapping d:e actually exists.

Pr oposition 4.4.9. A function d.e satisfying De nition [.4.g exists.
Pr oof. Seeelectronic Appendix O

From now on, we x d.eto be a particular mapping satisfying De nition EEZ3
The mapping developed in Appendix [Gl is actually a good candidate, as it has
the desirable property that the structure of a characteristic tree is re ected in
the treestructure of the term d e, thus ensuringthat the usefulnessof  for spot-
ting nonterminating processege.g., seeMarlet [1994]) carriesover to characteristic
trees.

De nition 4.4.10 ( .,). Let (A1; 1);(Az; 2) be characteristic atoms. We say
that (Az; 2) emteds (A1; 1), denotedby (A1; 1) o (A2; 2), ifandonlyif A; Ay
andd ;e de

Pr oposition 4.4.11. Let A" be a set of P-characteristic atoms. Then , is a
well-quasi relation on A.

Pr oof. Seeelectronic AppendixDl O

4.5 GlobalTreesand Chaacteristic Atoms
In this section, we adapt and instantiate the m-tree concept preserted by [Martens
and Gallagher [1995] accordingto our particular needsin this article.

De nition 4.5.1 (Global Treg). A glokal tree p for a program P is a ( nitely
branching) tree where nodes can be either marked or unmarked, and where eath
node carries a label which is a P -characteristic atom.

In other words, a node in a global tree p lookslike (n; mark; CA), wheren is the
node identi er, mark an indicator that can take the valuesm or u, designating
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whether the node is marked or unmarked, and the P -characteristic atom CA is the
node'slabel. Informally, a marked node correspondsto a characteristic atom which
has already beentreated by the partial deduction algorithm.

In the sequel, we consider a global tree  partially ordered through the usual
relationship betweennodes: ancestor_.node > descendentnode. Given a node
n2 , wedenoteby Anc (n) the setofits ancestornodes(including itself).

We now introduce the notion of a global tree being well-quasi-ordered,and we
subsequetly prove that it provides a su cien t condition for niteness. Let p be
a global tree. Then we henceforth denote asLbl _ the set of its labels. And for a
givennode n in atree , we referto its label by Ibl,.

De nition 4.5.2 (Lakel Mapping). Let be a global tree. Then we de ne its
asseiated lakel mappingf asthe mappingf :( ;> )! (Lbl ; ;) sud that
n 7! Ibl,. f will be called quasi-monotonic if and only if 8n;;n; ny > ny )
Ibln, 6 4lbln,.

De nition 4.5.3. A global tree is well-quasi-ordered if f is quasi-monotonic.

Theorem 4.5.4. A glokal tree is nite if it is well-quasi-ordered.

Pr oof. Assumethat is not nite. Then it contains (Konig's Lemma) at
least one innite branch n; > n, > .... Consider the corresponding in nite
sequencef elemens Ibl,, ;Ibly,;::: 2 Lbl ; .. From Proposition EEZT]J, we know
that ., is WQR on Lbl , and therefore there must exist Ibly, ;Ibly, ;i < j in the
above-mertioned sequencesud that Ibl,, ., Ibly, . But this implies that f is not
guasi-monotonic. [

4.6 A Tree-BasedAlgorithm

We now presert the actual re ned partial deduction algorithm where global cortrol
is imposedthrough characteristic atoms in a global tree.

Please note that the algorithm is parametrized by an unfolding rule U, thus
leaving the particulars of the local control unspecied. As for Algorithm 23
we needthe notation chatom(A; P;U) (seeDe nition BZ7). Also, without loss of
generality, we supposethat the initial goal contains just a single atom (otherwise
we get a global forest instead of a global tree).

Algorithm 4.6.1 (Partial Deduction with Glokal Trees).

Input: a normal program P and goal A
Output:  a set of characteristic atoms A
Initialization: =1L u (A A)g;
while  contains an unmarked leaf do
let n be such an unmarked leafin : (n; u; (An; a,));

mark n;
B := fchatom(B;P;U) jB 2 leavese (An; a,)0;
while B 6 ; do

selectCAg 2 B; remove CAg from B;
if = fCAc 2 Anc (n)jCAc ., CAsg=; then
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add (ng;u;CAg) to asachild of n;
else if ®CAp 2 Lbl sud that CAp s CAg then
add msg(H' [ fCAgQ) to B;
end while
end while

return A := Lbl

As in, for example,Gallagher [1993 and [Martens and Gallagher [1995 (but un-
like Algorithm BZ3), Algorithm EG doesnot output a specialized program, but
rather a set of (characteristic) atoms from which the actual code can be generated
in a straightforward way. Most of the algorithm is self-explanatory, exceptperhaps
the inner while -loop. In B, all the characteristic atoms are assenbled, correspond-
ing to the atoms occurring in the leavesof the SLDNF-tree built for A, according
to a,. Elemens of B are subsequetly inserted into  as (unmarked) child nodes
of L if they do not embed the label of n or any of its ancestornodes. If one does,
and it is a variant of n's label or that of another node in , then it is simply not
addedto . (Note that onecanchangeto an instancetest by simply replacing ca
by a.) Finally, if a characteristic atom CAg 2 B doesembed an ancestorlabel,
but there is no variant to be found in , then the most speci ¢ generalizationM of
CAg and of all embedded ancestorlabels H is reinserted into B. The latter case
is of coursethe most interesting: simply adding a node labeled CAg would violate
the well-quasi ordering of the tree and thus endangertermination. Calculating the
msg M (which always exists by the conditions of De nition EEZ8) and trying to
add it instead securesniteness, as proven below, while trying to presere as much
information as seemspossible (seehowever SectionsiZd and [§).

We obtain the following theorems:

Theorem 4.6.2. Algorithm B6-]] always terminates.

Pr oof. Upon ead iteration of the outer while -loop in Algorithm EGBT exactly
onenodein is marked, and zeroor more (unmarked) nodesare addedto . More-
over, Algorithm ELE never deletesa node from , neither doesit ever \unmark"
a marked node. Hence,sinceall branchings are nite, nontermination of the outer
while -loop must result in the construction of an in nite branch. It is therefore suf-
cient to arguethat the inner while -loop terminates and that after every iteration
of the outer loop, is a WQO global tree.

First, this holds after initialization. Also, obviously, a global tree will be con-
verted into a new global tree through the outer while -loop. Now, a while-iteration
adds zeroor more, but nitely many, child nodesto a particular leaf n in the tree,
thuscreating a ( nite) number of new branchesthat are extensionsof the old branch
leadingto n. We provethat on all of the new branches,f is quasi-monotonic. The
branch extensionsare actually constructed in the inner while -loop, at most onefor
every elemert of B. So, let ustake an arbitrary characteristic atom CAg 2 B; then
there are three casesto consider:

(1) Either CAg doesnot embed any label on the branch up to (and including) n.
It is then addedin a fresh leaf. Obviously, f will be quasi-monotonic on the
newly created branch.
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(2) Or somesud label is embedded, but there is also a variant (or more general
respectively, in casean instancetest is used) label already in somenode of the
tree . Then, no corresponding leaf is inserted in the tree, and there is nothing
left to prove.

(3) Or, nally, somelabels on the branch are embedded, but no variants (or more
generalcharacteristic atoms respectively) are to be found in . We then calcu-

it embeds. In that case,M must be strictly more generalthan CAg. Indeed,
if M would be a variant of CAg then CAg must be more generalthan all the
elemerts in H (by property of the msg), and evenstrictly more generalbecause
no label was found of which it was a variant (or instance respectively). This

is in contradiction with the de nition of , Which requires that ead L; is
not a strict instance of CAg for L; CAgp to hold. (More precisely given
Li = (Aj; ) and CAg = (Ag; B), Li CAg implies that A; is not a strict

instance of Ag and that d jeis not a strict instance of d g € the latter implies,
by strict monotonicit of d:g, that ; is not a strict instance of g, and thus
by De nition E37T2we have that L; is not a strict instance of CAg.) Soin

this step we have not modi ed the tree (and it remains WQO), but replaced
an atom in B by a strictly more general one, which we can do only nitely

many timesf4 and thus termination of the inner while -loop is ensured(as in

the other two casesabove an elemert is removed from B and none are added).
Note that, when using the relation instead of , M would not necessarily
be more generalthan CAg, i.e., the algorithm could loop. For example, take
a global tree having the single node (p(X;X); ) and where we try to add
B = f(p(X;Y); )g. Now we have that p(X;X) p(X;Y), and we calculate

msg(f (p(X; X); ); (p(X3Y); )g) = (p(X;Y); ).
We have thus establishedtermination of Algorithm &1 O

Theorem 4.6.3. Let P be a program, input to Algorithm @.6.1] and let A" ke the
correspnding set of characteristic atoms produced as output. Then A is P-covered.

Pr oof. First, it is straightforward to prove that throughout the execution of
Algorithm EB any unmarked node in  must be a leaf. It therefore su ces to
show, becausethe output contains only marked nodes, that after ead iteration
of the outer while -loop, only unmarked leavesin  possibly carry a noncovered
label 3 Trivially , this property holds after initialization. Now, in the outer while -
loop, one unmarked leaf n is selectedand marked. The inner while -loop then
precisely proceedsto incorporate (unmarked leaf) nodesinto  such that all leaf
atoms of n's label are concretizations of at least one label in the new, extended

O

The correctnessof the specialization now follows from Theorem B34

10The algorithm would also terminate if we only pick one such label at every step.

11 Note that the proof also goes through if d:e is not strictly monotonic, but just satis es that
whenever ; is a strict instance of g then {6 5.

12seefor example Lemma [C2in electronic App endix [Cl

BThat is, a label with at least one leaf atom (in P) that is not a concretization of any label in
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4.7 Further Discussion

One might wonder whether, in a setting where the characteristic atoms are struc-
tured in a global tree, it would not be sucient to just test for homeomorphic
embedding on the atom part. The intuition behind this would be that a growth
of the structure of an atom part would, for reasonableprograms and unfolding
rules, lead to a growth of the assaiated characteristic tree aswell|so, using char-
acteristic trees for deciding when to abstract would actually be super uous. For
instance, in Example I we obsene that rev(L; [J; R) rev(T;[H];R) and, in-
deed,for the corresponding characteristic treesdfhl: 1i; hl: 2;1: 3ige  dfhl: 1i;
hl: 2;1:4;1: 3ige holds. Nonethelessthe intuition turns out to be incorrect. The
following examplesillustrate this point.

Example 4.7.1. Let P bethe following normal program searding for paths with-
out loops:

(1) path(X;Y;L) : memker(X;L);arc(X;Y)

(2) path(X;Y;L) : memker(X;L);arc(X;Z);path(Z;Y;[X]jL])

(3) arc(a;b)

(4) arc(b;a)

(5) memker(X;[X]|T])

(6) memker(X;[YjT]) memker(X;T)

Let A = path(a;Y;[]) and B = path(a;Y;[b;a]), and let U be an unfolding rule
basedon (i.e., only allow the selectionof an atom if it doesnot embed a covering
ancestor). The SLDNF-tree accordingly built for A is depicted in Figure[@ B
occursin a leaf (A B) and will hencedescendfrom A in the global tree. But
the (term represeration of) the characteristic tree o = fh1l:1;1: memker;1: 3i;
hl : 2;1: memker;1 : 3;1:21,1: memker;1: 4i; hl : 2;1 : memker;1 : 3;
1:2;1: memter;1: 4ig is not embeddedin (the represenation of) g = ;, and no
dangerfor nontermination exists (more structure resulted in this casein failure and
thus lessunfolding). A method basedon testing only on the atom componert
would abstract B unnecessarily

Example 4.7.2. Let P be the following de nite program:
(1) path([N])
(2) path([X;Y]T])  arc(X;Y);path([Y|T])
(3) arc(a;b)

Let A = path(L). Unfolding A (using an unfolding rule U basedon ) will
result in lifting B = path([bjT]) to the global level. The characteristic trees are

| a=fhl:1i;h:2;1:3ig, and
| s = fhl:lig.
Again, A B holds,but notd pe dge

In recert experimerts, it alsoturned out that characteristic trees might be a vital
assetwhentrying to solvethe parsing problem [Martens 1994, which appearswhen
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Fig. 9. SLDNF-tree for Example EEZT
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unfolding metainterpreters with nontrivial object programs. In such a setting a
growing of the syntactic structure alsodoesnot imply a growing of the characteristic

tree.

Example 4.7.3. Take the vanilla metainterpreter with a simple family database

at the object level:

(1) solve(empty)

(2) solve(A&B) solveg(A); solveg(B)

(3) solvg(A) clausg(A; B);solve(B)

(4) clausganc(X;Y);parent(X;Y))

(5) clausgqanc(X;Z);parent(X;Y)&anc(Y;Z2))
(6) clausgparent(peter; paul); empty)

(7) clausgparent(paul; mary); empty)

Let A = solve(anc(X;Z)) and B = solvg(parent(X;Y)&anc(Y;Z)). We have A

B and without characteristic treesthesetwo atomswould be generalized(supposing
that both theseatoms occur at the global level) by their msg solve(G). If however,
we take characteristic treesinto accourt, we will notice that the object-level atom
anc(Z; X ) within A hasmore solutions than the object-level atom anc(Y;Z) within
B (becausein the latter oneY will getinstantiated through further unfolding), i.e.,
the characteristic tree of B does not embed the one of A, and no unnecessary

generalization will occur. Seealso[Vanhoot and Martens [1997).

Returning to the global control method aslaid out in Sectiond, one can obsene
that a possibledrawbadk might be its considerablecomplexity. Indeed, rst, en-
suring termination through a well-quasirelation or order is structurally much more
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costly than the alternativ e of using a well-founded ordering. The latter only re-
quires comparisonwith a single\ancestor" object and can be enforcedwithout any
seard through \ancestor lists" (see|Martens and De Schreye [199€]). Testing for
well-quasi-ordering, however, unavoidably doesentail such searding and repeated
comparisonswith seweral ancestors. Moreover, in our particular case,cheking
on characteristic atoms is in itself a quite costly operation, adding to the innate
complexity of maintaining a well-quasi-ordering. But as the experiments in Sec-
tion B shaw, in practice, the complexity of the transformation doesnot seemto be
all that bad, especially sincethe experiments werestill conductedwith a prototype
which was not yet tuned for transformation speed.

