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Abstract. A partial deduction strategy for logic programs usually uses
an abstraction operation to guarantee the finiteness of the set of atoms for
which partial deductions are produced. Finding an abstraction operation
which guarantees finiteness and does not loose relevant information is a
difficult problem. In earlier work Gallagher and Bruynooghe proposed
to base the abstraction operation on characteristic paths and trees. A
characteristic tree captures the relevant structure of the generated partial
SLDNF-tree for a given goal. Unfortunately the abstraction operations
proposed in the earlier work do not always produce more general atoms
and do not always preserve the characteristic trees. This problem has
been solved for purely determinate unfolding rules and definite programs
in [12, 13] by using constraints inside the partial deduction process.

In this paper we propose an alternate solution which achieves the preser-
vation of characteristic trees for any unfolding rule, normal logic pro-
grams (it can even handle some built-in’s if so desired) and without
adding constraints to the partial deduction process (making the re-use of
existing unfolding techniques very simple). We thus provide a powerful,
generally applicable and elegant abstraction operation for partial deduc-
tion providing a fine-grained and terminating control of polyvariance.

1 Introduction

Partial evaluation has received considerable attention in logic programming (e.g.
[5, 8, 22, 24]). In the context of pure logic programs, partial evaluation is often re-
ferred to as partial deduction, a convention we will also adhere to in this paper.
An important milestone is [17], where firm theoretical foundations for partial
deduction are established. It introduces the notions of independence and closed-
ness, which are properties of the set of atoms for which the partial deduction
is performed. Under these conditions, soundness and completeness of the trans-
formed program are guaranteed. In the light of these conditions, a key problem
in partial deduction is: given a set of atoms of interest, A, provide a terminating
procedure that computes a new set of atoms, .A’, and a partial deduction for the
atoms in A’, such that:

e every atom in A is an instance of an atom in .4/, and

e the closedness and independence conditions are satisfied.



Moving from the initial set A to the new set A’ requires the (repeated) appli-
cation of an abstraction operation. The problem of finding a proper abstraction
operation is closely related to the problem of polyvariance, i.e. controlling how
many different specialised versions of a given predicate should be generated.
A good abstraction operation should, while guaranteeing termination, produce
enough polyvariance to ensure satisfactory specialisation.

An approach which aims at achieving all these goals in a refined way is that
of Gallagher and Bruynooghe ([7, 4]). Its abstraction operation is based on the
notions of characteristic paths and characteristic trees. Intuitively, two atoms of
A are replaced by their msg' in A’, if their (incomplete) SLDNF-trees have an
identical structure (this structure is referred to as the characteristic tree). Unfor-
tunately, although the approach is conceptually appealing, several errors turn up
in arguments provided in [7, 4]. These errors invalidate the termination proofs
as well as the arguments regarding precision and preservation of specialisation
under the abstraction operation.

In [12, 13], Leuschel and De Schreye have significantly adapted the approach
to overcome these problems. An alternative abstraction operation has been in-
troduced, which is based on so called negative binding constraints. The partial
deduction procedure is then formulated in terms of a special purpose constraint
logic programming language. The adapted approach allows to solve all problems
with the original formulations in [7, 4], without loosing the claimed termination
and precision properties. Unfortunately the approach is (exactly like [7]) limited
to purely determinate unfolding rules (i.e. without lookahead for detecting de-
terminacy) and is restricted to definite logic programs. These restrictions limit
the practical applicability of the method.

In this paper we will present an alternate technique for normal logic pro-
grams (with built-in’s if so desired) which is valid for eny unfolding rule and
which preserves characteristic trees without using constraints. As such we use
the central ideas of [12, 13, 7, 4] in a novel way to provide a practically useful
system which can make use of existing unfolding technology (e.g. [3, 19, 18])
in a straightforward way. The overview of the paper is as follows. In Sect. 2 we
introduce the concept of a characteristic tree and give some motivations. In Sect.
3 we present the new technique of partial deduction working on characteristic
atoms. In Sect. 4 we put this idea in practice and present an algorithm for par-
tial deduction. Some examples and results are also presented. We provide some
concluding remarks in Sect. 5.

2 Preliminaries and Motivations

Throughout this paper, we suppose familiarity with basic notions in logic pro-
gramming ([16]) and partial deduction ([17]). Notational conventions are stan-
dard and self-evident. In particular, in programs, we denote variables through
strings starting with (or usually just consisting of) an upper-case symbol, while

! The most specific generalisation, also known as anti-unification or least general gen-
eralisation, see for instance [10].



the notations of constants, functions and predicates begin with a lower-case char-
acter. Unless stated explicitly otherwise, the terms “(logic) program” and “goal”
will refer to a normal logic program and goal, respectively.

