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Introduction

Partial evaluation is a program-transformation method for specializing programs with respect to part of their data. It is motivated by the fact that
dedicated programs operate more efficiently than general-purpose ones. To
specialize programs, one typically uses techniques also found in optimizing
compilers: constant propagation, constant folding, call unfolding / inlining,
dead-code elimination, memoization, folding, etc. A wide variety of literature on partial evaluation is available today, including a textbook by Neil
Jones, Carsten Gomard, and Peter Sestoft [31], a number of overviews [8,
24, 30], at least three encyclopedia entries [14, 35, 36], the ACM SIGPLAN
PEPM series,1 several special issues of journals [15, 12, 29, 37], and the proceedings of occasional meetings and summer schools [4, 11, 20, 27]. More
information is available at the web site of the PEPT mailing list.2
The goal of these lecture notes is to document the programming techniques for writing generating extensions (a term due to Andrei P. Ershov).
A generating extension for a program p is a program p0 which, given some
data s, (1) performs the operations of p that depend on s and (2) constructs
residual code for the remaining operations. Running p0 on s thus returns a
version of p that is specialized with respect to s.
Correctness criterion for specialization
Given a program p and its generating extension p0 , running p0
on some data s yields a residual program ps such that running
ps on the remaining data d yields the same result as running p
on both s and d, provided p0 , ps , and p all terminate.
The means of these lecture notes are fairly minimal: rather than relying
on an existing partial evaluator, we have chosen to use the code-generating
facilities of Scheme. To this end, the reader is provided with a handful of
vanilla Scheme functions. We choose to use the Scheme language for its
simplicity and the Petite Chez Scheme implementation for its availability
and excellence.3 All the following Scheme programs are available online from
the author’s home page, together with sample solutions for the exercises.
For the purpose of these lecture notes, we focus on compositional pro1

http://www.acm.org/pubs/contents/proceedings/series/pepm/
http://www.yl.is.s.u-tokyo.ac.jp/~sumii/pept/
3
Petite Chez Scheme is freely available at http://www.scheme.com/.
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grams performing a recursive descent over their known input. To enforce
this requirement, we express these programs with the fold function associated with the known input. The generating extension is thus obtained by
passing code-generating functions to each fold function. The lecture notes
are composed as a series of simple examples, setting up themes and inviting
the reader to exercise some variations.

1.1

Prerequisites and notation

A passing familiarity with Scheme and quasiquotation will definitely help
the reader. The most up-to-date reference for Scheme is the R5 RS [32]. Alan
Bawden presented a survey of quasiquotation in Scheme at PEPM’99 [2].
Further information is available in Kent Dybvig’s textbook [18] and in the
Chez Scheme user’s guide [19]. All these documents are freely available
online.
In the rest of these notes, all efficiency measurements are carried out
with Chez Scheme’s timing facilities [19, Section 10.6]. Occasionally, to
illustrate a point or an exercise, we display the transcript of an interactive
Scheme session. In such sessions, “> ” is the interactive prompt, preceding
an expression to be evaluated; what follows is the result of the evaluation.
Throughout, we only consider exact integers [32], and occasionally, we
rely on a simple record facility. We use define-record to define a new record
and case-record to dispatch among possible records, much like the pattern
matching of ML.
We also assume a basic familiarity with fold, as can be gathered from
Graham Hutton’s recent tutorial [28].

1.2

Overview

The rest of these lecture notes is organized as follows. We first describe
a simple toolkit for program-generating programs in Scheme (Section 2)
and then treat the power function, which is a canonical example in partial
evaluation (Sections 3 and 4). We then consider a multiplication function
(Section 5), the Euclidean algorithm (Section 6), and regular expressions
(Section 7), before concluding (Section 8).
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A Toolkit for Program-Generating Programs

We want to write programs that construct other programs. In Scheme, where
programs are represented as S-expressions, constructing a residual program
boils down to constructing an S-expression conforming to the syntax of
Scheme. The rest of this section addresses the issue of fresh names (Section 2.1), common idioms for block structure and predefined functions (Section 2.2), advanced idioms (Section 2.3), and common errors (Section 2.4).

2.1

Fresh names

We want to generate residual programs with scope. Therefore it is essential
that no name clashes occur. A name clash occurs if a residual program
attempts to use the same variable with more than one purpose in the same
scope. Names clashes are traditionally avoided by systematically generating
fresh variables during the construction of residual programs, using a generator of new symbols (traditionally named “gensym”). We adopt this solution
here, since alternatives such as combinators, de Bruijn indices, or de Bruijn
levels are not as practical.
For readability as well as for debugging purposes, we parameterize the
gensym function with a name stub. We also reset the gensym function prior
to any specialization, so that performing the same specialization several
times yields the same textual result.