As already mertioned earlier, the partial deduction method of |Gallagher [199]]
was extended by [de Waal [1994 by adorning characteristic trees with a depth-k
abstraction of the corresponding atom componert. This was done in order to
increasethe amourt of polyvariancesothat a (monovariant) postprocessingabstract
interpretation phase (detecting uselessclauses)can obtain a more precise result.
However, this k parameter is of course yet another ad hoc depth bound. Our
method is free of any sudh bounds and (without the SectionEL8 postprocessing)
neverthelessobtains a similar e ect.

The above correspondsto adding extra information to characteristic trees. Some-
times, however, characteristic trees carry too much information, in the sensethat
di er ent characteristic trees can represen the same local specialization behavior.
Indeed characteristic trees also encade the particular order in which literals are se-
lected and thus do not take advantage of the independenceof the computation rule.
A quite simple solution to this problem exists: after having performedthe local un-
folding we just have to normalize the characteristic trees by imposinga xed (e.g.,
left-to-right) computation rule and delaying the selectionof all negative literals to
the end. The results and discussionsof this article remain valid, independertly of
whether this normalization is applied or not. A similar e ect canbe obtained, in the
context of de nite programs, via the trace terms of (Gallagher and Lafave [199€].

Algorithm E67 can also be seenas performing an abstract interpretation on an
in nite  domain of in nite height (i.e., the ascendingchain condition of [Cousof and
Cousot [1992] is not satis ed) and without a priori limitation of the precision
(i.e., if possible,we do not perform any abstraction at all and obtain simply the
concrete results). Very few abstract interpretations of logic programs use in -
nite domains of in nite height (some notable exceptions are |Bruynooghe[199]],
Janssensand Bruynooghe[1997Z), and Heintze [1997), and to our knowledgeall of
them have somea priori limitation of the precision, at leastin practice. An adapta-
tion of Algorithm EEE, with its non ad hoc termination and precisegeneralizations,
may provide a good starting point to intro duce similar featuresinto abstract inter-
pretation methods, where they can prove equally bene cial.

Next, there is an interesting relation betweenthe cortrol techniques presened
in this article and current practice in supercompilation [Gluck and S rensen 1996
S rensen and Gluck 1995 [Turchin 1986 [Turchin 198§. We already pointed out
that the inspiration for using derivesfrom [Marlet [1994 and|S rensen and Gluck
[I999. In the latter, a generalization strategy for positive supercompilation (no
negative information propagation while driving) is proposed. It uses to compare
nodesin a marked partial processtree: a notion originating from [GIack and Klimo v
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[T99] and corresponding to global treesin partial deduction. Thesenodes,however,
only contain syntactical information corresponding to ordinary atoms (or rather
goals; seeSection@). It is our current understanding that both the addition of
something similar to characteristic trees and the use of the re ned embedding
can lead to improvemerts of the method proposedby |S rensen and Gluck [1994.
It is also interesting to return to an obsenation already made in Section 4 of
Martens and Gallagher [1995: neighborhoods of order \n,” forming the basis for
generalization in full supercompilation [Turchin 198§, are essetially the sameas
classesof atoms or goalswith an identical depth-n characteristic tree. Adapting
our technigue to the supercompilation setting will therefore allow us to remove the
depth bound on neighborhoods.

Finally, we conjecture that the techniques presered in this article can fruitfully
be adaptedto deal with program specialization and transformation in various other
settings. Indeed, partial evaluation of functional-logic programs [Alpuente et al.
1996 [1997 [Lafave and Gallagher 1997 already featuresthe use of homeomorphic
embedding and m-trees[Martens and Gallagher 1995. On the other hand, the gen-
eralization strategy aswell asthe generation of polyvarianceremainsentirely based
on syntactic structure of the manipulated expressions.Taking into accourt compu-
tational behavior, asthrough characteristic trees or neighborhoods, will probably
allow signi cant improvemerts.

Similarly, on-lind4 partial evaluation of full Prolog programs [Prestwich 1992k
Sahlin 1997 [Sahlin 1997, constraint logic programs[Smith 1997 [Smith_and Hickey
1990, functional programs [Sperber 1996¢ Weiseet al. 1997], and indeed program
transformation in general [Bossiefal. 1990 [Burstall and Darlington 197%
Futamura_et al. 1997; [Pettorossi and Proietti 1994 Wadler 199 is likely to ben-
et from adapted versionsof our techniques for ensuring termination, performing
generalization, and determining polyvariance. A further investigation of these con-
jectures will be the subject of future work. We can, howewer, already point out
that our methods were successfullyadapted to automatically cortrol the recertly
dewveloped conjunctive partial deduction (seeSection@).

4.8 Further Improvements

Unlik e ecologicalpartial deduction aspreserted in SectionZ4, Algorithm EB will
obviously often output seweral characteristic atoms with the same characteristic
tree (each giving riseto a di erent specializedversionof the sameoriginal predicate
de nition). Such \duplicated" polyvariance is however super uous (in the context
of simply running the resulting program) when it increasesneither local nor global
precision. As far as preservinglocal precisionis concerned,matters are simple: one
procedure per characteristic tree is what you want. The caseof global precision
is slightly more complicated: generalizingatoms with identical characteristic trees
might lead to the occurrenceof more generalatoms in the leavesof the assciated
local tree. In other words, we might loose subsequeh instantiation at the global
level, possibly leading to a di erent and lesspreciseset of characteristic atoms.

14part of our techniques might also be useful in an o -line setting. For instance, one can imagine
o-line partial evaluation which memoizes not (only) syntactic structure but (also) the computa-
tional behavior of expressions (see|Gallagher and Lafave [1996] for a rst step in that direction).
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The polyvariance-reducingpostprocessingthat we proposein this section there-
fore avoids the latter phenomenon.In order to obtain the desirede ect, it basically
collapsesand generalizesseweral characteristic atoms with the same characteristic
tree only if this doesnot modify the global specialization. To that end we number
the leaf atoms of eadh characteristic atom and then label the arcs of the global tree
with the number of the leaf atom it refersto. We alsoadd arcsin casea leaf atom is
avariant of another characteristic atom in the tree and hastherefore not beenlifted
to the global level. We thus obtain a lakeled glokal graph. We then try to collapse
nodes with identical characteristic trees using the well-known algorithm for mini-
mization of nite-state automata [Aho et al. 1986 [Hopcroft and Ullman 1979: we
start by putting all characteristic atoms with the samecharacteristic tree into the
sameclass,and subsequetly split theseclassesf corresponding leaf atomsfall into
di erent classes.As stated by [Hopcroft and Ullman [1979, the complexity of this
algorithm is O(kn?), where n is the maximum number of states (in our casethe
number of characteristic atoms), and k is the number of symbols (in our casethe
maximum number of leaf atoms).

The following example illustrates the use of this minimization algorithm for re-
moving super uous polyvariance.

Example 4.8.1. Let us return to the memker program of Example 233 aug-
mented with one additional clause:

(1) memker(X;[X]|T])
(2) memter(X;[YjT]) memter(X;T)
(3) t(T) memter(a;[a;b;c;djT]); memker(b;T)

Supposethat after executing Algorithm EE7 we obtain the following set of char-
acteristic atoms:

A = f(memter(b;L); ); (memker(a;[a;b;c;diT]); );
(memler (a;[b;c;diT]); 9; (memter(a;L); ), (t(T);fh1: 3ig)g
where = fhl: 1i;hl: 2ig and %= fhl:2;1: 2;1: 2ig. Depending on the
particular renaming function, a partial deduction of P with respect to A will look
like
mema;[a;b;c;d](T)
MeMg [abc:d(T)  MeMgpc.ay(T)
mema;[b;c;d](T) mema(T)
mema([ajT])
mem,([YjT]) memy(T)
memy([BT])
memp([YjT]) memy(T)
t(T)  memgapcdl(T); memp(T)
The labeledgraph versionof the corresponding global tree can be found in Figure [
Adapting the algorithm from |Aho et al. [198¢ and Hopcroft and Ullman [1979 to

our needs,we start out by generatingthree classeqone for eact characteristic tree)
of states:
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(memter(a;[a;b;c;djT]); ) — (t(T);fhl: 3ig)

#1
L#l
#2

(memter (a; [b;c;diT]); 9

I,)#l
(a;L); ) ]
#1

Fig. 10. Labeled global graph of Example EEBl before postprocessing.

(memter (memberib;L); )

#1

| Ci= f(memler(a;[a;b;c;djT]); );(memter(a;L); );
(memter(b;L); )g,

| Cz = f(memler(a;[b;c;diT]); 9g and

| Cs= f(t(T);thl: 3ig)g.

The classC; must be further split, becausethe state (memter(a;[a;b;c;djT]); )
has a transition via the label #1 to a state of C, while all the other states of
C1, (memker(a;L); ) and (memker(b;L); ), do not. This meansthat by actu-
ally collapsing all elemeris of C; we would lose subsequeh specialization at the
global level (namely, the pruning and precomputation that is performed within
(memter(a;[b;c;diT]); 9).

We now obtain the following 4 classes:

| Cp = f(memler(a;[b;c;diT]); 9a,

| Cs= f(t(T);fhl: 3ig)g,

| C4 = f(memler(a;[a;b;c;djT]); )gand

| Cs = f(memker(a;L); );(memter(b;L); )g.

The only classthat might be further split is Cs, but both states of Cs have tran-
sitions with identical labels leading to the sameclasses,.e., no specialization will
be lost by collapsing the class. We can thus generate one characteristic atom per
class (by taking the msg of the atom parts and keeping the characteristic tree
componert). The resulting, minimized program is

mema; [a;b;c;d](T)
MeMg [abc:d(T)  MeMgapc.ay(T)
meMa pca)(T)  memy(a;T)
memy (X; [X|T])
memy (OX;[YJT])  memy(X;T)
t(T)  memgapicai(T); memy(b;T)
A similar useof this minimization algorithm is made by Winsborough [1992 and

Puebla and Hermenegildo[1995. The former aims at minimizing polyvariance in
the context of multiple specialization by optimizing compilers. The latter, in a
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(memter(a;[a; b;c;djT]); ) — (t(T);fhl: 3ig)

#1
L#l
#2

(memter (a; [b;c;diT]); 9

I,)#l —

(member(.X;L); ) _

L

#1

Fig. 11. Labeled global graph of Example EEBl after postpro cessing.

somewhat di erent context, studies polyvariant parallelization and specialization
of logic programs basedon abstract interpretation.

One further possibility for improvemert lies in re ning the ordering relation

ca On characteristic atoms and the related msg operator, so that they more
precisely capture the intuitiv e, but uncomputable order basedon the set of con-
cretizations. Alternativ ely, one could try to use an altogether more accurate ab-
straction operator than taking an msg on characteristic atoms. For instance, one
can endea/or to extend the constraint-based abstraction operator proposed by
Leusdel and De Sdireye [199§ to normal programs and arbitrary unfolding rules.
This would probably result in a yet (slightly) more preciseabstraction, causinga
yet smaller global precision loss.

Finally, one might alsotry to incorporate more detailed e ciency and cost esti-
mates into the global cortrol, e.g., basedon the works of |[Debray and Lin [199,
Debray et al. [1994], and |Debray [1991], in order to analyze the trade-o between
improved specialization and increasedpolyvariance and code size.

5. EXPERIMENTAL RESUOS
5.1 Systems

In this sectionwe presert an implemertation of the ideasof the precedingsections,
aswell as an extensive set of experiments which highlight the practical bene ts of
the implementation.

The system which integrates the ideas of this article, called ECCE, is publicly
available [Leuschel 199€ and is actually an implementation of a genericversion of
Algorithm E67, which allows the advanceduserto changeand even implemert for
examplethe unfolding rule aswell asthe abstraction operator and nontermination
detection method. For instance, by adapting the settings of ECCE, one can obtain
exactly Algorithm EEE But one can also simulate a (global tree-oriented) version
of Algorithm 3 using depth boundsto ensuretermination.

All unfolding rules of ECCE were complemened by simple more speci ¢ resolu-
tion stepsin the style of SP [Gallagher 1997]. Constructive negation (seelChan and
Wallace [1989] and |Gurr [1994]) has not yet beenincorporated, but the selection
of ground negative literals is allowed. Postprocessingremaoval of unnecessarypoly-
variance, using the algorithm outlined in Section 8, determinate postunfolding,
and redundant argument ltering (seelLeustel and S rensen [199¢]) were enabled
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throughout the experiments discussedbelow.

The ECCE systemalso handlesa lot of Prolog built-ins, e.g.,=, is, <, =<, <,
>=, number, atomic, call, n==, n=. All built-ins are supposedto be declarative
and their selection delayed until they are su cien tly instantiated. The method
preseried earlier is extended by alsoregistering built-ins in the characteristic trees.
One problematic aspect is that, when generalizingcalls to built-ins which generate
bindings (like is/2 or =../2 but unlike >/2 or </2) and which are no longer exe-
cutable after generalization, thesebuilt-ins haveto be removed from the generalized
characteristic tree (i.e., they are no longer selected). With that, the concretization
de nition for characteristic atoms scalesup, and the technique will ensurecorrect
specialization. It should also be possibleto incorporate the if-then-else into
characteristic trees.

Also, the homeomorphicembedding relation  of De nition EEZ3A (and the rela-
tions and ., basedonit) hasto be adapted. Indeed, somebuilt-ins (like= ::=2
or is=2) can be usedto dynamically construct in nitely many new constarts and
functors, and thus is no longer a WQO. To remedy this, the constarts and func-
tors are partitioned into static, occurring in the original program and the partial
deduction query, and dynamic ones. (This approac is also used by |Sahlin [1997;
Sahlin [1993.) The set of dynamic constarts and functors is possibly in nite, and
wewill thereforetreat it likethe in nite setof variablesin De nition EEZZAby adding
the following rule to the ECCE system:

Some dynamic functors, which already have a natural WQR (or a well-founded
order, which can be turned into a WQR; e.g., seeLemma [EJl in Appendix [E)
assciated with them, might be treated in a more re ned way. For instance for
integerswe can de ne

i j if bothiandj areintegersandi j.