Given a program P and a goal G, partial deduction produces a new pro-
gram P’ which is P “specialised” to the goal G. The underlying technique is
to construct “incomplete” SLDNF-trees for a set of atoms .4 to be specialised
and extract the program P’ from these incomplete search trees. An incomplete
SLDNF-tree is an SLDNF-tree which, in addition to success and failure leaves,
may also contain leaves where no literal has been selected for a further deriva-
tion step. Leaves of the latter kind will be called dangling. Under the conditions
stated in [17], namely closedness and independence, correctness of the specialised
program is guaranteed. In the context of partial deduction, incomplete SLDNF-
trees are obtained by applying an unfolding rule, defined as follows:

Definition1l. An unfolding rule U is a function which given a program P and
a goal G returns a finite, possibly incomplete and non-trivial? SLDNF-tree for

PU{G}.

Definition 2. Let P be a program and A an atom. Let 7 be a finite, incomplete
SLDNF-tree for P U {« A} in which A has been selected in the root node.3

Let «— Gi,...,— G, be the goals in the (non-root) leaves of the non-failing
branches of 7. Let 64,...,60, be the computed answers of the derivations from
— Ato « Gy,...,— Gy, respectively. Then the set of resultants resultants(r)

is defined to be {46; «— G4,..., 468, «— G, }.

Partial deduction, as defined e.g. in [17, 2], uses the resultants for a given set
of atoms A to construct the specialised program (and for each atom in A a dif-
ferent specialised predicate definition is generated). Under the conditions stated
in [17], namely closedness and independence, correctness of the specialised pro-
gram is guaranteed. The problem of control of polyvariance of partial deduction
consists in coming up with a terminating procedure to produce a finite set of
atoms A which satisfies the correciness conditions of [17] while at the same
time providing as much potential for specialisation as possible (usually the more
instantiated* the set A is, the more specialisation can be performed). Most ap-
proaches to the control of polyvariance in the literature so far are based on the
syntactic structure of the atoms to be specialised (like e.g. the 1 msg per pred-
icate approach in [19] or dynamic renaming of [1], the latter not guaranteeing
termination). The following example shows that the syntactic structure alone
does not provide enough details for a satisfactory control of polyvariance.

Ezample 1. Let P be the append program (where clauses have been numbered):
(1) append([], Z,Z) —
(2) append([H|X],Y, [H|Z]) — append(X,Y, Z)

2 A trivial SLDNF-tree is one whose root is a dangling leaf. See also Definition 2.
3 If this is not the case we will get the problematic resultant A «— A.
* A is more instantiated than .A4’, iff every atom in .A is an instance of an atom in .A’.



Also let B = append([a], X,Y), C = append(X,[a],Y) and A = {B,C}. Typi-
cally a partial deducer will unfold the atoms of A as depicted in Fig. 1, yield-
ing the SLDNF-trees 75 and 7¢. These two SLDNF-trees, as well as their re-
sultants, have a very different structure. For append([a], X,Y) we obtain for
resultants(tp) the single fact:

append([a], X, [a|X]) —
while for append(X, [a],Y) we obtain the recursive resultants(rc):
append((], [a], [a])
append([H| X], [a], [H|2])  append(X, [a], Z)
So in this case it is vital for precision to produce separate specialised versions for
the dependent atoms B and C. However it is very easy to come up with another
predicate definition of append (which then no longer appends two lists but for
instance, as in the program below, finds common elements at common positions)
such that the incomplete SLDNF-trees 75 and 7¢ for B and C are almost fully
identical:
(1) append([X|Tx], [X|Ty], [X]) <
(2,) append*([X|TX], [Y|TY]: E) « append” (TX: Ty, E)
In that case it is not useful to keep different specialised versions for B and C
because one more general version can be used without loss of specialisation:

append*([a|T1], [a’|T2]: [a']) -

« append([a], X,Y) «— append(X, [a],Y)
\\(2) (1 / \2)
«— append([], X, Y") «— append(X',[a],Y")
(1V
O

Fig. 1. SLDNF-trees 7 and ¢ for example 1

This illustrates that the syntactic structures of B and C alone provide in-
sufficient information for a satisfactory control of polyvariance. It is much more
important to know how the syntactic structure behaves in the context of the pro-
gram to be specialised. This information can be obtained by using the following
characterisation of the associated incomplete SLDNF-trees (and as such also of
the resultants they represent). The definitions are adapted from [4, 12, 13].