2.2

Standard idioms

Let us review how to construct the usual syntactic forms of Scheme: function
application, function declaration, conditional expressions, and lexical blocks.
Constructing a residual application is straightforward: given the operator and the operands, simply construct a flat list. We choose to inline this
construction everywhere. However, we factor out the construction of residual applications of a predefined function when this function may give rise to
algebraic simplifications (Section 2.2.1).
Constructing residual lambda-abstractions requires fresh names. The
same goes for constructing residual let- or letrec-expressions. We choose to
factor out these constructions (Sections 2.2.2 and 2.2.3).
Residual programs typically include nested let-expressions (let in Scheme),
which can be written more concisely using the sequential let* construct
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of Scheme. We thus provide the corresponding syntax constructor (Section 2.2.4).
2.2.1

Residualizing versions of predefined functions

Let us consider multiplication. Its simplest residualizing version takes two
residual expressions and constructs the corresponding residual multiplication:
(define mk-*
(lambda (x y)
‘(* ,x ,y)))

This simple residualizing function can be refined, since multiplying any
number by 1 yields that number unchanged. A more refined version thus
reads as follows:
(define mk-*
(lambda (x y)
(cond
[(equal? x 1)
y]
[(equal? y 1)
x]
[else
‘(* ,x ,y)])))

Exercise 2.1: One might be tempted to further refine mk-* by taking into
account that multiplying any number by 0 yields 0. Is this a good idea in
general?
Hint—the non-zero argument may represent a non-trivial computation.
2
Exercise 2.2: What happens if mk-* is applied to two residual literals?
Does this suggest yet another refinement?
2
Other residualizing functions can be found in the appendix.
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2.2.2

Bindings

Constructing residual lambda-abstractions requires gensym. We factor it
out in constructors such as mk-lambda and mk-lambda2. Given a name stub
and a function expecting a fresh name and yielding a residual expression,
mk-lambda constructs a unary residual lambda-abstraction.
Example 2.3:
> (mk-lambda "x" (lambda (x)
(mk-* x 100)))
(lambda (x0)
(* x0 100))

2
Similarly, mk-lambda2 constructs a binary residual lambda-abstraction, given
two name stubs and a function expecting two fresh names and yielding a
residual expression.
Example 2.4:
> (mk-lambda2 "x" "k" (lambda (x k)
‘(,k ,x)))
(lambda (x0 k1)
(k1 x0))

2
mk-lambda and mk-lambda2 are defined in the appendix.

2.2.3

Block structure

Constructing residual blocks (let and letrec) also requires gensym. Similarly, we factor it out in two constructors mk-let and mk-letrec. Given a
name stub, a residual expression, and a function expecting a fresh name
and yielding a residual expression, mk-let constructs a unary residual letexpression.
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Example 2.5:
> (mk-lambda "f"
(lambda (f)
(mk-let "x"
‘(,f 1000)
(lambda (x)
(mk-let "y"
‘(,f 2000)
(lambda (y)
(mk-* x y)))))))
(lambda (f0)
(let ([x1 (f0 1000)])
(let ([y2 (f0 2000)])
(* x1 y2))))

2
Similarly, mk-letrec constructs a unary residual letrec-expression, given a
name stub, a function expecting a fresh name and yielding a residual lambdaabstraction, and a function expecting a fresh name and yielding a residual
expression.
mk-let and mk-letrec are defined in the appendix.
2.2.4

Naming and sequentialization

The previous example is typical of residual code: it contains nested letexpressions, which would be more concisely expressed with one sequential
let-expression. Such a let-expression is obtained using the mk-let* constructor defined in the appendix. Using mk-let* instead of mk-let in the previous
example yields the following residual expression:
(lambda (f0)
(let* ([x1 (f0 1000)]
[y2 (f0 2000)])
(* x1 y2)))

For simplicity, we define mk-let to be mk-let* in the rest of these lecture
notes.

2.3

Advanced idioms

Higher-order program-generating programs typically require one to write
functions mapping residual expressions to residual expressions. Two particular cases stand out.
7

2.3.1

Reflection: from expressions to functions

Let us go back to the first version of mk-* from Section 2.2.1. In essence,
it maps two residual expressions (the operands of a residual multiplication)
into another residual expression (a residual multiplication). This idiom recurs frequently, in that it will appear in the definition of every residualizing
function where there is no opportunity to simplify.
Let us abstract this idiom:
(define reflect-fun
(lambda (e)
(lambda (x)
‘(,e ,x))))

;;; exp -> (exp -> exp)

(define reflect-fun2 ;;; exp -> (exp * exp -> exp)
(lambda (e)
(lambda (x y)
‘(,e ,x ,y))))

We can now instantiate it at will:
> ((reflect-fun2 ’*) ’a ’b)
(* a b)
> ((reflect-fun ’car) ’...)
(car ...)