An evenmorere ned solution (not implemented for the current experiments) might
be basedon using the geneal homeomorphicembedding relation of |Kruskal [196(],
which can handle in nitely many function symbols provided that a WQO  on
the function symbols is givenE Furthermore, as proven by |Leusdel [19971], it is
possibleto perform the \not strict instancetest" for of De nition EEZ 3 not just
onceat the top but recursively within the structure of the expressions,leading to
the rule (as a replacemen of rule (3) of De nition EZ2):

f(s1;:::;5m) o(ty;:::;ty) if f gand 91 iy < ::ilip n sudc
of hty;:::;thi.

For further details we refer to |Leusdel [19971j.

We presert benchmarks using three di erent settings of ECCE, hereafter called
ECCE-d, ECCE-x-10, and ECCE-x. The settings ECCE-d and ECCE-x use Al-
gorithm ELB with a dierent unfolding rule, while ECCE-x-10 usesa (global

15A simple one might bef  gif both f and g are dynamic or if f = g.
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tree-oriented) version of Algorithm BZ3 with a depth bound of 10 on characteris-
tic treesto ensuretermination. We also include results for MIXTUS [Sahlin 1997
Sahlin 1993, PADDY [Presiwich 19927 [Prestwich 1992fj [Prestwich 1993 and SP
[Gallagher 1997 |Gallagher 1999, of which the following versions have been used:
MIXTUS 0.3.3,the versionof PADDY deliveredwith eclipse 3.5.1,and a version
of SP dating from Septenber 25, 1995.

Basically, the above-mertioned systemsusethe following two di erent unfolding
rules:

| \MIXTUS-like" unfolding: This is the unfolding strategy explained by Sahlin
[1997; 1999, which in generalunfolds deeply enoughto solve the \fully unfold-
able" problems@ but alsohassafeguardsagainstexcessie unfolding and code ex-
plosion. It requires,however, a number of ad hoc settings. (In the future, we plan
experiments with unfolding along the lines of Martens and De Schreye [199¢]
which is free of such elemens.) For instance,for ECCE-x and ECCE-x-10 we used
the settings (see/Sahlin [1993) max_rec = 2, max_depth = 2, maxf inite = 7,
maxnondeterm = 10 and only allowed nondeterminate unfolding when no user
predicateswere to the left of the selectedliteral. For MIXTUS and PADDY we
used the respective default settings of the systems. Note that the \MIXTUS-
like" unfolding strategies of ECCE, MIXTUS, and PADDY dier slightly from
ead other, probably due to some details not fully elaborated in |Sahlin [1993
and [Prestwich [1992¢ aswell asthe fact that the di erent global cortrol regimes
in uence the behavior of the \MIXTUS-lik e" local control.

| Determinate unfolding: Only (except once) select atoms that match a single
clausehead. The strategy is re ned with a \lo okahead" to detect failure at a
deeper level. This approach is usedby ECCE-d and SP. Note however that SP
seemsto employ a re ned determinate unfolding rule (as indicated for example
by the results for the benchmark depth.lam below).

Both of these unfolding rules actually ensurethat neither the number nor the
order of the solutions under Prolog execution are altered. Also, termination un-
der Prolog will be presened by these unfolding rules (termination behavior might
however be improved, asfor example loop;fail can be transformed into  fail).
For more details related to the presenation of (Prolog) termination we refer to
Proietti and Pettorossi [19914d, Bossiand Cocco [1994], and Bossi et al. [1995.

5.2 Experiments

The bendimark programs can be found in [Leustel [199€]; short descriptions are
presered in electronic Appendix [Bl In addition to the bencdhmarks by [Lam and
Kusalik [1990]|they contain a whole set of more involved and realistic examples,for
example, such asa model-elimination theorem prover and a metainterpreter for an
imperative language. For someof thesenew benchmark tasksit is impossibleto get
(big) speedupsithe goalof thesetasksconsistsin testing whether no pessimization,
code explosion or nontermination occurs.

For the experimentation, we tried to be asrealistic and practice-oriented as pos-
sible. In particular, we did not count the number of inferences,the cost of which

16 e., those problems for which normal evaluation terminates.

ACM Transactions on Programming Languages and Systems, Vol. 20, No. 1, January 1998.



Controlling Generalizationand Polyvaiance 247

varies a lot, or someother abstract measure, but the actual execution time and
size of compiled code. The results are summarizedin Tablesll and [, while the
full details can be found in TableslI V], and¥l Further details and explanations
about the bendhmark results are listed below:

| Transformation times (TT): The transformation times of ECCE and MIXTUS
include the time to write the specializedprogram to le. Time for SP doesnot,
and for PADDY we do not know. We briey explain the useof ? in the tables:

| ?, SP:this means\real" nontermination (basedupon the description of the
algorithm in |Gallagher [1991])

| ?, MIXTUS: heapover ow after 20 minutes

| ?, PADDY: thorough systemcrash after 2 minutes

In TableslI V], and M, the transformation times (TT) are expressedn seconds
while the total transformation time in Tablellis expressedn minutes (on a Sparc
Classicrunning under Solaris, exceptfor PADDY which for technical reasonshad

to be run on a Sun 4). Each system was executed using the Prolog system it

runs on: ProLog by BIM for ECCE, SICStus Prolog for MIXTUS and SP, and

Eclipse for PADDY). So, exceptwhen comparingthe di erent settings of ECCE,

the transformation times should only be usedfor a rough comparison.

| Relative run-times (RRT) of the specialized code: The timings are not obtained
via a loop with an overheadbut via special Prolog les, generatedautomatically
by ECCE. These les call the original and specialized programs directly (i.e.,
without overhead), at least 100 times for the respective run-time queries, using
the time=2 predicate of ProLog by BIM 4.0.120n a Sparc Classicunder Solaris.
Su cien t memory was given to the Prolog systemto prevernt garbagecollection.
Run-times in Tables[Il [l and [ are given relative to the run-times of the
original programs. In computing averagesand totals, the time and size of the
original program were taken in caseof nontermination (i.e., we did not punish
MIXTUS, PADDY, and SP for the nontermination). The total speedupsare
obtained by the formula

p "

n SPEC;

i=1 orig;
wheren is the number of benchmarks, and speg and orig; are the absolute exe-
cution times of the specializedand original programs respectively. The weighted
speedupsare obtained by using the code size size; of the original program as a

weight for computing the average:

n .

=1 SIZ&
n F Spec;
i=1 SIZ& orig;

In Tablell the column for \FU" holds the total speedupfor the fully unfoldable
benchmarks (seeelectronic Appendix [B) while the column for \Not FU" holds
the total speedupfor the benchmarks which are not fully unfoldable.

All timings were for renamed queries, except for the original programs and for
SP (which doesnot renamethe top-level query|this puts SP at a disadvantage
of about 10%in averagefor speed,but at an advantage for code size). Note that
PADDY systematically included the original program, and the specialized part
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Table I.  Short Summary of the Speedups

System Total Weighted Worst FU Not FU
Speedup  Speedup Speedup Speedup Speedup
ECCE-d 1.90 2.16 0.85 2.57 1.74
ECCE-x-10 2.13 2.23 0.79 7.07 1.71
ECCE-x 251 2.75 0.92 8.36 2.02
MIXTUS 2.08 2.48 0.65 8.13 1.65
PADD Y 2.08 2.31 0.68 8.12 1.65
SP 1.46 1.56 0.86 2.08 1.32
Table II.  Short Summary of the Code Size and Transformation Times
System Total Code Size Total TT
in KB in min
ECCE-d 166.69 2.64
ECCE-x-10 224.35 112.72
ECCE-x 135.91 2.70
MIXTUS 152.26 ?+2.49
PADD Y 196.19 ?+0.28
SP 182.02 3?7 +1.92

could only be calledin a renamedstyle. We removed the original program when-
ever possibleand added one clausewhich allows calling the specialized program
alsoin an unrenamedstyle (just like MIXTUS and ECCE). This possibility was
not usedin the benchmarks, but avoids distortions in the code size gures (with
respect to MIXTUS and ECCE).

| Sizeof the specialized code: The compiled code sizewas obtained via statistics= 4
and is expressedn units, where 1 unit = 4.08 bytes (in the current implementa-
tion of ProLog by BIM).

5.3 Analyzingthe Results

The ECCE-basedsystemsdid terminate on all examples,aswould be expected by
the results preserted earlier in the article. To our surprise however, all the existing
systems,MIXTUS, PADDY and SP, did not (properly) terminate for at least one
bendmark ead. (Apparently, a more recernt version of MIXTUS doesnot exhibit
this nontermination, but we have not beenable to verify this.) Even ignoring this
fact, the system ECCE-x clearly outperforms the others, for speed as well as for
code size, while having the best worst-caseperformance. Even though ECCE is
still a prototype, the transformation times are reasonableand usually closeto the
onesof MIXTUS. ECCE can certainly be speededup considerably maybe even by
using the ideasof|Prestwich [1993 which help PADDY to be (except for oneglitch)
the fastest systemoverall.

Note that even the system ECCE-x-10 has a better total speedupthan earlier
systems. Its transformation times, weighted speedup, and size of the specialized
code are not so good. Also note that for some benchmarks the depth bound of
10 wastoo shallow (e.g., relative) while for others it wastoo deepand resulted in
excessie transformation times (e.g., model-elim.app). But by remaoving the depth
bound (ECCE-x) we increasethe total speedupfrom 2.13to 2.51(and the weighted
speedup from 2.23to 2.75) while decreasingthe size of the specialized code from
235KB down to 142KB. Also the total transformation time drastically decreasedy
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Table Ill. Detailed Results for ECCE-x-10 and ECCE-x
ECCE-x-10 ECCE-x

Benchmark RRT Size TT RRT Size TT
advisor 0.32 809 101 031 809 0.78
contains.kmp 0.80 1974 1153 0.09 685 4.48
depth.lam 0.06 1802 225 0.02 2085 191
doubleapp 0.95 216 059 0.95 216 0.53
ex_depth 0.32 350 1.73 0.32 350 1.58
grammar.lam 0.14 218 227 014 218 1.90
groundunify.complex  0.53 4511 29.10 0.53 4800 0.75
groundunify .simple 0.25 368 0.83 0.25 368 22.03
imp erativ e.power 0.56 1578 18.14 054 1578 27.42
liftsolv e.app 0.53 4544 16.70 0.06 1179 6.57
liftsolv e.dbl 0.02 2767 22.15 0.02 1326 7.33
liftsolv e.db2 0.47 11303 15494 0.61 4786 34.25
liftsolv e.Imkng 1.02 2385 344 102 2385 2.75
map.reduce 0.08 348 0.84 0.08 348 0.86
map.rev 0.13 427 1.02 011 427 0.89
match.kmp 0.70 669 1.24 0.70 669 1.23
memo-solve 1.26 2033 1056 1.09 2241 4.31
missionaries 1.03 2927 26.67 0.72 2226 9.21
model_elim.app 0.42 6092 5864.28 0.13 532 3.56
regexp.rl 0.29 435 6.77 0.29 435 0.98
regexp.r2 0.43 1373 8.63 0.51 1159 4.87
regexp.r3 0.48 2041 10.82 0.42 1684 14.92
relativ e.lam 0.02 709 506.89 0.00 261 4.06
rev_acctype 0.99 2188 22.95 1.00 242 0.83
rev_acc._type.in alil 0.55 1503 21.47 0.60 527 0.80
ssuply.lam 0.14 426 7.84 0.06 262 1.18
transpose.lam 0.18 2312 8.75 0.17 2312 1.98
Average 0.47 2085 25050 0.40 1263 6.00
Total 12.67 56308 6763.41 10.75 34177 161.96
Total Speedup 2.13 2.51

Weighted Speedup 2.23 2.75

a factor of 42. This clearly illustrates that getting rid of the depth bound is a very
good idea in practice.

The di erence between ECCE-d and ECCE-x in the resulting speedupsshows
that determinate unfolding, at least in the context of standard partial deduction,
is in generalnot su cien t for fully satisfactory specialization (seealso Section[g).
The \MIXTUS-lik e" unfolding seemsto be a good compromisefor standard partial
deduction.