Definition3. Let G; be a goal and let P be a program whose clauses are
numbered. Let Gy, ..., G, be a finite, incomplete SLDNF-derivation of PU{G1}.
The characteristic path of the derivation is the sequence (I3, ¢1),.-., (ln-1,cn-1),
where I; is the position of the selected literal in G;, and c; is defined as:



e if the selected literal is an atom, then ¢; is the number of the clause chosen
to resolve with G;.
o if the selected literal is —p(2), then ¢; is the predicate p.

The set of all characteristic paths for a given program P and a given goal G
will be denoted by chpaths(G, P).

Note that if two non-failing derivations for two goals with the same number
of literals (and for the same program P) have the same characteristic path then
they are either both successful or both incomplete (for a proof see [13]). This
justifies the fact that the leaves of derivations are not registered in characteristic
paths.

Definition4. Let G be a goal, P a program and U an unfolding rule. Then the
characteristic tree T of G (in P) via U is the set of characteristic paths of the
non-failing derivations of the incomplete SLDNF-tree obtained by applying U to
G (in P). We introduce the notation chtree(G, P,U) = 7. We also say that 7 is
a characteristic tree of G (in P )if it is the characteristic tree for some unfolding
rule U. Also 7 is a characteristic tree if it is a characteristic tree of some G in
some P.

Although a characteristic tree only contains a collection of characteristic
paths the actual tree structure can be reconstructed without ambiguity. The
“glue” is provided by the clause numbers inside the characteristic paths (branch-
ing in the tree is indicated by differing clause numbers).

Characteristic trees are a very interesting abstraction because there is a close
link between characteristic trees and the specialisation performed locally by par-
tial deduction. If two atomic goals have the same characteristic tree then:

e the same branches have been pruned by partial deduction. The pruning of
branches at partial deduction time is one important aspect of the speciali-
sation. For instance in Example 1 and Fig. 1 we can see that two branches
have been pruned for B (thereby removing recursion) whereas no pruning
could be performed for C.

e the atoms have been unfolded in exactly the same way, e.g. the same clauses
have been resolved with literals in the same position in that process. This
captures the computation steps that have already been performed at partial
deduction time, which is another important aspect of specialisation.

e the resultants have the same structure, differing only by the particular in-
stantiations. For instance this captures that, in Example 1, a single fact will
be generated for B whereas a potentially recursive predicate definition with
two clauses will be generated for C.

As such a characteristic tree is an almost perfect characterisation of the spe-
cialisation that has been performed locally on an atom. When two atoms have
the same characteristic tree then a single predicate definition can in principle
be used without local specialisation loss.® For more details about the interest of
characteristic trees and local and global precision aspects, we refer to [13, 7, 4].

5 Sometimes atoms with different characteristic trees have (almost) identical resultants
(due to independence of the computation rule) and could therefore also be replaced



The approach to partial deduction in [4] (see also [5]) uses characteristic trees
to classify the atoms to be specialised according to their characteristic tree. The
basic idea is to have only one specialised version for each characteristic tree. If
the number of characteristic trees is finite® we get a control of polyvariance which
ensures termination and correctness of the specialised program while at the same
time (hopefully) ensuring that different specialised version are produced if the
associated predicate definitions have a different form. The basic outline of the
algorithm in [4, 5] is as follows:

1. For a set of atoms A to be specialised: apply an unfolding rule to obtain a
set of incomplete SLDNF-trees.

2. Add the atoms occurring in the bodies of the resultants of these SLDNF-trees
to A.

3. Apply an abstraection operation which, based on characteristic trees, will
produce a new set A’ such that every atom in A is an instance of an atom
in A7

4. If A’ is different from .4 restart the procedure, otherwise apply a renam-
ing transformation (to ensure independence) and generate the specialised
program by taking the resultants of the incomplete SLDNF-trees.

The following example illustrates the above procedure.