2.3.2

Reification: from functions to expressions

Symmetrically, one often needs to residualize a function mapping an expression to an expression—for example, a function obtained by reflection.
The corresponding idiom is abstracted as follows:
(define reify-fun
;;; (exp -> exp) -> exp
(lambda (f)
(mk-lambda "x" f)))
(define reify-fun2
;;; (exp * exp -> exp) -> exp
(lambda (f)
(mk-lambda2 "x" "x" f)))

For example, we can reify the residualizing version of multiplication:
> (reify-fun2 mk-*)
(lambda (x0 x1)
(* x0 x1))
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We can also reify the identity function:
> (reify-fun (lambda (x) x))
(lambda (x0)
x0)

2.3.3

Summary and conclusion

We have described two functions arising frequently in higher-order generating extensions: reflect-fun and reify-fun.
• reflect-fun maps a residual expression to a residualizing function.
• reify-fun maps a residualizing function into a residual expression.
Further applications of reification and reflection are mentioned in Section 8.1.

2.4

Common errors

The following two common errors often arise when one programs with quasiquote
and unquote in general and often with reify-fun and reflect-fun in particular:
• An expression is used as a value (e.g., an integer or a function), making
Scheme signal a run-time error.
• A compound value (such as a Scheme closure) is used as an expression,
yielding an ill-formed residual program.
These type errors would be detected earlier in a statically typed language
such as ML or Haskell.

2.5

Summary and conclusion

We have briefly presented a toolkit for program-generating programs using Scheme, using quasiquote and unquote and factoring out the generation
of fresh names. In the rest of these lecture notes, we occasionally use the
Scheme function eval to evaluate residual programs. This function essentially provides a form of run-time code generation.
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Exercise 2.6: Write a similar toolkit in ML or in Haskell.
Hint #1—define a datatype of residual expressions, and use a prettyprinter to obtain a residual program in concrete syntax.
Hint #2—to evaluate a residual program, one can either cut and paste
it at the toplevel loop, or save it in a file and load this file.
2

3

The Power Function

We begin with a canonical example of partial evaluation: the power function
(Section 3.1). We first consider its naive generating extension (Section 3.2).
The power function, however, implicitly uses the fold function for natural
numbers (Section 3.3). We thus revisit both the power function (Section 3.4)
and its generating extension (Section 3.5) using this fold function. We then
consider how the fold function makes it possible to stage specialization (Section 3.6). Finally, we assess the overall approach of specializing the power
function (Section 3.7).

3.1

The power function

We consider the linear power function. (A logarithmic version is considered
in Section 4.)
(define power (lambda (x n)
(letrec ([walk (lambda (n)
(if (zero? n)
1
(* x (walk (- n 1)))))])
(walk n))))

3.2

Specializing the power function

Specializing power with respect to a given value for its induction variable
makes it possible to unroll all the recursive calls, leaving a trail of residual
multiplications. To this end, one instruments the power function by (1) making it generate a residual lambda-abstraction, and (2) using a residualizing
multiplication.
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(define power-gen
(lambda (n)
(mk-lambda "x" (lambda (x)
(letrec ([walk (lambda (n)
(if (zero? n)
1
(mk-* x (walk (- n 1)))))])
(walk n))))))

And indeed applying power-gen to 5 yields the following simplified and nonrecursive residual program:
(lambda (x0)
(* x0 (* x0 (* x0 (* x0 x0)))))

The correctness criterion of partial evaluation reads as follows here: applying
the function denoted by this residual program to any number x yields the
same result as applying power to x and 5.

For all x and n,
((eval (power-gen n)) x) = (power x n)

Exercise 3.1: Modify power-gen so that passing it 5 yields the following
residual program:
(lambda (x0)
(let* ([v1 (* x0 x0)]
[v2 (* x0 v1)]
[v3 (* x0 v2)])
(* x0 v3)))

Hint—equip walk with a continuation.

3.3

2

A fold function for the power function

There is nothing magical, however, about the power function. It is an instance of the following fold function for natural numbers:
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(define nat
(lambda (bc is)
(letrec ([walk (lambda (n)
(if (zero? n)
bc
(is (walk (- n 1)))))])
walk)))
nat corresponds to primitive iteration. It is parameterized with two func-

tions: one for the base case and one for the induction step. We can instantiate nat to define the power function (Section 3.4) and its generating
extension (Section 3.5). Conversely, we can specialize nat with respect to
a natural number prior to instantiating it for obtaining a specialized power
function or a specialized generating extension (Section 3.6).