The weighted speedup of ECCE-x is 2.75, and the speedupfor the fully unfold-
able benchmarks is 2.02, i.e., by partial deduction we were able to (more than)
halve execution times. Compared to speedupsthat are usually obtained by low-
level compiler optimizations, these gures are extremely satisfactory. Taken on its
own, however, these gures might look a bit disappointing asto the potential of
partial deduction. But, as already mertioned, for somebendimark tasksiit is im-
possibleto get signi cant speedups. Also, partial deduction is of coursenot equally
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Table IV. Detailed Results for ECCE-d and SP

ECCE-d SP

Benchmark RRT Size TT RRT Size TT

advisor 0.47 412 0.79 0.40 463  0.29
contains.kmp 0.83 1363 290 0.75 985 1.13
depth.lam 0.94 1955 153 0.53 928 0.99
doubleapp 0.98 277 061 1.02 160 0.11
ex_depth 0.76 1614 278 0.27 786 1.35
grammar.lam 0.17 309 192 0.15 280 0.71

groundunify.complex  0.40 9502 25.04 0.73 4050 2.46
groundunify .simple 0.25 368 0.78 0.61 407 0.20

imp erativ e.power 0.37 2401 61.28 0.97 1706 6.97
liftsolv e.app 0.06 1179 542 023 1577 2.46
liftsolv e.db1 0.01 1280 1295 0.82 4022 3.95
liftsolv e.db2 0.17 4694 1495 0.82 3586 3.71
liftsolv e.Imkng 1.07 1730 1.70 116 1106 0.37
map.reduce 0.07 507 0.84 0.09 437  0.23
map.rev 0.11 427 0.88 0.13 351 0.20
match.kmp 0.73 639 1.17 1.08 527 0.49
memo-solve 117 2318 422 115 1688 3.65
missionaries 0.81 2294 431 0.73 16864 82.59
model_elim.app 0.63 2100 2.83 { { ?
regexp.rl 0.50 594 129 054 466  0.37
regexp.r2 0.55 629 1.29 1.08 1233 0.67
regexp.r3 0.50 828 1.74 1.03 1646  1.20
relativ e.lam 0.82 1074 192 0.69 917 0.35
rev_acc.type 1.00 242 0.70 { { ?
rev_acc_type.in ail 0.60 527 0.71 { { ?
ssuply.lam 0.06 262 1.18 0.06 231 052
transpose.lam 0.17 2312 256 0.26 1267 0.52
Average 0.53 1550 586 0.68 1903 4381
Total 14.19 41837 158.29 18.48 45683 115.5
Total Speedup 1.90 1.46

Weighted Speedup 2.16 1.56

suited for all tasks; but for those tasks for which it is suited, partial deduction can
be even much more worthwhile. For instance for the benchmarks model_elim.app,
liftsolve.app, and liftsolve.dbl|whic h exhibit interpretation overhead|ECCE-x

obtains speedupfactors of about 8, 17, and 50 respectively. Getting rid of higher-
order overheadalso seemshighly bene cial, yielding about one order of magnitude
speedup. Another areain which partial deduction might be very worthwhile is in
handling overly generalprograms, e.g., getting rid of unnecessaryintermediate vari-
ablesor making use of the hidden part of abstract data types. Howewver, suc opti-
mizations require a more powerful partial-deduction framework. Sud a framework
is provided in [Leushel et al. [199€, |Gluck et al. [199¢], and |Leustel [19974, and
Jrgensen et al. [199€] show that the techniques elaborated in the presen article
carry over to that context, leading to further improvemerts over prior techniques.
So, given the dicult y of the benchmarks (and the worst-caseslowdown of only
8%), the speedup gures are actually very satisfactory, and we conjecture that it
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Table V. Detailed Results for MIXTUS and PADD Y

MIXTUS PADD Y

Benchmark RRT Size TT RRT Size TT

advisor 0.31 809 085 0.31 809 0.10
contains.kmp 0.16 533 248 0.11 651 0.55
depth.lam 0.04 1881 4.15 0.02 2085 0.32
doubleapp 1.00 295 030 0.98 191 0.08
ex_depth 0.40 643 240 0.29 1872 0.53
grammar.lam 0.17 841 273 043 636 0.22

groundunify.complex  0.67 5227 11.68 0.60 4420 1.53
groundunify .simple 0.25 368 045 0.25 368 0.13

imp erativ e.power 057 2842 535 058 3161 2.18
liftsolv e.app 0.06 1179 478 0.06 1454 0.80
liftsolv e.db1 0.01 1280 5.36 0.02 1280 1.20
liftsolv e.db2 0.31 8149 58.19 0.32 4543 1.60
liftsolv e.Imkng 1.16 2169 489 0.98 1967 0.32
map.reduce 0.68 897 0.17 0.08 498 0.20
map.rev 0.11 897 0.16 0.26 2026 0.37
match.kmp 1.55 467 489 0.69 675 0.28
memo-solve 0.60 1493 12.72 148 3716 1.70
missionaries { { ? { { ?
model_elim.app 0.13 624 573 0.10 931 0.90
regexp.rl 0.20 457 0.73 0.29 417 0.13
regexp.r2 0.82 1916 285 0.67 3605 0.63
regexp.r3 0.60 2393 449 126 10399 1.35
relativ e.lam 0.01 517 7.76  0.00 517 0.42
rev_acc.type 1.00 497 0.99 0.99 974 0.33
rev_acc.type.in ail 0.97 276 077 0.94 480 0.28
ssuply.lam 0.06 262 093 0.08 262 0.08
transpose.lam 0.18 1302 3.89 0.18 1302 0.43
Average 0.48 1470 576 0.48 1894 0.64
Total 13.00 38214 149.7 12.96 49239 16.7
Total Speedup 2.08 2.08

Weighted Speedup 2.48 231

will be bene cial to integrate the techniques, developed above, into a compiler.

In conclusion,the ideaspreserted in this article do not only make sensen theory
on accouns of elegance,generality, precision, and termination, but they also pay
0 in practice. The resulting specializer improves signi cantly upon earlier work
with respect to speedand size of the specialized programs.

6. CONCLUSIONAND FUTURE WORK

In the rst part of this article we have preseried a new framework and a new
algorithm for partial deduction. The framework and the algorithm can handle
normal logic programsand place no restrictions on the unfolding rule. We provided
generalcorrectnessresults for the framework aswell as correctnessand termination
proofs for the algorithm. Also, the abstraction operator of the algorithm presenes
the characteristic trees of the atoms to be specialized and ensurestermination
(when the number of distinct characteristic trees is bounded) while providing a
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ne-grained cortrol of polyvariance. All this is achieved without using constraints
in the partial deduction process.

In the secondpart of the article, we have rst identied the problems of im-
posing a depth bound on characteristic trees (or neighborhoods for that matter)
using somepractical and realistic examples. We have then developed an even more
sophisticated on-line global cortrol technique for partial deduction of normal logic
programs. Importing and adapting m-trees of Martens and Gallagher [1995, we
have overcomethe needfor a depth bound on characteristic treesto guarantee ter-
mination of partial deduction. Plugging in a depth-bound-freelocal cortrol strategy
(seeBruynoogheet al. [1992 and [Martens and De Schreye [199€]), we thus obtain
a fully automatic, concrete partial-deduction method that always terminates and
producespreciseand reasonablepolyvariance, without resorting to any ad hoc tech-
nigues. To the best of our knowledge, this is the very rst such method. Moreover,
we beliewe it to be useful for on-line partial evaluation and transformation in other
programming paradigms as well (cf. SectionE1).

Along the way, we have de ned generalization and embedding on characteris-
tic atoms, re ning the homeomorphicembedding relation  of Dershawitz [1987),
Dershawitz and Jouannaud [199(], Marlet [1994, and |S rensen and Gleck [1995
into , and showing that the latter is more suitable in a logic programming setting.
We have also touched upon a postprocessingintended to sift super uous polyvari-
ance, possibly produced by the main algorithm. Extensive experiments with an
implementation of the method showed its practical value: outperforming existing
partial-deduction systemsfor speedup as well as code size while guaranteeing ter-
mination.

We believe that the global control proposedin this article is a very good one,
but the quality of the specialization produced by any fully concrete instance of
Algorithm EEB will obviously also depend heavily on the quality of the specic
local control used. At the local cortrol level, a number of issuesare still open: fully
automatic satisfactory unfolding of metainterpreters and a good treatment of truly
nondeterminate programs are among the most pressing.

Recert work brought a closer integration of abstract interpretation and par-
tial deduction [Leustel and De Screye 19961, as well as an extension of par-
tial deduction [Gluck et al. 1996 [Leusdhel et al. 199€ to incorporate more pow-
erful unfold/fold-lik e transformations [Pettorossiand Proietti 1994, allowing for
exampleto eliminate unnecessaryariables from programs [Proietti and Pettoross|
1991K. The latter extension basically reducesto the lifting of ertire goals (in-
stead of separate atoms) to the global level, as for instance in supercompilation
(where nonatomic goals translate into nested function calls). This opensup a
whole range of challenging new cortrol issues.It turned out that the global control
techniques preserted in the current article can be extended and that they signi -
cartly contribute in that context too (seeLeusdel et al. [199€], Gluck et al. [199€],
Leusdel [19974, and J rgensen et al. [199€]).

ONLINE-ONLY APPENDICES
A. BENCHMARKPROGRAMS
B. PROOFOF THEOREMB32
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C. PROOFOF THEOREMEZ1

D. ASSORTEDSHORT PROOFS
E. PROOFOF PROPOSITIONZ3Y
F. PROOFOF THEOREMEZ]

G. PROOFOF PROPOSITIONZZY

AppendicesA-G are available only online in a seperate documert. You should be
able to get the online-only appendicesfrom the citation pagefor this article:

http://www.acm.org/pubs/citations/journals  /topla s/1998-20-1/p208-leuschel/

Alternativ e instructions on how to obtain online-only appendicesare given on
the back inside cover of current issuesof ACM TOPLAS or onthe ACM TOPLAS
web page:

http://www.acm.org/toplas
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A. BENCHMARKPROGRAMS

The benchmark programs were carefully selectedand/or designedin such a way
that they cover a wide range of dierent application areas, including: pattern
matching, databases,expert systems, metainterpreters (nonground vanilla, mixed,
ground), and more involved particular ones: a model-elimination theorem prover,
the missionaries-cannibalsproblem, a metainterpreter for a simple imperative lan-
guage. The benchmarks marked with a star ( ) can be fully unfolded. The size
of the compiled code (under ProLog by BIM 4.0.12)is given in parentheses. Full
descriptions can be found in [Leustel [199¢].

advisor . (6810 bytes)
A very simple expert systemwhich canbe fully unfolded. A benchmark by [Horvath
[1993.

contains.kmp. (2570 bytes)
A benchmark basedon the \contains" bencimark by |Lam and Kusalik [199(], but
with improved run-time queries. The program is a rather involved, but still ine -
cient (becausehighly nondeterministic), pattern matcher.

depth.lam . (4415 bytes)
A simple metainterpreter which keepstrack of the maximum length of refutations.
It hasto be specializedfor a simple, fully unfoldable object program. A benchmark
from |Lam and Kusalik [199(.

doublepp. (653 bytes)
The double append example (seelLeustel et al. [199€], |Gluck et al. [199¢], and
Leusdel [19974d) in which three lists are appendedby reusing the ordinary append
program. Testswhether deforestation can be done.

exdepth. (4741 bytes)
A variation of depth:lam with a more sophisticated object program (which cannot
be fully unfolded).

Permission to make digital/hard copy of all or part of this material without fee for personal
or classroom use provided that the copies are not made or distributed for prot or commercial
advantage, the ACM copyrigh t/serv er notice, the title of the publication, and its date appear, and
notice is given that copying is by permission of the ACM, Inc. To copy otherwise, to republish,
to post on servers, or to redistribute to lists requires prior specic permission and/or a fee.

Cc 1998 ACM 0164-0925/98/0100-0208A $5.00
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grammar.lam. (9490 bytes)
A DCG (De nite Clause Grammar) parser which has to be specialized for a par-
ticular grammar. It is one of the benchmarks from [Lam and Kusalik [199(.

groundunify.complex. (10106 bytes)
The task consistsin specializing an explicit uni cation algorithm for the ground
represenation. The full code canbe found in |[Leusdel [19974, whereit is adapted
from |[de Waal and Gallagher [199]].

groundunify.simple . (10106 bytes)
The same uni cation algorithm as for groundunify.complex, but with a simpler
specialization query.

imperative.power. (9368 bytes)
An interpreter for a simple imperative language which stores values of variables
in an ervironment. It hasto be specializedfor a power subprocedure, calculating
Baseé" ", for a known exponert Exp and baseB ase but an unknown environment.

liftsolve.app. (5194 bytes)
A metainterpreter for the ground represeration which \lifts" the program to the
nonground represenation for resolution. In |Leuscthel and De Schreye [19964 and
Leusdel [19974 this is called the mixed represenation. A description along with
the code canbe found in |Leusdel and De Screye [19964 and|Leusdel [19974 (see
also|Gallagher [199]]). The goalis to specializethis metainterpreter for append as
the object program.

liftsolve.dbl . (5194 bytes)
The same metainterpreter as liftsolve.app with a simple, fully unfoldable object
program.

liftsolve.db2. (5194 bytes)
Again the same metainterpreter as liftsolve.app, but this time with a partial ly
speci ed object program.

liftsolve.Imkng. (5194 bytes)
The goal here consistsin specializing part of the above \lifting" metainterpreter.
The specialization task is such that it may giveriseto an1 number of characteristic
trees.

map.reduce. (2868 bytes)
Specializing the higher-order map/3 (using the built-ins call/l and =../2 ) for the
higher-order reduce/4 in turn applied to add/3.

map.rev. (2868 bytes)
Specializing the higher-order map for the reverseprogram.

match.kmp. (975 bytes)
A semi-naive pattern matcher; the goal is to obtain a Knuth-Morris-Pratt (see
Knuth et al. [1977]) pattern matcher by specialization for the pattern \aah" The
bendhmark is basedon the \matc h" [Lam and Kusalik [199(] benchmark, but uses
improvedrun-time queries(in order to detect whether a Knuth-Morris-Pratt matcher
has beenobtained).

memo-solve. (5251 bytes)
A variation of the ex.depth benchmark with a simple loop prevention mechanism
basedon keepinga call stack.
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missionaries. (9221 bytes)
A program for the missionariesand cannibals problem.

modelelim.app. (7948 bytes)
Specialize the model elimination prover of |Poole and Goebel [198€] (also used by
de Waal and Gallagher [1994]) for the append program as the object-level theory.

regexp.rl. (1489 bytes)
A naive regular expressionmatcher which has to be specialized for the regular
expression(a+b)*aab.

regexp.r2. (1489 bytes)
Sameprogram as regexp.rlfor ((a+b)(c+d)(e+f )(g+h))*.

regexp.r3. (1489 bytes)
Sameprogram as regexp.rland regexp.r2 for the regular expression
((at+b)(a+b)(a+b)(a+b)(a+b)(a+b))*.

relative.lam . (3056 bytes)
A bendmark by |Lam and Kusalik [199(] consisting of a fully unfoldable family
database.

rev.acc_type. (828 bytes)
The benchmark program consists of the \rev ersewith accumulating parameter”
program to which type-cheking on the accumnulator has been added. Without
abstraction, the benchmark will giveriseto an1 number of di erent characteristic
trees. SeeSection1 for details (and the code).

rev.acc_type.inail. (828 bytes)
The samebendcmark program asrev_acc.type, but this time the specialization task
will giveriseto in nite determinate failure at partial deduction time.

ssuply.lam . (8335 bytes)
Another benchmark by |Lam and Kusalik [199(.

transpse.lam. (1599 bytes)
A bencdmark program by [Lam and Kusalik [199(] for transposing matrices. Also
usedin |Gallagher [199]].

B. PROOFOF THEOREMB32
B.1 Carectnessfor UnconstrainedChaacteristic Atoms

If A”is a setof unconstrained characteristic atoms, a partial deduction with respect
to A can be seenas a standard partial deduction with renaming. We will make use
of this obsenation to prove the following theorem.