Ezample 2. Let P be the following program:

(1) member(X, [X|T]) «
(2) member(X,[Y|T]) — member(X,T)

Let A = {member(a, [a, b]), member(a,[a])}. As can be seen in Fig. 2 both
these atoms have the same characteristic tree 7 = {((1,1))} (given an unfold-
ing rule which unfolds deep enough to detect the failing branches). The method
of [4, 5] would thus decide to abstract both atoms producing the generalisa-
tion A’ = {member(a, [a|T])} (the msg has been calculated). Unfortunately (as
already pointed out for other examples in [12, 13]) the generalisation has a dif-
ferent characteristic tree 7/ (depending on the unfolding rule: {((1, 1)), ((1,2))}
or {((1,1)), ((1,2),(1,1)), ((1,2),(1,2))} or something even deeper).

This loss of precision leads to sub-optimal specialised programs. In this case
the atom member(a, T) would be added to A at the following step of the algo-
rithm. This atom (usually) also has 7’ as characteristic tree. Hence the final set
A’ is {member(a, L)} (the msg of {member(a, [a|T]), member(a,T)}) and we
obtain the following sub-optimal specialisation:

by a single predicate definition. Normalising characteristic trees (after unfolding) by
imposing e.g. a left-to-right ordering of selected literals and delaying the selection of
negative literals to the end solves this problem (see also [13]). Thanks to Maurice
Bruynooghe for pointing this out.

6 In [4] this is ensured by using a depth bound on characteristic trees.

" Note that without an abstraction operation the procedure is not guaranteed to
terminate.



(1)  member(a, [a|T]) —
(2') member(a, [X|T]) — member(a,T)

So although partial deduction was able to conclude that both member(a, [a, b])
and member(a, [a]) have only one non-failing resolvent and are determinate,
this information has been lost due to an imprecision of the abstraction operator
leading to a sub-optimal program in which the determinacy is not explicit (and
redundant computation steps will occur at run-time). Note that, for the set of
atoms A = {member(a, [a,b]), member(a,[a])}, an “optimal” program would
just consist of the clause (1°).

Unfortunately imprecision is not the only problem. The fact that the general-
isation does not preserve the characteristic trees can also lead to non-termination
of the partial deduction process. An example can be found in [13]. So it is vital,
as well for precision and termination, that the abstraction operation preserves
characteristic trees.

To remedy this problem (while still ensuring termination of partial deduction
in general) we would have to replace the atoms in A by a more general atom
having the same characteristic tree. Unfortunately in a general context this is
impossible, no such generalisation exists. Also notice that the unfoldings in Fig.
2 are not “purely” determinate (because a lookahead has been used to decide
about determinacy, see [4, 12, 13]). Hence the method of [12, 13] cannot be
applied (unless failing branches are incorporated into the characteristic trees and
a post-processing phase is added which removes the unnecessary polyvariance).

In the following sections we will present an elegant solution to this problem
in general and this example in particular.

— member(a — member(a a,b])
— member(a «— member(a, [b])
fall @

«— member(a,[])

I
fail

Fig. 2. Incomplete SLDNF-trees for example 2

3 Partial Deduction with Characteristic Atoms

The basic idea of the solution proposed in this paper is to simply impose charac-
teristic trees on the generalised atoms. This amounts to associating characteristic



trees with the atoms to be specialised. This will allow the preservation of char-
acteristic trees in a straightforward way without having to construct intricate
generalisations. Let us provide the definitions.

Definition5. A P-characteristic atom, for a given program P, is a pair (4, 1)
consisting of an atom A and a characteristic tree 7 with 7 C chpaths(P, — A).

Often, when the context allows it, we will drop the P annotation and simply
refer to characteristic atoms. Also note that 7 is not necessarily a characteristic
tree of «— A in P. The following definition associates a set of concretisations
with each characteristic atom.

Definition6. An atom A is a precise concretisation of a P-characteristic atom
(A’,7') iff A is an instance of A’ and for some unfolding rule U we have that
chtree(— A,P,U) = 7'. An atom B is a concretisation of (4’,7') iff it is an

instance of a precise concretisation of (4’, 7).

A P-characteristic atom can thus be seen as standing for a (possibly infinite) set
of atoms, namely the concretisations according to the above definition.

E.g. both member(a, [a]) and member(a, [a, b]) of Example 2 are precise con-
cretisations of (member(a, [a|T]), {((1,1))}). This already hints at a possible
solution for Example 2. Also note that it is decidable whether or not an atom is
a (precise) concretisation of a characteristic atom.

Definition 7. Let (4, 7) be a P-characteristic atom. Then §(P, (4, 7)) is the set
of all (necessarily non-failing) SLDNF-derivations for P U{« A} such that their
characteristic paths are in 7.