3.4

The power function, revisited

We express the power function in terms of nat as follows. For the base case,
we pass it the literal 1,4 and for the induction step, we pass it a curried
multiplication function, partially applied to the number to exponentiate.
(define power-alt
(lambda (x n)
((nat 1 (lambda (a) (* x a))) n)))

For all x and n,
(power-alt x n) = (power x n)

3.5

Specializing the power function, revisited

Similarly, we can express the generating extension of the power function
in terms of nat as follows. For the base case, we pass it the residual literal 1,4 and for the induction step, we pass it a code-generating function
residualizing a multiplication:
4
In Scheme, the literal 1 and the residual literal 1 coincide, but that would not be the
case in ML or Haskell: one would have an integer type, and the other would have the type
of residual expressions.
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(define power-gen-alt
(lambda (n)
(mk-lambda "x" (lambda (x)
((nat 1 (lambda (a) (mk-* x a))) n)))))

And indeed applying power-gen-alt to 5 yields the same residual program
as in Section 3.2.

For all n,
(power-gen-alt n) = (power-gen n)

Exercise 3.2: Modify power-gen-alt so that passing it 5 yields the same
residual program as in Exercise 3.1.
2

3.6

A generating extension for the fold function

Sections 3.4 and 3.5 make it clear that both the power function and its
generating extension are instances of the fold function for natural numbers.
Therefore, we can shift perspectives: instead of instantiating the fold function prior to specialization, we can specialize it prior to instantiation. To
this end, let us write the corresponding generating extension. This generating extension is given a natural number and invokes the fold function with
code-generating functions.
(define nat-gen
(lambda (n)
(mk-lambda2 "bc" "is" (lambda (bc is)
((nat bc (reflect-fun is)) n)))))

N.B. In the definition of nat-gen, reflect-fun maps the residual identifier
denoted by is into a residualizing function.
For example, applying nat-gen to 5 yields the following residual program:
(lambda (bc0 is1)
(is1 (is1 (is1 (is1 (is1 bc0))))))

This residual program can be instantiated either to compute the power function (as in Section 3.4) or to specialize it (as in Section 3.5) with an exponent
fixed to be 5. We come back to this point in Section 6.4.
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For all n, bc, and is,
((eval (nat-gen n)) bc is) = ((nat bc is) n)

Exercise 3.3: Write an alternative version of nat-gen so that applying it
to 4 yields the following residual program:
(lambda (bc0 is1)
(let* ([v2 (is1
[v3 (is1
[v4 (is1
[v5 (is1
(is1 v5)))

bc0)]
v2)]
v3)]
v4)])

Hint—instantiate nat with continuation-passing functions.

3.7

2

A critical assessment

Let us now compare the efficiency of the power function and of its specialized
instances. In Petite Chez Scheme, the arithmetic operators are overloaded
in that they work in two modes: over fixed numbers (represented as simple
data objects and thus incurring a fixed allocation cost) and over big numbers (represented as heap-allocated “bignums” and thus incurring a variable
allocation cost). We are thus led to distinguish two cases:
For fixed numbers:
• The specialized instances consume virtually no space whereas the
original function does.
• The specialized instances are about twice as fast as the original
function.
For big numbers: there is no perceptible difference between the original
function and its specialized instances.
The second item indicates that the real cost of the power function is not
the interpretive overhead of the exponent, but the cost of the multiplications over bignums. The linear power function is thus mostly a pedagogical
example of partial evaluation.
14

3.8

Summary and conclusion

We have treated the power function, which is a canonical example in partial
evaluation. Specializing it with respect to a given exponent amounts to
unrolling all its recursive calls and to constructing residual multiplications.
We have shown that this specialization strategy is not ad hoc: it is an
instance of the fold function for natural numbers, like the power function
itself. This observation makes it clear that the generating extension, like
the power function, terminates. It also suggests that one can specialize the
fold function prior to instantiating it. Finally, we have measured the effect
of partial evaluation on the linear power function in Scheme, and found it
to be minor.

4

The Binary Power Function

We continue with the power function in its Russian-peasant form, taking
the same steps as in Section 3, but in the form of exercises.