Theorem B.1.1. Let P°be a partial deduction of P with respct to A and
suchthat A is a nite set of unconstrained P -characteristic atoms and such that
A is P-covered and G is P-covered by A. Then:

(1) P°[ f (G)g hasan SLDNF-refutation with computed answer if and only if
P [ fGg does.
(2) P°[ f (G)g hasa nitely failed SLDNF-treeif and only if P [ fGg does.
Pr oof. First note that the P-coverednessonditions on A and G ensurethat the

renamingsperformed to obtain P° (accordingto De nition [B22-3), aswell asthe re-
naming (G), arede ned (becauseall the atomsin G, aswell asall the leaf atoms
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of A, are concretizations of elemeris in A). The result then follows in a rather
straightforward manner from the Theorems 3.5 and 4.11 of [Benkerimi_and Hill
[199]. Benkerimi and Hill [1997 splits the renaming into 2 phases:onewhich does
just the renaming to ensureindependence(called partial deduction with dynamic
renaming; correctnessof this phaseis provenin Theorem 3.5 of Benkerimi_and Hill
[I99]) and one which doesthe Itering (called postprocessingrenaming; the cor-
rectnessof this phaseis provenin Theorem 4.11 of Benkerimi and Hill [1993).
To apply theseresults we simply have to notice that:

| PPcorrespondsto partial deduction with dynamic renaming and postprocessing
renaming for the multiset of atomsA = fA j (A; ) 2 Ag (indeed the sameatom
could in principle occur in seweral characteristic atoms; this is not a problem
however, as the results of [Benkerimi and Hill [1993 carry over to multisets of
atoms|alternativ ely one could add an extra unusedargumert to P%  (G) and
A andthen placedi erent variablesin that new position to transform the multiset
A into an ordinary set).

| PO[ f (G)gisA-coveredbecauseA is P-coveredand G is P-coveredby A (and

becausehe original program P is unreachablein the predicate dependencygraph
from within P%or within ~ (G)).

Three minor technical issueshave to be addressedn order to reusethe theorems
of Benkerimi and Hill [1993:

[Theorem 3.5 of Benkerimi and Hill [1993 requires that no renaming be per-
formedon G, i.e.,, (G) must beequalto G. However, without lossof generality,

we can assumethat the top-level query is the unrenamedatom new(X 1;:::; Xk),
where new is a fresh predicate symbol and where vars(G) = fXq;:::;Xkg
We then just have to add the clausenew(X1;:::; Xk) Q, whereG = Q,
to the initial program. Trivially the query new(Xq;:::;Xg) and G are

equivalent with respect to c.a.s. and nite failure (see also Lemma 2.2 of
Gallagher and Bruynooghe[199().

[Theorem 4.11 of Benkerimi and Hill [1993 requiresthat G contains no variables
or predicatesin A. The requiremert about the variablesis not necessaryin our
casebecausewe do not baseour renaming on the mgu. The requiremert about
the predicatesis another way of ensuringthat  (G) must be equalto G, which
can be circumverted in a similar way as for the point above.

[Theorems 3.5and 4.11ofBenkerimi and Hill [1993 require that the predicatesof
the renaming do not occur in the original P. Our De nition BZZddoesnot require
this. This is of no importance as the original program is always \completely
thrown away" in our approach. We can still apply these theorems by using
an intermediate renaming © which satis es the requiremerts of Theorems 3.5
and 4.11 of Benkerimi and Hill [1993 and then applying an additional one step
postprocessingrenaming % with = 9 % along with an extra application of
Theorem 4.11 of Benkerimi and Hill [1994. O

B.2 Carectnessfor Safe Chaacteristic Atoms

We rst needthe following adaptation of Lemma4.12from [Lioyd and Shepherdsoh
[1997] (we just formalize the useof \corresponding SLDNF-derivation" from [Lloyd
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and Shepherdson[1991]in terms of characteristic paths).

Lemma B.2.1. Let R be the resultant of a nite (possiblyincomplete) SLDNF-
derivation of P [ f  Ag whosecharacteristic path is . If A resolveswith
R giving the resultant Ry then there existsa nite (possibly incomplete) SLDNF-
derivation of P [ f A g whosecharacteristic path is and whoseresultant is
Ra.

The following lemma is based upon Lemma B2 and will prove useful later
on. It establishesa link between SLD™ -derivations in the unrenamed specialized
program and the original one.

Lemma B.2.2. LetP beaprogram, G a gal, A a setof safecharacteristic atoms
and P %the union of partial deductions R¢a; ) (in P), onefor every element(A; )
of A. Let D bea nite SLD*-derivation of P fGg with computed answer and
resultant R and such that every seleted atom A° which is resolvel with a clause
in Ra. ), is a concretization of (A; ). Then there existsa nite SLD™ -derivation
of P [ fGg with computed answer and resultant R.

Pr oof. We do the proof by induction on the length of the SLD* -derivation D
of PO fGg.

Induction Hyp othesis: LemmalBZ2 holds for SLD* -derivations of P%J fGg
with length k.

Base Case: Let D havelength 0. Then, trivially , the empty derivation of P[ f Gg
hasthe sameresultant G G and the samecomputed answer ; .

Induction  Step: Let D have length k + 1. Let D°be the SLD* -derivation of
PO fGg consisting of the rst k stepsof D. Let , be the computed answer of
DP%and R its resultant. We can then apply the induction hypothesisto conclude
that there is a SLD* -derivation Dy of P [ f Gg with the sameresultant and com-
puted answer. This also meansthat the resolvent|whic h is just the body of the
resultantjof D{%and Dy are the same. We denote this resolvernt by RG. Let A°
be the atom selectedat the last step of D in the resolent RG. Let C 2 P%pe
the clausewith which A°is resolved. We know that C is the resultant of a nite
SLDNF-derivation of an atom P [ f Ag, where(A; ) 2 A, becauseA” contains only
safe characteristic atoms. We also know, by assumption, that A®is a concretiza-
tion of (A; ) and therefore an instance of A. We can thus apply Lemma B2l for
the last derivation step of D to concludethat we can extend Dy in a similar way,
obtaining the sameresolent (the resolvent is just the body of the resultant), the
sameoverall computed answer (if the head of two resultants for the samegoal
RG are identical then so are the c.a.s.,and by composing with  we obtain the
sameoverall computed answer) and thus also the sameoverall resultant (because,
conversely if the c.a.s.and resolvent, for a derivation starting from the samegoal
G, are the samethen so are the resultants). O

We will now extend Lemmas[B.Z1 and [B2Z-2 and establish a more preciselink
between derivations in the renamed (standard) partial deduction and derivations
in the original program. For that, the following conceptwill prove to be useful.

De nition B.2.3 (AdmissibleRenaming). Let F and F°be rst-order formulas.
Let P beaprogramand an atomic renaming for a set A" of characteristic atoms.
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We call F° an admissiblerenaming of F under in P if and only if there exists
somerenaming function © for A in P basedon sud that F0= O(F).

Example B.2.4. Let P be the memler program from Example 2234 and let A
= fCA1;CA2g with CA; = (memler(a;L); thl : 1lig), CA, = (memter(a;L);
fhl:1li;hl: 2ig). Let be an atomic renaming suc that (CA1) = mem;(L) and

(CA32) = memy(L). Then both mem;([a]) and mem;([a]) are admissible renam-
ings of memter(a; [a]) under in P. Now mem;([a;a]) is an admissiblerenaming of
memler(a;[a; a]) under in P, while mems([a;a]) is not (becausememter(a;[a;a])
is not a concretization of CA;). Also, memier(b;[a]) has no admissible renamings
under in P.

The following lemma establishesa link between SLD* -derivation stepsin the
(renamed) specialized program and the unrenamed specialized program.

Lemma B.2.5. Let P%be a partial deduction of P with respct to A and  such
that A" is a nite set of safe P-characteristic atoms and such that A is P-covered
and G is P-covered by A.

LetC°= ((A; ) (Body), with (A; ) 2 A, be a clausein P? and let
C=A B ody be the unrenamal version of C° Let G° be an admissiblerenaming
of G under in P andlet be a substitution (which e.g., standardises C° apart
with respect to G9). If RGP is derived from G®and C° using © then there exists a
gaal RG suchthat:

(1) RG is derived from G and C using °and
(2) RGYis an admissiblerenaming of RG under in P.

Pr oof. Let L%bethe selectedatom in G%and let L be the corresponding atom
in G. BecauseGC is an admissible renaming of G under in P, we know that
for somerenaming function °, we have °(G) = G°and thus also °(L) = L°
Furthermore, asL®unies with ((A; )) , weknowthat L 2 p(A; ) andthus
alsoL = A andL®= ((A; )) for somesubstitution
Now, we know that ©is an idempotent and relevant mgu of L°= ((A; )) and

((A; ) . Becausevars(A) = vars( (A; )) (cf. De nition BZ8), we have that

Ojs alsoan idempotent and relevant mguof L = A and A . Hence,by selecting
L in G for resolution with C , we obtain a goal RG which is derived from G and
C using the same °
Finally, RGYis an admissible renaming of RG under in P because:

|[all atomsin Body are P-coveredby A (becauseA is P-covered)and are therefore,
by De nition 228 of a renaming, admissiblerenamingsunder in P.

[the resolvert RGP will cortain, in addition to instancesof atoms in G° instances
of the atoms in Body, all of which are still P-covered by A, becausethe set of
concretizations of characteristic atoms is downwards closed. RGP s therefore still
an admissiblerenaming of RG under in P. O

Obsenwe that if the substitution  in the above lemma standardises C° apart
with respect to GO, then it also standardisesC apart with respect to G (because,
by De nition B28 vars(G) = vars(G°% aswell asvars(C) = vars(C9).

ACM Transactions on Programming Languages and Systems, Vol. 20, No. 1, January 1998.



Controlling Generalizationand Polyvaiance App{7

Go ........... G
po P
?
0
RGOy, | A
00 RG

Fig. 12. |lllustrating Lemma [BEZ6l

Usually one will call the specialized program with one speci ¢ renaming and
not just with an admissible one. So one might wonder why we only prove in
LemmalBZH above that RG® is an admissible renaming of RG under in P and
not that RG°=  (RG). The reasonis that in the courseof performing resolution
steps, atoms might becomemore instantiated and applying the renaming function

on the more instantiated atom might result in a di erent renaming. Take for
examplethe set A = f(p(X); );(p(a); 9g of unconstrained characteristic atoms,
the goalG = p(X);p(X) and take such that:

| ((p(X); )) = pPAX) and
| ((p(a); 9) = pa.

Then (G)=  pAX);pAX). Also assumethat  (p(a)) = pa. Now supposethat
the clauseC®= pYa) isin the partial deduction P°with respectto an original P
and the set A. The clauseC = p(a) is then the unrenamedversionof C° Then
RG%= pY%a) is derived from (G) and C°using f X=ag. Similarly, RG = p(a)
is derived from G and C using f X=ag (no matter which literal we select). Now

( p@) = pa6 pYa),ie,RG°6 (RG)! Howewer, pYa) is stil an
admissiblerenaming of  p(a) under in P and LemmalBE2ZH holds.

We now combine Lemmas[BZ2 and [BEZZH to establish a link between ertire
SLDNF-derivations in the renamedspecializedprogram and original one. Howeer,
for the time being, we have restricted ourselves to unconstrained characteristic
atoms in order to establish the result. An illustration of the following lemma can
be found in Figure [I[2

Lemma B.2.6. Let P%be a partial deduction of P with resgct to A and  such
that A" is a nite set of unconstrained P -characteristic atoms and such that A" is
P-covered and G is P-coverad by A

Let G° be an admissiblerenamingof G under in P. LetD%be a nite SLDNF-
derivation of P°[ fG% leading to the resolventRG via the c.a.s. . Then there
existsa nite SLDNF-derivation of P [ fGg leading to a resolventRG via c.a.s.
suchthat RGYis an admissiblerenaming of RG under in P and suchthat RG is
P -coverd by A

Pr oof. First note that, if RG® is an admissible renaming of RG, RG must by
de nition be P-coveredby A.
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Also note that not all resolvents of P [ fGg are P-covered by Althere can be
some intermediate goals which have no correspondert goal in P° (becauseertire
derivation sequencesan be compressednto one resultant of P9. Soit is only at
somespeci ¢ points that a resolvert of P [ f Gg hasa courterpart in P°[ fG%. We
will howewver show in the following that, asassertedby the lemma, every derivation
of PO[ fG% hasa counterpart in P [ fGg.

We rst do the proof for SLD* -derivations, i.e., SLDNF-derivations in which no
negative literals are selected. Let P%be the unrenamed version of P? (i.e., the
union of the partial deductions of the elemerns of A). We can now inductiv ely
apply LemmalB:ZH on every step of the SLD* -derivation D° of P°[ fG% and thus
obtain a SLD* -derivation of P%] f Gg with the samecomputed answer and with a
resolvent RG, such that RG®is an admissiblerenaming of RG. Furthermore, the so
obtained derivation of P°] f Ggwill satisfy the conditions of LemmaBZ2 (because
every intermediate goal of this derivation can be renamedinto an intermediate goal
of D%and is thus P-covered by A in P, i.e., every selectedatom is a concretization
of an elemen of A). We can thus apply LemmaBZ2 to concludethat an SLD* -
derivation of P [ f Gg with the samec.a.s. and the sameresolvent RG (which is
just the body of the resultant)|jof which RG? is an admissible renaming|exists.

So the lemma holds for SLDNF-derivations in which no negative literals are
selected.