A characteristic atom (A4, 7) uniquely determines a set of resultants (which
in the definite case is a subset of the resultants for A and some properly chosen
unfolding rule):

Definition8. Let (A, 7) be a characteristic atom and P be a normal program.
Let {61,...,6n} be the SLDNF-derivations in §(P, (4, 7)) and let — G1,...,—
G, be the goals in the leaves of these derivations. Let 84, ..., 8, be the computed
answers of the derivations from «— A4 to «— Gy,...,— G, respectively. Then the
set of resultants {46, «— Gi,..., A8, «— G,} is called the pariial deduction of
(A4,7) in P. Every atom occurring in some of the G; will be called a body atom
(in P) of (A, 7). We will denote the set of such body atoms by BAp (A4, 7).

For example the partial deduction of (member(a, [a|T]),{((1,1))}) in the
program P of Example 2 will be {member(a, [a|T]) —}. Note that it is different
from any set of resultants that can be obtained for incomplete SLDNF-trees
of the normal atom member(a, [a|T]). However the partial deduction is valid
for any concretisation (as defined in Definition 6) of the characteristic atom
(member(a, [alT]), {((1, 1)}).

As can already be guessed from the above definition the main idea pursued
in this paper will be to generate a partial deduction not for a set of atoms



but for a set of characteristic atoms. As such the same atom A might occur
in several characteristic atoms with entirely different characteristic trees. For
instance member(a, L) might occur as well in ¢; = (member(a, L), {((1,1))}),
ca = (member(a, L), {((1,2))}) as in ¢z = (member(a, L), {((1,1)),((1,2))}).
The set of precise concretisations of these characteristic atoms is disjoint for
a fixed unfolding rule and the partial deductions will be completely different.
In order to guarantee correctness of the specialised program we have to handle
some form of renaming to ensure that the correct partial deductions are called.
For example (for any unfolding rule) member(a, [a]) is a precise concretisation
of ¢; and the call — member(a, [a]) has to be mapped to the resultants of ¢;
(and never to ¢3). Similarly (for an unfolding rule which unfolds deep enough)
— member(a, [b, a]) has to be mapped to the resultants of ¢; (and never to ¢1).

In addition to renaming we will also incorporate argument filtering (which
often greatly improves the efficiency of the specialised program, see for instance
[6] or also [23] where filtering is obtained automatically when using folding to
simulate partial evaluation).

Definition9. Let A, B be atoms such that A = B8 and let the list of distinct
variables of B (ordered according to the first occurrence in B) be (X7,..., X,).
Let p be a predicate symbol with arity n. Then A[B — p|] = p(X1,..., Xn)0.

For example q(a, f(b))[g(a, F(Y)) — p] = p(Y){Y/b} = p(b). Let us now define

a renaming (and filtering) operation adapted for characteristic atoms.

Definition10. Let A = {(A41,71),...,(An, )} be a finite set of characteristic
atoms and F a set of first-order formulas. A renaming function for A wrt F is a
function p which assigns a distinct predicate symbol not occuring in F to each
element in A such that the arity of p((4;,7;)) is equal to the number of distinct
variables in 4;.

Definition11. Let A = {(A41,71),-..,(An, )} be a finite set of characteristic
atoms and F' a set of first-order formulas. Let p be a renaming function for A
wrt F. Let F’ be obtained from F by replacing each atom A occuring in F
which is a concretisation of some (A4;, ;) (and possibly some other elements of

A as well, preference should normally be given to precise concretisations) by
A[A; — p((Aj,7;))]. Then F'is a renaming of F wrt A and p.

Notice that in order for A to be a precise concretisation of (4;, 7;) the char-
acteristic tree of A has to be 7; for some U (see Definition 6). This ensures that
all the unfolding steps in 7; (also the ones selecting negative literals) are valid
(and sufficient) for A and instances of A. We are now in a position to generate
a partial deduction for a set of characteristic atoms.

Definition12. Let A = {(41,71),..., (An, ™)} be a finite set of characteristic
atoms, P be a program, U an unfolding rule and let p be a renaming function for
A wrt P. Foreach i € {1,...,n} let R; = {A;01; — G1,iy..., Aibpni — Gr;} be
the partial deduction of (4;,7) in P. We define RY = {F1; « G1,..., Fni —



G} where F;; = A;f;;[4; — p((A4i,7:))]. We also define the intermediate
program P’ = {Rf | i € {1,...,n}}. A partial deduction of P wrt A (and p) is
obtained by generating a renaming of P’ wrt A and p.