Let us now allow the selectionof a negative literal in the SLD* -derivation D° (of
PO[ fGY% leading to the resolvert RGY). In that casewe can apply the just estab-
lished result for the derivation leading up to the goal N G° in which the selected
negative literal is selectedand succeeds(becauseD? is not a failed derivation as
it leadsto a goal RGY. Then, becauseNG°= ©(NG) for some P -covered goal
N G and somerenaming function ©, and becauseA contains only unconstrained
characteristic atoms, we can apply Theorem BIl to deducethat the negative
literal must also succeedn the original program (with the samecomputed answer,

0
namely the identity substitution ;). The next resohents, NG and NG, are ob-
tained from NG and N G° res%ectively, by simply remaoving a negative literal at the

sameposition. Therefore, 4 G is still an admissiblerenaming of 4 G. We can thus
re-apply the above result for SLD* -derivations until the end of the derivation D°.
Finally, we can repeat this samereasoninginductiv ely for any number of selected
negative literals. O

In the proof of Lemma[BZ8, we used the fact that A contained only uncon-
strained characteristic atoms (to show that the behavior of the selectednegative
literals waspresened). We will now moveto safecharacteristic atoms and show that
their partial deductions can be obtained from partial deductions of unconstrained
characteristic atoms by removing certain clauses. This meansthat Lemma[BZ8
can actually be usedto show soundnessof SLD* -derivations for partial deductions
of safe characteristic atoms. To be able to shav completeness.as well as allowing
the selectionof negative literals, we then show that theseadditional clausescan be
removed without a ecting the nite failure behavior.

The following lemmaswill prove useful later on.

Lemma B.2.7. Let be a characteristic tree. Let 12 and 2,2 . If ,isa
prex of ;then 1= ».
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Pr oof. The property follows immediately from the de nitions of SLDNF-trees
and characteristic trees. O

Lemma B.2.8. Let A and B be atoms and A a characteristic tree of A in the
program P. If B is an instance of A then there exists a characteristic tree g of B
in P suchthat g A

Pr oof. By De nition Z33Z for some unfolding rule U we have that , =
chtree(  A; P;U). BecauseB is more instantiated than A, all resolution steps
for A areeither alsopossiblefor B or they fail. Therefore, for someunfolding
rule UC we havethat g = chtree( B;P;U9) . O

Lemma B.2.9. Let be a characteristic tree, P a program and (A; ) a P-
characteristic atom. If (A; ) is safethen there exists an unfolding rule such that
chtree( A; P;U).

Proof. As (A; ) is a P-characteristic atom, we must have by de nition at
least one precise concretization A° whose characteristic path is in P. As all the
derivations in Dp (A; ) are safe, we can unfold A in a similar way as  A°
This will result in a characteristic tree ° which cortains all the paths in  aswell
as possibly someadditional paths (which failed for  A9. O

The above Lemma[BZJ (also) establishesthat the partial deduction Pa. y of
a safe characteristic atom (A; ) is a subset of a partial deduction P, of the or-
dinary atom A. The LemmalBZ11 below shows that it is correct to remove the
resultants P nP(a. ) for the concretizations of (A; ). In the proof of this lemma
we needto combine characteristic paths. A characteristic path being a sequence,
we can simply concatenatetwo characteristic paths 1; . For this we will use
the standard notation 3 , from formal languagetheory (cf. |Aho et al. [198€| and
Hopcroft and Uliman [1979).

We also needthe following lemma from |Lloyd and Shepherdson[199]], where it
is Lemma 4.10.

Lemma B.2.10(Persistence  of Failure) . LetP be anormal program and G
a normal gaal. If P[ fGg hasa nitely failed SLDNF-tr ee of heighth and there is
an SLDNF-derivation from G to G, thenP[ fG;g hasa nitely failed SLDNF-tr ee
of height h.

Lemma B.2.11. LetP beaprogramand (A; a), (A; ,) besafeP-characteristic
atoms with A A- Let C 2 resultants( ,) nresultants( a) and let A® 2
P(A; A).

If  AY9resolveswith C to G°then GP fails nitely in P.

Pr oof. Let ¢ bethe characteristic path assaiated in De nition B22Z2(de ning
Dp (A; )) with C, i.e., C is the resultant of the generalizedSLDNF-derivation for
P[ f Agwhosecharacteristic path is ¢. Because(A; ,) is safe,C is even the
resultant of an SLDNF-derivation (and not of an unsafegeneralizedone). We can
therefore apply LemmalBZ1to deducethat:

(1) there existsa nite SLDNF-derivation of P[ f A% whosecharacteristic path
is ¢ and whoseresohert is G°
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Fig. 13. |lllustrating the proof of Lemma BEZTT1

BecauseC 2 resultants( ,) nresultants( o) weknow that ¢ 2 , and ¢ 62 4.
Furthermore A°2 5 (A; ) implies by LemmaBEZ8 that, for someunfolding rule

, V= chtree( A%P;U) a.

If ~=: then APCfails nitely . Therefore, becausea nite SLDNF-derivation
from  A%to G° exists, we can deduceby persistenceof failure (Lemma E210),
that G® must alsofail nitely .

If ~6 ; then the largestpre x 2 of ¢, such that for some” we have 272 7,

must exist (the smallest one being hi). By Lemma[B:Z4 we know that no proper
prex of ¢ canbein , (because ¢ 2 L), and therefore neither in A nor »
(because” A A)- This meansthat ~ must be nonempty. We also know,
again by Lemma[BZ7 that 2 is a proper prex of ¢ (because ¢ 2 , and
2r2 ), ie, ¢ = 2H:mi X We can alsoseethat » 6 H : mi X because
27 2 A while ¢ 62°. This meansthat there is branching immediately after 2
(otherwise 2 is not the largestpre x of ¢ sud that an extensionofit isin »). We
even know that in ¢ = 2H : mi Qthe selectedliteral at position | is a positive
literal (the selection of a negative literal can never lead to branching), that m is
therefore a clausenumber and alsothat ~ = H : mi~®with i 6 m. The situation
is summarizedin Figure 3

Let G bethe goalobtained from the nite SLDNF-derivation of P[ f A% whose
characteristic path is 2H : mi (this must exist becausean SLDNF-derivation of
P[f A%with characteristic path ¢ existsby point (1) above). In orderto arrive
at the characteristic tree ~ for ~ A°the unfolding rule U alsohad to reach the goal
G, because” contains the characteristic path 2H : mi~%and G is \reached" via

2H : mi, a step which cannot be avoided by U if it wants to getasfar as 2H : rhi.
Furthermore, asneither 2H : mi nor any extensionof it arein ~ (by de nition of
2) this meansthat G nitely fails.

Finally, as ¢ is an extension of 2H : mi, we know that a nite (possibly
empty) SLDNF-derivation from G to GO exists and therefore, by persistence of
failure (Lemma BZ10), G° must alsofail nitely . O

We now presert a correctnesstheorem for safecharacteristic atoms.

Theorem B.2.12. Let P be a normal program, G a gaal, A" a nite set of safe
P -characteristic atoms and P° the partial deduction of P with resgct to A and
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some . If Ais P-coverad and if G is P-covered by A then the following hold:

(1) P°[ f (G)g hasan SLDNF-refutation with computed answer if and only if
P [ fGg does.
(2) P°[ f (G)g hasa nitely failed SLDNF-treeif and only if P [ fGg does.

Pr oof. The basicidea of the proof is as follows.

(1) First, we transform the characteristic atoms in A" so as to make them un-
constrained (which is possible by Lemma[BZ9). For the so obtained partial
deduction P %we can reuse Theorem B L1l to prove that P %is totally correct.

(2) By construction, P®will be a superset of PC i.e., P®= P°[ Pyew, and we
will show, mainly using Lemma[BZ1] that the clausesPnew can be safely
removed without a ecting the total correctness.

The details of the proof are elaborated in the following.

1. In order to make a characteristic atom (A; ) in A unconstrained we have to
add somecharacteristic paths to . We have that, for every (A; ) 2 A, the set of
derivations Dp (A; ) is safe. By LemmaBZ3wethen know that for someunfolding
rule U: chtree(  A;P;U). Let %= chtree( A;P;U)n and let Ryew bethe
partial deduction of (A; 9 (i.e., the unrenamedclausesthat haveto be addedto the
partial deduction of (A; ) in order to arrive at a standard partial deduction of the
unconstrained characteristic atom (A, chtree(  A; P;U))). Wedenoteby N ew,.
the following set of clausesf ((A; )) (Bdy) j A Bdy 2 Ryewg. By
adding for eath (A; ) 2 A the clausesN ew(a. ) to P %we obtain a partial deduction
of P with respectto an unconstrained set AT and the renaming function  (where
weextend sothat (A; [ 9= (A; )). Notethat, every concretization of (A; )
is alsoa concretization of (A; [ 9 (because(A; [ 9 is unconstrained, and thus
any instance of A is a concretization).

Unfortunately, although G remains P-covered by A° A is not necessarilyP-
covered any longer. The reasonis that new uncovered leaf atoms can arise inside
New,: ). Let UC be these uncovered atoms. To arrive at a P-covered partial
deduction we simply have to add, for every predicate symbol p of arity n occurring

distinct variables. This will give us the new set A%° A9 (and we extend and
in an arbitrary mannerfor the elemerts in A°%hA?). Let P%bethe partial deduction
of P with respectto A%and . Now A%is trivially P-coveredand we can apply
the correctnessTheorem BTl to deducethat the computations of P f (G)g
are totally correct with respect to the computations in P [ f Gg.

2. Note that, by construction, we have that P® P We will now shaw that by
removing the clausesPy ew = P%nP°we do not loseany computed answer nor do
we remove any in nite failure, i.e.:

| P f (G)g hasan SLDNF-refutation with computed answer if and only if
PO[ f (G)g does.

17As in the proof of Theorem BTl A might actually be a multiset. However, this posesno
problems, as all results so far also hold for multisets of characteristic atoms. Alternativ ely, one
could add an extra unused argument to all predicates and ensure that all elements in A have a
di eren t variable in that position, thus guaranteeing that A is an ordinary set.
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| P f (G)ghasa nitely failed SLDNF-tree if and only if P°[ f (G)g does.

Combined with point 1., this is sucient to establish that P is also totally
correct with respectto P. We do the proof by induction of the rank of the SLDNF-
derivations and trees.

Induction Hyp othesis:

lif PO[ f (G)g hasan SLDNF-refutation of rank k with computed answer
then P°[ f (G)g hasan SLDNF-refutation with computed answer .

if PO f (G)ghasan SLDNF-refutation of rank k with computed answer then
P9 f (G)g hasan SLDNF-refutation (of rank k) with computed answer .

lif P f (G)ghasa nitely failed SLDNF-tree of rank k then P°[ f (G)g has
a nitely failed SLDNF-tree (of rank k).

lif PO[ f (G)ghasa nitely failed SLDNF-tree of rank k then P f (G)g has
a nitely failed SLDNF-tree.

Base Case: BecauseP? P we havethat whenewer P% f (G)g hasa nitely

failed SLD" -tree sodoesP°[ f (G)g, and whenewer P°[ f (G)g hasa SLD* -
refutation with computed answer sodoesP%] f (G)g. We now show that every
SLD* -derivation of P%[ f (G)g, which usesat least a clausein P%n P9, fails
nitely . This will ensurethat P%[ f (G)g cannot have any additional computed
answer and that it fails nitely if and only if P°[ f (G)g does.

Let D be an SLD* -derivation of P%[ f (G)g which usesat least one clausein
PN PO Let D%be the largest pre x SLD™ -derivation of D such that D° usesonly
clauseswithin PC Let RGP be the last goal of D® We can apply Lemma[BE28 to
deducethat there exists an SLD* -derivation of P [ fGg leadingto RG such that
RGCis an admissiblerenaming of RG under in P and sud that RG is P-covered
by A% Let RG°= °(RG) and let °(p(t)) be the literal selectedin RG° by D
(i.e., the next step after performing D9).

((S) R G
P P
?
0
RGY b
" RG

BecauseRG? is an admissible renaming of RG, we have p(t) 2 p(A; ) where

O(p(t)) = ((A; )) °for some % © and (A; ). Furthermore, we now that
p(t) 2 p(A; 9 for some(A; 92 Awith ° | becausethe elemens in A%n A°
cannot be reached from the clausesin P° We can therefore apply Lemma BE2211
to deducethat p(t), and therefore also RG, fails nitely in P. We can now
apply the correctnessTheorem BTl for the goal  p(t) (it is possibleto apply
this theorem because p(t) is P-covered by A) to deducethat (p(t)) also
fails nitely in P90

Induction  Step: Let us now prove the hypothesis for SLDNF-derivations and
trees of rank k + 1. BecauseP® P9 and by the induction hypothesis (because
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all subderivations and subtreesfor negative literals have rank k), we have that

whenewer P%[ f (G)g has a nitely failed SLDNF-tree of rank k + 1 so does
PO[ f (G)g, and whenewer P°[ f (G)g hasa SLDNF-refutation or rank k + 1
with computed answer so doesP%[ f (G)g. Similar to the base case,if we
shaw that every SLDNF-derivation D of rank k+ 1 of P9 f (G)g which usesat
least a clausein PP fails nitely , then P°] f (G)g cannot have any additional
computed answer (over P) and it fails nitely if and only if P°[ f (G)gdoes. This
canbedonein exactly the samemannerasfor the basecase becausd_emmasB.2.8,
BZ11 and Theorem[BI1 hold for SLDNF-derivations and trees of any rank. O

B.3 Carectnessfor UnrestrictedChaacteristic Atoms

We are nally in the position to prove the general correctnessTheorem [3233 for
partial deductions of safeand unsafe P -characteristic atoms.

Pr oof of Theorem For every (A; ) 2 A let us remove the derivation
steps from  which correspond to the selection of a nonground negative literal
in Dp(A; ), resulting in a modied characteristic tree ° Note that, trivially ,
any concretization of (A; ) is also a concretization of (A; 9 (if we can build and
SLDNF-tree for P[ f A g with characteristic tree  we can also construct an
SLDNF-tree with characteristic tree © by simply not selectingthe o ending neg-
ative literals). By substituting (A; 9 for (A; ) in A we obtain a set A? of safe
characteristic atomsfd Every clausein the partial deduction with respectto A%and

can be obtained from a clauseof P° by adding the negative literals which are
no longer selected. So, just like in the proof of Theorem BEZZI12 we might have
to add characteristic atoms to A° (to cover all these negative literals), in order to
arrive at a P-covered set, giving the new set of characteristic atoms A% A% As
in the proof of Theorem B2 we also extend sothat (A; 9 = (A; ) (and
we extend and in an arbitrary manner for the elemens in A%n A9),

Let P%be the partial deduction of P with respectto A%and . We can apply
Theorem B2Z12 to deducethat the computations of P%[ f (G)g are totally
correct with respectto P[ f Gg.