Ezample 3. Let P be the following program

(1) t «— member(a, [a]), member(a, [a, b])

(2) member(X, [X|T])

(3) member(X,[Y|T]) «— member(X,T)
Let U be an unfolding rule such that: 7 = chtree(«— member(a, [a]), P,U
chtree(— member(a,[a,b]), P,U) = {((1,2))} and 7' = chtree(— t,P,U
{((1, 1))} Let A = {(member(a, [a|T)), 7), (t, )}, p((member(a, [alT]), 7)
my and p((¢,7')) =t. Then a partial deduction of P wrt A and p is:

(1)t = ma([]), ma([t])
(7)) mi(X) <

)
)
)

We will now adapt the standard correctness result for partial deduction of
ordinary atoms for partial deduction of characteristic atoms.

Definition13. Let P be a program and A a set of P-characteristic atoms. Then
A is called covered iff for every characteristic atom in A each of its body atoms
(in P) is a concretisation of a characteristic atom in A.

Theorem 14. Let U be an unfolding rule. Let P be a normal program, A a set
of characteristic atoms and P’ a partial deduction of P wrt A and some p. Let
G be a goal and G’ be a renaming of G wrt A and p.

If A is covered and if the atoms of G are all concretisations of at least one
characteristic atom in A then the following hold:

1. P'U{« G'} has an SLDNF-refutation with computed answer 0 iff PU{— G}
does.
2. P'U{«— G'} has a finitely failed SLDNF-iree iff P U {— G} does.

PROOF SKETCH. In the definite case, each set of resultants for (4, 7) € A is a subset of
a set of standard resultants (as defined in [17]) that can be obtained for the (standard)
atom A. Because the partial deduction P’ is covered, the atoms in the bodies of these
resultants are concretisations of at least one characteristic atom in .4. This means that
by treating characteristic atoms (A, 7) just as a normal atoms A, but just unfolding
along 7 and keeping the same renaming as performed by p we almost get a covered and
independent standard partial deduction (with renaming) as defined in [1]. The only
thing that is missing are the resultants R that were pruned by imposing 7 on A, plus
maybe some selected negative literals N which are in theory not selectable for A because
they are not ground. If we now add these resultants R and incorporate the negative
literals N we will obtain a standard partial deduction with renaming as defined in [1],
which is however not necessarily covered because new atoms may appear in N and
the bodies of R. All we have to do is add renamed versions of the original predicate
definitions and map the uncovered atoms to these new predicates by extending the
renaming. We have now obtained a covered and independent partial deduction with

10



renaming and a resulting specialised program P’ such that every derivation of P’ can
be mapped to a derivation of P” (but not vice versa). We can also prove (given the
conditions of the theorem concerning concretisations and coveredness) that all calls to
N will be ground and succeed. Therefore soundness of the calculated answers of P’
(1.=) and preservation of finite failure (2.<) follows from the standard correctness of
partial deduction with renaming for P" (see [1]). Similarly, P’ can only be incomplete
wrt the calculated answers (1.<) or finitely fail whereas the original program did not
(2.=) if some derivation in P” can be constructed which uses at least one of the
resultants R added above. However this can only happen if some atom in G or in the
leaves of the partial deductions of some (A4,7) € A in P is not a concretisation of a
characteristic atom in .4, which is impossible given the conditions of the theorem. 0O

4 An Algorithm for Partial Deduction

We now define a possible partial deduction algorithm using concepts introduced
in the previous section. As in [4, 5] we first define an abstraction operator. One
can notice that, by definition, the abstraction operator preserves the character-
istic trees.

Definition 15. Let A be a set of characteristic atoms. Also let, for every charac-
teristic tree 7, A, be defined as A, = {4 | (4, 7) € A}. The operation abstract
is defined as: abstract(A) = U, {(msg(A;),T)}.

In other words only one characteristic atom per characteristic tree is allowed.

For example in the case that A = {(p(f(X)),{((1,1))}), (p(b), {((1,1))})} we
obtain abstract(A) = {(p(X), {((1, 1))}

Definition16. Let A be an ordinary atom, U an unfolding rule and P a pro-
gram. Then chatom(A, P,U) = (A, 7) where chtree(— A, P,U) = 7. We extend
chatom to sets of atoms: chatoms(A, P,U) = {chatom(4, P,U) | A € A}.

Note that A is a precise concretisation of chatom(A, P,U).

The following is a formal description of an algorithm for partial deduction
with characteristic atoms (more refined algorithms are possible). Please note
that it is parameterised by an unfolding rule U, thus leaving the particulars of
local control unspecified.