We will now establishtotal correctnessof P (with respectto P) by proving that:

| P f (G)g hasan SLDNF-refutation with computed answer if and only if
PO[ f (G)g does.
| P f (G)ghasa nitely failed SLDNF-tree if and only if P°[ f (G)g does.

We will do this proof by induction on the rank of the SLDNF-refutations and trees.

Induction Hyp othesis:

lif PO9[ f (G)g hasan SLDNF-refutation of rank k with computed answer
then P°[ f (G)g hasan SLDNF-refutation (of rank k) with computed answer

18 As in the proofs of Theorems [BZIIl and Theorem A0 might actually be a multiset.
Again, this posesno problems, as all results so far also hold for multisets of characteristic atoms.
Alternativ ely, one could add an extra unused argument to all predicates and ensure that all
elements in A have a di eren t variable in that position, thus guaranteeing that A9 is an ordinary
set.
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lif PO f (G)ghasan SLDNF-refutation of rank k with computed answer then
P9 f (G)g hasan SLDNF-refutation with computed answer .

lif P f (G)ghasa nitely failed SLDNF-tree of rank k then P°[ f (G)g has
a nitely failed SLDNF-tree.

lif PO[ f (G)ghasa nitely failed SLDNF-tree of rank k then P f (G)g has
a nitely failed SLDNF-tree (of rank k).

Base Case: For every SLD" -derivation in PO there exists a corresponding SLD" -
derivation in P% with however many additional negative literals in the resolvert.
Thus, every computed answer of P%[ f (G)g (via an SLD* -refutation) is also a
computed answer of P°[ f (G)g (via an SLD* -refutation). Also, if P°[ f (G)g
hasa nitely failed SLD* -tree then P%[ f (G)g alsohasa nitely failed SLD" -
tree. Wewill now show that theseadditional negative literals always succeed.Thus,
if for every derivation in P ®we imposethe (fair) condition that the additional nega-
tive literals are immediately selected,we can establisha oneto one correspondence
between derivations in P®and P Also, the clausesthat had to be added for
coverednessare not reachable within P° and can therefore also be removed. So by
shawing that the additional negative literals always succeedwe establishthe base
case.

Let G be a goal which is an admissiblerenaming (under in P) of a goal G; for
P (i.e., G = ©9(G;) for some °lonly sud goalscan occur for derivations inside
P9 which resolveswith a clauseC (constructed for the characteristic path ) in P°
and with selectedliteral © (p(t)) leadingto aresolvent RG® Then G{ alsoresolves
with a clauseC®in P% under the sameselectedliteral, leadingto a resolvert RG%
which has the sameatoms as RGP plus possibly some additional negative literals
N. BecauseGY is an admissible renaming of G; we know that p(t) 2 p(A; )
where °(p(t)) = ((A; )) °for some ° Becausep(t) is a concretization of an
elemen in A we know that it must be the instance of a precise concretization
A. For this concretization A there exists a characteristic tree which contains the
characteristic path and for which the negative literals corresponding to N are
ground and succeed. Therefore, becausep(t) is an instance of A, the literals in
N are identical to the onesselectedfor P[ f Ag and are thus also ground and
succeed.We can thus immediately (by TheoremB2Z12) selectthem in P%and can
thus construct a corresponding derivation in P°.

Induction  Step: The induction step is very similar to the base caseand can
basically be obtained by replacing SLD* by SLDNF of rank k+ 1. O
C. PROOFOF THEOREMEZ3

We recall the following well-founded measurefunction de ned by |Gallagher and
Bruynooghe[1991](alsoin the extendedversion of Martens and Gallagher [1995)):

De nition C.1 (s(:), h(})). Let Expr denote the setsof expressions.We de ne
the function s: Expr ! IN cournting symbols by:

| s(t) =1+ s(ty) +:::+s(ty)  ift="f(ty;:::55th),n>0
| s(t)=1 otherwise

Let the number of distinct variablesin an expressiont be v(t). We now de ne the
function h: Expr ! IN by h(t) = s(t) v(t).
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The well-founded measurefunction h has the property that h(t) 0 for any
expressiont and h(t) > 0 for any non-variable expressiont. The following im-
portant lemma is proven for h(:) by |Gallagher and Bruynooghe[199(] (see also
Martens and Gallagher [1995).

Lemma C.2. If A and B are expressionssuch that B is strictly more geneal
than A, then h(A) > h(B).

It followsthat, for every expressionA, there are noin nite chains of strictly more
generalexpressions.

De nition C.3 (Weight Vector). Let A be a set of characteristic atoms and let

T = hq;:::; 4i bea nite vector of characteristic trees. We then de ne the weight
vector of A" with respectto T by hvect (A) = hwy;:::;w,i where
| wi = E) if A, =;

| W= am h(A) fA 6

The set of weight vectors is quasi ordered by the usual order relation among
vectors: hwy; i ;wyi hvy; i vpi if and only if wy  vi;iii;wy Vh. Also,
given a quasi order s on a set S, we assumethat the assaiated equivalence
relation s and the assaiated strict partial order > are implicitly de ned in the
following way:

| s1 ssy ifandonlyif s; s;”s; s; and s;<gs; ifandonlyif s; s;
N s, 6 S;.

The setof weight vectorsis well founded (no in nitely decreasingsequencegxist)
becausethe weights of the atoms are well founded.

Pr oposition C.4. Let P be a normal program, U an unfolding rule and let

sets of characteristic atoms A and B, such that the characteristic trees of their
elementsare in T, we havethat one of the following holds:

[chmsg (A'[ B) = A (up to variable renaming) or
[hve cr(chmsg A [ B)) < hver (K).
Pr oof. Let hveer (A) = hwy;::i;wyi and hveer (chmsg AT B)) = tvy; i vpi.
Then for every ; 2 T we have two possiblecases:
| fmsog(Aj [ Bj,)g= Aj, (up to variable renaming). In this casethe abstraction
operator performs no modi cation for ; and v; = w;.

| fmsog(Aj . [ Bj,)g = fMg 6 Aj, (up to variable renaming). In this case
(M3 i) 2 chmsg A [ B), vi = h(M) and there are three possibilities:

| AJ . =;.Inthiscasevi <w =1.

| Aj, = fAg for someatom A. In this caseM is strictly more general than
A (by de nition of msg becauseM 6 A up to variable renaming) and hence
Vi < W;.

[#( Aj,) > 1. In this caseM is more general (but not necessarilystrictly
more general)than any atom in Aj , and v; < w; becauseat least one atom is
removed by the abstraction.
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We have that 8i 2 f1;:::;ng:v; w; and either the abstraction operator per-
forms no modi cation (and v = w) or the well-founded measure hvect strictly
decreases. O

Theorem If the number of distinct characteristic treesis nite then Algo-
rithm [3:4-3 terminates and genemtesa partial deduction satisfying the requirements
of Theorem3:3A for any gaal G° whoseatoms are instances of atoms in G.

Pr oof. Reading the xp oint guaranteesthat all predicatesin the bodies of
resultants are preciseconcretizations of at least one characteristic atom in Ay, i.e.,
Ak is P-covered. Furthermore chmsg) always generatesmore general character-
istic atoms (even in the sensethat any preciseconcretization of an atom in Aj is
a precise concretization of an atom in Aj.s [this follows immediately from Def-
initions B3 and EZ). Hence, becauseany instance of an atom in the goal G
is a preciseconcretization of a characteristic atom in Ay, the conditions of Theo-
remB3:32 are satis ed for goals G° whoseatoms are instancesof atomsin G, i.e., G°
is P-covered by Ay. Finally, termination is guaranteed by Proposition given
that the number of distinct characteristic treesis nite. O

D. ASSORTEDSHORT PROOFS

Lemma B33l Let 1; , be two characteristic trees. Then ; > if and only
if 1= 2.

Pr oof. The if part is obvious because and ° can be taken as pre xes of
themselesfor the two points of De nition E371

For the only-if part, let us supposethat ; >and » 1 but 16 5. This
meansthat there must be a characteristic path in 1 whichisnot in , (otherwise
we reversethe rolesof ; and ;). We know however, by point 1 of De nition B3,
that an extension 4 = of must bein », aswell as, by point 2 of the same
de nition, that aprex ¢ of must bein ,. Therefore , contains the paths
and s, where y = 5 9 and 4 6  (because 62,). But this is impossibleby

LemmaBEZA O

Pr oposition EE3T3l Let (A; a) and (B; ) be two characteristic atoms. If
(A; A) ca(B; B)then p(A; A) r(B; 8).

Pr oof. Let C be a preciseconcretization of (B; g). By De nition B3 there
must be an unfolding rule U such that chtree( C;P;U) = g. By Corollary EE311
we can nd an unfolding rule U°, such that chtree( C;P;U% = A. Furthermore,
by De nition EZ3T12 B is an instance of A and therefore C is also an instance
of A. We can conclude that C is also a precise concretization of (A; a). In
other words, any precise concretization of (B; g) is also a precise concretization
of (A; a). The result for generalconcretizations follows immediately from this by
De nition BT3 O

Pr oposition EZZl The relation is a WQO on the set of expressionsover a
nite alphaket.
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Pr oof. (Proofs similar to this one are standard in the literature. We include
it for completeness.) We rst need the following concept from [Dershowitz_and
Jouannaud[1990] Let be arelation on a set S of functors (of arity  0). Then
the homeomorphic emtedding over isarelation ¢np Onterms, constructed (only)
from the functors in S, which is inductiv ely de ned as follows:

(2) f(s1;:::580) emp O(t1;:iisty) iff gand8i2fl;:::;ng:Si emp ti-
The de nition by Dershowitz and Jouannaud [199(] actually also allows functors
of variable arity, but we will not needthis in the following. We de ne the relation

onthe setS = V[ F of symbols, containing the (in nite) set of variablesV and
the (nite) set of functors and predicatesF , asthe least relation satisfying:

| x yifx2V~ry2V
| f fiff2F

This relation is a WQO on S (becauseF is nite) and hence by the results of
Higman [1957] and Kruskal [196(] (seealsolDershowitz_and Jouannaud [T99()), the
homeomorphicembedding emp Over , which is by de nition identical to ,isa
WQO on the set of expressions. O

Pr oposition HEZTIl Let A be a set of P-characteristic atoms. Then , is a
well-quasi relation on A.

Pr oof. Let E be the set of expressionsover the nite alphabet Ap. By Theo-
rem &2 isa WQR on E. Let F be the alphabet containing just one binary
functor ca=2 aswell asall the elemers of E asconstart symbols. Let us extend
from E to F by (only) adding that ca ca is still a WQR on F, and hence,
by the results of[Higman [1952, |Kruskal [196(] (seealsolDershowitz_and Jouannaud
[T990), the homeomorphicembedding ., over  (seeproof of Proposition E4.2)
on terms constructed from F is alsoa WQR. Let us alsorestrict ourselvesto terms
ca(A; T) constructed by using this functor exactly oncesuch that A is an atom and
T the represeration of some characteristic tree. For this very special case,
coincideswith De nition EZT0 (i.e., ca(A1;d 1€) o, Ca(A2;d 2€) if and only if
(A1; 1) c (A2; 2)) and henceA; ., is awell-quasirelation. [

E. PROOFOF PROPOSITIONZ3Y
We rst establishthat Algorithm 38 indeed producesa proper characteristic tree
asoutput.

Lemma E.1. Any ; arising during the execution of Algorithm B-3-§ satis es the
property that 2 ;) 2prex(a)\ prex( ).

Pr oof. We prove this by induction oni.

Induction Hyp othesis: Fori k max (where max is the maximum value
that i takesduring the execution of Algorithm E38) we havethat 2 ;) 2
prex (a)\ prex( g).

Base Case: Fori = Owe have ; = fhig and trivially hi2 prex ( o)\ prex ( g)
because o 6 ; and g 6 ;.
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Induction Step: Leti = k+ 1 max. For 2 i1 we either have 2 ,
and we can apply the induction hypothesisto prove the induction step, or we have
= M :miwthl:m2top(a# 9gandl:m 2 top( g # 9g. By de nition
this implies that °1 :mi 2 A for some ,i.e., % :mi 2 prex ( o). The same
holdsfor g,i.e., % :mi 2 prex ( g), and we have proventhe induction step. O

Lemma B33l Algorithm @379 terminates and produces as output a character-
istic tree  such that if chtree(G;P;U) = a (resgctively g), then for some U°,
chtree(G;P;U% = . The sameholds for any ; arising during the exeution of

Algorithm B39

Pr oof. Termination of Algorithm E38 is obvious as 5o and g are nite,
cannot grow larger (e.g., in terms of the sum of the lengths of the characteristic
paths) than A or g and .1 is strictly larger than ;. For the remaining part
of the lemma we proceedby induction. Note that Algorithm E38 is symmetrical
with respectto A and g andit suces to show the result for 4.

Induction Hyp othesis: Fori k we have that if chtree(G;P;U) = A then for
someUC chtree(G; P; U9 =

Base Case: ( = fhig is a characteristic tree of every goal and the property
trivially holds.

Induction Step: Leti=k+ landlet ws1 = (nf g)[ f Hy:mqi;i::; Hp :
mnig wheretop( o # )g= fly :myg;:::; 1, - mpg. By LemmalEd we know that
Hj : mji 2 prex( a). Because a is a characteristic tree we therefore know
that Iy = ::: = I, = I. By the induction hypothesis we know that for some U°

chtree(G;P;U% = . Let G be the goal of the SLDNF-derivation of P [ fGg
whose characteristic path is  (which must exist becausechtree(G; P;U% = )
and let T be the SLDNF-tree for P [ f Gg whose characteristic tree is . If we
expand T by selecting the literal at position | in G we obtain a SLDNF-tree T°
whose characteristic tree is = (nf g)[ f H : mqi;:::; H - mpig] f H :
mi;:::; He: mgig (because H; : mji 2 pre x ( o) and becauseadditional clauses
might match). If a negative literal is selectedwe havethat n = 1,q= 0, ks = ©
and the induction step holds. If a positive literal is selectedthen we can further
unfold the goalsassa:iated with derivations of P [ f Gg whosecharacteristic paths
are H:mj 9 and make them fail nitely (because H : mJ| 62 A). In both caseswe
can comeup with an unfolding rule U%sudh that chtree(G;P;U% = 1 O

Pr oposition E3391 Let A; s be two nonempty characteristic trees. Then the
output  of Algorithm B39 is the (unique) most speci ¢ genealization of A and
B -

Pr oof. We rst provethat ead ; arising while executing Algorithm EE3gis a
generalization of both o and g. For this we have to shaw that the two points
of De nition EZ3 are satis ed; the fact that and all ; are proper characteristic
trees (a fact required by De nition E37) is already establishedin LemmaZE38

(1) Wehaveto shavthat 2 ;) 2 prex( a)\ prex( g). But this is already
provenin LemmalEl
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(2) Wehaveto showthat °2 A[ g ) 9 2prex(f %) suchthat 2 ;. Again
we prove this by induction onii.