Algorithm 4.1 Algorithm for Partial Deduction
Input

a program P and set of atoms A to be specialised
Output

a specialised program P’
Initialisation

k:=0and Ao := chatoms(A, P,U)
Repeat

Ap41 1= abstract(Ax U chatoms({BAp(A,74) | (A, T4) € Ar}, P,U))
Until Ay = Agy1 (modulo variable renaming)
P' := a partial deduction of P wrt .Ax and some p

11



Theorem 17. If the number of distinct characteristic trees is finite then Al-
gorithm 4.1 terminates and generates a partial deduction satisfying the require-
ments of Theorem 14 for queries G whose atoms are instances of atoms in A.

PrOOF. Termination is a direct corollary of Proposition 20 in Appendix A. Reaching
the fixpoint guarantees that all predicates in the bodies of resultants are precise con-
cretisations of at least one characteristic atom in Ay, i.e. we always obtain a covered
partial deduction. Furthermore abstract always generates more general characteristic
atoms (even in the sense that any precise concretisation of an atom in A; is a pre-
cise concretisation of an atom in A;4; — this follows immediately from Definitions 6
and 15). Hence, because any instance of an atom in A is a precise concretisation of a
characteristic atom in Ao, the conditions of Theorem 14 are satisfied. 0

Ezample 4. We are now in a position to treat Example 2. Let A = member(a, [a]),

B = member(a, [a,b]) and 7 = {((1,1))}. For A = {4, B} the algorithm yields:

1. Ao ={(4,7),(B,7)}

2. BAp(A,7) = BAp(B,7) =0, A; = abstract(Ag) = {(member(a, [a|T]), )}

3. BAp(member(a,[a|T]),7) = 0, A2 = abstract(A;) = A; and we have
reached the fixpoint.

A partial deduction P’ wrt A; and p with p((member(a, [a|T]), 7)) = mq is:
my(X) —

A; is covered and all the atoms in G =« member(a, [a]), member(a, [a,b]) are

instances of an atom in A. As predicted by Theorem 17 all atoms in G are

also concretisations of characteristic atoms in A3 and hence Theorem 14 can be

applied: we obtain the renamed goal G’ =« my([]), m1([b]) and P'U{G'} yields

the correct result.

A system incorporating Algorithm 4.1 has been implemented. Incorporating
existing unfolding rules into the system was very straightforward — something
we have already hinted at earlier. The system has been used for some successful
applications, like in [15] where integrity checking was pre-compiled. In addition
to the examples of this paper the system is precise enough to solve all the prob-
lematic examples in [12, 13]. On some occasions a depth-bound on characteristic
trees was required.

The system has also been tested for the Lam and Kusalik benchmarks (origi-
nally in[9]) by Meulemans in [21] and the results are very satisfactory, as well for
code size as for execution speed. For instance the results are better than those
of the SP system ([4, 5]). Further testing (and refinement) is ongoing. Table 1
is extracted from [21] and compares the Algorithm 4.1 with standard partial
deduction and where termination is guaranteed by using an abstraction opera-
tion which allows only one version (i.e. one msg) per predicate. The Total row
contains the normalised total speedup of all the tests (each test was given the
same weight). For both approaches the same simple determinate unfolding rule
with a lookahead of one level and without selecting negative literals® has been

8 For comparison’s sake with other methods which are not able to handle negation,
see [21].
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used. As the speedups in Table 1 show (higher figures are better), even for this
simple unfolding rule the new partial deduction method pays off. We conjecture
that for more sophisticated unfolding rules and for more sophisticated programs
the difference will be much more dramatic.

Benchmark | Speedup with Speedup with
Ecological PD |1 msg per predicate
advisor 1.27 1.28
ancestor 1.01 0.99
transpose 4.37 4.37
match 0.94 0.80
contains 1.13 1.00
depth 1.56 0.97
gtrainl 1.36 0.77
gtrain2 2.01 2.01
Total 1.37 1.13

Table 1. Speedup Figures

5 Discussion and Conclusion

For the moment the technique of this paper has to impose a depth bound on
characteristic trees to ensure termination. In fact the number of characteristic
trees is not always bounded in a natural way. This depth bound becomes nec-
essary for example when an accumulating parameter “influences” the unfolding,
meaning that the growth of the accumulator also leads to a corresponding growth
of the characteristic tree. Some examples can be found in [14]. Fortunately [14]
also proposes a solution to this problem by incorporating the partial deduction
technique of this paper with ideas from [20]. The basic idea is to detect growing
of characteristic trees and, if necessary, generalise characteristic atoms to ensure
termination. Another promising approach to solve this problem might be based
pre-computing a finite and “sufficient” set of potential characteristic trees in an
off-line manner.

Also note that some built-in’s (like =../2, is/2) can be easily incorpo-
rated into the characteristic trees. The concretisation definition for characteristic
atoms scales up and the technique will ensure correct specialisation. It should
also be possible to incorporate the if-then-else into characteristic trees (and
then use a specialisation technique similar to [11]).

Characteristic trees and the method proposed in this paper can probably also
be useful in other areas, such as constraint logic programming or supercompila-
tion. For further remarks see [13, 14].

The simplicity and universality of the new method comes at a (relatively
small) price compared to [12, 13]. The characteristic tree 7 inside a characteristic
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atom (A4, 7) can be seen as an implicit representation of constraints on A. How-
ever in this paper these constraints are used only locally and are not propagated
towards other characteristic atoms. The constraints in [12, 13] are propagated
and thus used globally. Whether this has any real influence in practice remains
to be seen.

In conclusion, we have presented a new framework and a new algorithm for
partial deduction. The framework and the algorithm can handle normal logic
programs and place no restrictions on the unfolding rule. The abstraction op-
erator of the algorithm preserves the characteristic trees of the atoms to be
specialised and ensures termination (when the number of distinct characteristic
trees is bounded) while providing a fine grained control of polyvariance. All this
is achieved without using constraints in the partial deduction process.
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A Termination Property of abstract

First we introduce the following notation: for any finite set of characteristic atoms
A and any characteristic tree 7, let A, be defined as A, = {4 | (4, 7) € A}. The
following well-founded measure function is taken from [6] (also in the extended
version of [20]):

Definition18. Let Term, Atom denote the sets of terms and atoms, respec-
tively. We define the function s : Term U Atom —IN counting symbols by:

o s(t)=1+4+s(t1)+...+s(tn) ift=7f(t1,...,tn), n>0

e s(t)=1 otherwise
Let the number of distinct variables in a term or atom ¢ be v(t). We now define
the function h : Term U Atom —IN by h(t) = s(t) — v(t).

The well-founded measure function h has the property that A(t) > 0 for any
non-variable ¢. Also if 4 is an atom strictly more general than B we have that

h(A) < h(B) (see [20]).

Definition19. Let A be a set of characteristic atoms and let T' = (71,...,7)
be a finite vector of characteristic trees. We then define the weight vector of A
wrt T by hveer (A) = (w1,...,w,) where

e w; =00 ifA, =

o w;, = ZAE.A,-. h(4) if A, #0

Weight vectors are partially ordered by the usual order relation among vec-
tors: (wi,...,Wn) < (v1,...,0,) iff wy <v1,...,up <vyand G<TIHT LT
and ¥ £ W. The set of weight vectors is well founded (no infinitely decreasing
sequences exist) because the weights of the atoms are well founded.

Proposition20. Let P be a normal program, U an unfolding rule and let T =
(T1,-..,7n) be a finite vector of characteristic trees. For every finite set of char-
acteristic atoms A and B, such that the characteristic trees of their elements are
in T, we have that one of the following holds:
e abstract(AU B) = A (up to variable renaming) or
e hvecy(abstract(A U B)) < hvecr(A).
PrROOF. Let hvecr(A) = (w1, ..., ws) and let hvecr(abstract(AU B)) = {(v1,...,vn).
Then for every 7; € T we have two cases:
o {msg(A-; UB;,)} = A, (up to variable renaming). In this case the abstraction
operation performs no modification for 75 and v; = w;.
o {msg(A,; UB:,)} = {M} # A, (up to variable renaming). In this case (M, ;) €
abstract(A U B), v; = h(M) and there are three possibilities:
o A, = 0. In this case v; < w; = 0.
o A, = {A} for some atom A. In this case M is strictly more general than A (by
definition of msg because M # A up to variable renaming) and hence v; < w;.
o #(A;) > 1. In this case M is more general (but not necessarily strictly more
general) than any atom in A,; and »; < w; because at least one atom is
removed by the abstraction.
We have that Vi € {1,...,n} : v; < w; and either the abstraction operation performs
no modification (and 7= u_)') or the well-founded measure hvecr strictly decreases. O
This article was processed using the INTEX macro package with LLNCS style
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