Induction Hyp othesis: Fori k max (where max is the maximum value
that i takesduring the execution of Algorithm EE38) we havethat °2 5[ 3
)y 9 2prex(f %) sudhthat 2 ;.

Base Case: For all %we havethat hi2 prex (f %) and hi2 .

Induction Step: Leti = k+ 1 max andtakea °2 o[ . Let 2
pre x (f %) besuchthat 2 |, which must exist by the induction hypothesis.

Either we havethat 2 41, and the induction step holdsfor , or H:mi 2
k+1 foreveryl:m 2 top( o # ) wherealsotop( o # ) =top(g # )6 ;.

Let besuc that ©= (which must exist because 2 prex (f %)). By
LemmalBZ4 and becausetop( A # ) top( g # ) 6 ; we know that cannot
be empty and thus = H : mi wherel : m 2 top( o # ). Hence,we have

foundaprex H:mi of 9suchthat H:mi 2 ..

We havethus proventhat every ;, andthusalsothe output , is a generalization of
both A and g. Wewill now provethat isindeedthe most speci ¢ generalization.

For this we will prove that, wheneer A and g then . This is

sucient to show that is a most speci ¢ generalization; uniquenessthen follows

from Lemma 33 To establish we now show that the two points of
De nition HE37] are satis ed.

(1) Let 2 . Wehaveto provethat 2 prex( ). As A and B, We

have by De nition EZ3dthat 2 prex ( a)\ pre x ( ). In orderto prove that

2 prex ()it issucient to provethat if = % :mi “thentop( A # 9 =

top( g # 9 6 ;. Indeed, oncewe have proven this statemert, we can proceed

by induction (starting out with %= hi) to show that for somei we have 2 ;

(becausetop( o # ) =top(g # 96 ; and 2 prex( a)\ prex( g) ensure

that if ©2 j then M :mi 2 .« for somek > 0). From then on, the

algorithm will either leave unchanged or extend it, and thus we will have
establishedthat 2 prex ().

(@) Let us rst assumethat top( o # 9 = top( g # 9 = ; and show that it
leadsto a cortradiction. By this assumption we know that no extension
of ®canbein A or g, which is in contradiction with = % : mi 9
2prex(a)\ prex( g).

(b) Now let us assumethat top( o # 9 6 top( g # 9. This meansthat, for
somel :m% N :mY% 2 prex ( A)and % :m% 62re x ( g) (otherwise we
reversethe rolesof 5 and g). We canthus deducethat, for any (even

= hi), M :m% 62 (becauseotherwise,by point 1 of De nition E3,

6 ). Thus,in orderto satisfy point 2 of De nition B3 for A
we know that somepre x of 9must bein  (because H :m% °2 ,
for some 9. But this is impossibleby LemmaB33 because = ™ :
mi 002

So,assumingeither top( o # ) =top(g # ) = ; ortop( o # 9 6 top( g #

9 leadsto a cortradiction and we have establishedthe desiredresult.

(2) Let °2 . We have to prove point 2 of De nition E31 (for ), hamely
that 9 %992 pre x (f %) such that °°2 . We have already proven that is
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a generalization of both 5 and g, andthus °2 prex ( A)\ prex( g). We
also know, by the while-condition in Algorithm E38, that either

(@ top( a# 9 =top(g# 9=; or

(b) top( A # ) 6 top( s # 9.

Let us examine eat of these cases.

(@) In that casewe have °2 A\ g which implies, by point 2 of De ni-

tion B3, that 9 902 pre x (f %) such that %2  because A and

B -
(b) In that casewecan nd % :mi o 2 A and | : m 62top(g # 9
(otherwise we reversethe roles of A and g). As A, we know

by point 2 of De nition B3 that a prex %Cof N : mi 4 isin

Finally, %must be a prex of © (otherwise = ™% :mi 2 2  and,

as M :mi Q 62prex ( g) becausel : m 62top( g # 9, we cannot have
g by point 1 of De nition EE3). O

F. PROOFOF THEOREMHEZ1

The following de nitions and lemmasare neededto prove Theorem EZ1
An order > g is called a well-founded order (WF O) on S if and only if there is no
in nite sequenceof elemens s;;Sy;:::in S suc that s; > 5541, foralli 1.

Lemma F.1 (WQR from WFO). Let <y be a wel-founded order on V. Then
v, denedbyvy v vy if andonlyif vy By vo, isa WQR on V.

Pr oof. Supposethat thereisanin nite sequencers;Vv,;::: of elemens of V such
that, for all i < j, vi 6v vj. By de nition this meansthat, for all i < j, vi >v v;.
In particular this meansthat we have an in nite sequencewith v; >y Vi1, for all
i 1. Wethus have a contradiction with the de nition of a well-founded order and

v mustbeaWQRonV. O

Lemma F.2. Let v bea WOQR onV and let = vi;Vvy;::: be an in nite
segjuene of elementsof V.

1) There existsan i > 0 suchthat the setfv; ji < |~ vi v vjgisinnite.
i i

(2) There existsan in nite subsguen® = v;;V,;::: 0of suchthat for all i < j
we havev;, v v .

Pr oof. The proof will make use of the axiom of choice at seweral places. Given
a sequence , we denoteby o , the subsequencedf consisting of all elemeris
vPwhich satisfy v0 v Similarly, we denote by o, the subsequenceof
consisting of all elemens v®which satisfy v06y v

Let us now prove point I Assume that such an i does not exist. We can
then construct the following in nite sequence o; 1;::: of sequencesnductively as
follows:

e

I N i+l =
|if = v;i. ! then = sy

All i are indeed properly de ned becauseat eat step only a nite number of
elemerts areremoved (by goingfrom 'to (o5, ; Otherwisewewould havefound an
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index i satisfying point [M). Now the in nite sequencev$;v9;::: hasby construction
the property that, for i < j, v°6y vjo. Hence v cannotbe a WQR onV and we
have a cortradiction.

We can now prove point A (This point is actually almost a corollary of point iv
of Theorem 2.1 in Higman [195Z]. But as no formal proof is provided by [Higman
[1957, we include one for completeness.)Let us construct = vy;V,;::: induc-
tively asfollows:

IRE

lif ' =ryrpiiithenv,, = reand = 1 wherek is the rst index
satisfying the requiremerts of point [ for the sequence Pie,frijk<jrre v
rigisinnite) andwhere ' = ris;fis2 ;. ...

By point [ we know that eat irk , Isinnite and isthusaninnite sequence

which, by construction, satisesv; v v; foralli<j. O

Lemma F.3 (Combination of WQR). Let ! and 2 beWQR'sonV. Then
the relation y denedbyv; v vz if andonlyif vi { v, andvy 2 vy, is also
aWQR on V.

Pr oof. (This lemma is actually almost a corollary of Theorem 2.3 in [Higman
[1957. But asno formal proof is given in [Higman [195Z], we include one for com-
pleteness.)Let beany in nite sequenceof elemens from V. We canapply point 2
of LemmalEZ2 to obtain the in nite subsequence = v;;v,;:::0f sud that for
alli <j wehaev, v; . Now, as 2 is also a WQR we know that, for some
i<j, v ¢ v; holds as well. Hence, for these particular indices,v; v v; and

v satis es the requiremerts of aWQR on V. O

We can now actually prove TheoremiZZ4

Pr oof of Theorem HZ7]l can be expressedas a combination of two rela-
tions on expressions: and nNotstrict nst Where A nosticy nst B if and only if
B 6 A (i.e., B is not strictly more generalthan A or equivalently A is not a strict
instance of B). We know that is a well-founded order on expressions(seee.g.,
LemmalCZ in Appendix ). Henceby LemmalEdl Notstrict nst iS @ WQR on
expressions. By Proposition 224 we also have that  is a WQO on expressions
(given a nite underlying alphabet). Hencewe can apply Lemma [E3 to deduce
that is alsoa WQR on expressionsover a nite alphabet. O

G. PROOFOF PROPOSITIONZZY
Recallthat # =1 | 2 gandprex()="f j9 sud that 2 g. The
following lemma will prove usefulto establish the existenceof a mapping d.e.

Lemma G.1. Let ; and ; be two characteristic treesand let 2 prex ( 1) be
a characteristic path. If ; > then | # P

Proof. If ©2 | # then by deniton °2 ;. Therefore, by point 1 of
De nition B3, %2 prex ( ) because ; 5. Thus 92 prex (2 # ) and
point 1 of De nition EE3disveried for # and ,# .
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Secondly if 92 , # then ©2 , and we have, by point 2 of De ni-
tion B33 9" 2 prex (f %) such that “ 2 ;. Now, because 2 prex ( 1) we
know that " must have the form " = (otherwise we arrive at a contradiction
with LemmaB2Z7) where 2 prex (f %). Thus 2 ;# (because 2 ;) and
also point 2 of De nition EE3dlisveried for 1 # and o, # . O

Pr oof of Pr oposition EZZYl Within De nition EZ3d the strict monotonicity
condition is slightly tricky, but it can be satis ed by represetiing leaves of the
characteristic tree by variables. First, recall that top( ) = fl : mjH :mi 2
pre x ( )g. Let us now de ne the represenation d e of a nonempty characteristic
tree inductiv ely asfollows (using a binary functor m to represen clausematches
as well asthe usual functors for represerting lists):

| d e= X whereX is afreshvariable if top( ) =;
| de = [m(my;d #H : mjie); :::;;m(mg;d # H : mgie)] if top( ) = fl :
my;:::; 1 mggand wheremy < :::< my.

For example, using the above de nition, we have
dfhl: 3ige = [m(3; X)]
and
dfhl: 3;2: dige = [m(3;[m(4; X )D]:

Note that fhl: 3ig fhl: 3;2: 4ig and indeed dfhl : 3ige dfhl : 3;2: dige.
Also note that, becausethere are only nitely many clause numbers, these terms
can be expressedusing a nite alphabetE

Note that if 1 2 we immediately have by De nition EE3dthat ; 6 ; and
2 6 ;. It is therefore sucient to prove strict monotonicity for two nonempty
characteristic trees 1 2. We will prove this by induction on the depth of 1,
wherethe depth is the length of the longest characteristic path in ;. We also have
to perform an auxiliary induction, showing that d ;e d ,e whenewer ; 5.

Induction Hyp othesis: For all characteristic trees ; of depth  d we have that
die d ,e whenewer 1 >andd ;e d ,e whenewer ; 2

Base Case: ; hasadepth of O,i.e., top( 1) = ;. This implies that d ;e is a fresh
variable X . If we have 1 2 then top( 2) 6 ; and d ,e will be a strict instance
of X, i.e.,,die d,e If wejust have ; > we still haved e d e

Induction Step: Let ; have depth d + 1. This implies that top( ;) 6 ; and,
because ; 2 0r 1 2, we have by De nition EE370 and Lemma B2 that
top( 1) = top( 2) (more precisely by point 1 of De nition E37 we have top( 1)

top( 2) and by point 2 of De nition EZ37 combined with LemmaBZthe latter
arming that hi 62 1w egettop( 1) top( 2)). Let top( 1) = fl :mq;:::;51:
mgg. Both d ;eandd ,ewill by de nition havethe sametop-level term structure|

they might only dier in their respective subtermsfd ; #H : mjiej1 i kg

19\We can make d:e injectiv e (i.e., one-to-one) by adding the numbers of the selected literals. But
becausethese numbers are not a priori bounded we then have to represent them dieren tly than
the clause numbers, e.g., in the form of s(:::(0) :::), in order to stay within a nite alphabet.
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andfd , #H : mjiej1 i kg. We can now proceedby induction. First by
Lemma G we have that ; # H : mji > #H : mji. Furthermore, in case
1 2, there must be at leastoneindex j sucthat 1 #H :m;i 2#H myi,
otherwise 3 2. For this index j we can apply the rst part of the induction
hypothesis(becausethe depth of the respective subtreesis strictly smaller) to show
that d{ # H : mjie d> #H : mjie. For the other indexesi 6 j we can
apply the secondpart of the induction hypothesisto show that d ; # H : mjie

d, # H : mjie. Finally, becauseall variables used are fresh and thus distinct,
there can be no aliasing between the respective subterms and we can therefore
concludethat d ;e d,eif > aswell asd e dyeif 1 5.

Remenber that msg( 1; 2) is de ned unless one of the characteristic trees is
empty while the other oneis not. Therefore, to guaranteethat if d ;e  d ;e holds
then msg( 1; »2) is de ned, we simply have to ensurethat

| d;e d eif and only if ; and
| de d;eif and only if .

This can be doneby de ning d;e = empty where the functor empty is not usedin
the represenation of characteristic treesdi erent from ;. O

The existenceof such a mapping also implies, by LemmalC3 that there are no
in nite chains of strictly more general characteristic trees. (This would not have
beentrue for a more re ned de nition of \more general" basedon just the set of
concretizations.)

Also note that the inverseof the mapping d:e, introducedin the proof of Propo-
sition EZ9 is not total but still strictly monotonic. We do not needthis property
in the article however. But note that, becausethe inverseis not total, we cannot
simply apply the msg on the term represenation of characteristic treesin order
to obtain a generalization. In other words, the de nition of d:e doesnot make the
notion of an msg for characteristic trees, as well as Algorithm E:38 super uous.
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