4.1

The power function

This version of the power function works by dividing the exponent by two
rather than decrementing it. (N.B. We have short-cut one recursive call in
the odd case, compared to traditional presentations of the Russian-peasant
algorithm.)
(define power2
(lambda (x n)
(letrec ([walk (lambda (n)
(cond
[(zero? n)
1]
[(even? n)
(sqr (walk (quotient n 2)))]
[else
(* x (sqr (walk (quotient n 2))))]))])
(walk n))))
(define sqr
(lambda (x)
(* x x)))

15

4.2

Specializing the power function

Exercise 4.1: As in Section 3.2, instrument the power function and write a
function power2-gen such that (1) it generates a residual lambda-abstraction,
and (2) it uses a residualizing multiplication and a residualizing squaring
function.
2
Question 4.2: Suppose that the residualizing squaring function is defined
in terms of the residualizing multiplication:
(define mk-sqr
(lambda (x)
(mk-* x x)))

What is the effect of this change on the residual code?

2

Exercise 4.3: As in Section 3.2, modify power2-gen to make it generate
residual let-expressions.
2
Question 4.4: If power2-gen generates residual let-expressions, does it
matter that the residualizing squaring function is defined in terms of the
residualizing multiplication?
2

4.3

A fold function for the power function

Again, there is nothing magical about the binary power function. It is an
instance of the following binary fold function for natural numbers:
(define nat2
(lambda (bc ec oc)
(letrec ([walk (lambda (n)
(cond
[(zero? n)
bc]
[(even? n)
(ec (walk (quotient n 2)))]
[else
(oc (walk (quotient n 2)))]))])
walk)))
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4.4

The power function, revisited

Exercise 4.5: As in Section 3.4, write a function power2-alt using the
binary fold function defined just above.
2

4.5

Specializing the power function, revisited

Exercise 4.6: As in Section 3.5, write a function power2-alt-gen using
the binary fold function.
2

4.6

A generating extension for the fold function

Exercise 4.7: As in Section 3.6, write a function nat2-gen using the binary
fold function, and test it to compute the binary power function and to
specialize it with respect to a fixed exponent.
2

4.7

A critical assessment

Exercise 4.8: As in Section 3.7, compare the efficiency of the binary power
function and of its specialized instances.
2

4.8

Summary and conclusion

We have visited the binary power function, which is another canonical example in partial evaluation. Specializing it with respect to a given exponent
amounts to unrolling all its recursive calls and to constructing residual multiplications and squaring functions. As in Section 3, we have shown that this
specialization strategy is not ad hoc either: it is an instance of a fold function
for natural numbers, like the power function itself. Therefore specialization,
like the power function, terminates.

5

The Multiplication Function (Outline)

The goal of this section is to specialize the multiplication function into a
combination of left-shifts and additions, given one of its arguments. For
example, left-shift could be defined as follows:
(define left-shift
(lambda (n x)
(* x (expt 2 n))))
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Usually, though, left-shift is implemented more efficiently (cf. fxsll in
Petite Chez Scheme).
Exercise 5.1: Define the multiplication function so that specializing it
with respect to 25 yields the following residual program:
(lambda (y0)
(+ y0 (left-shift 3 (+ y0 (left-shift 1 y0)))))

2
Exercise 5.2: Define the multiplication function so that specializing it
with respect to 25 yields the following residual program:
(lambda (y0)
(let* ([v1 (left-shift 1 y0)]
[v2 (+ y0 v1)]
[v3 (left-shift 3 v2)])
(+ y0 v3)))

Hint—use continuation-passing style.

6

2

The Euclidean Algorithm

We consider the gcd function because of its interesting recursion pattern. At
each recursive call, its two arguments are intertwined so that, unlike in the
power function, there is no clear binding-time separation between these two
arguments, making it a challenge to specialize the gcd function with respect
to either of them (Section 6.1). The gcd function is an instance of the
Euclidean algorithm. We review a few other such instances (Section 6.2)
before turning to the fold function associated to the Euclidean algorithm
(Section 6.3). We then stage its various instantiations (Section 6.4).

6.1

The Euclidean algorithm

The gcd function is standard, and presented, e.g., in Knuth’s Volume 2 [33,
Section 4.5.2]. We name it gcd-std rather than gcd in order not to redefine
the resident gcd function in Petite Chez Scheme.
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(define gcd-std
(lambda (i j)
(letrec ([walk (lambda (i j)
(if (zero? i)
j
(walk (remainder j i) i)))])
(walk i j))))

In Sections 3 and 4, the induction variable of the power functions denotes a
natural number. In the gcd function, however, it denotes a pair of integers,
which presents the following challenge for partial evaluation.
Say that we want to specialize the gcd function with respect to one of
its two arguments. This knowledge may enable us to unfold one recursive
call. However, and in contrast to the power function, the zero test cannot be
resolved. Therefore, short of speculative evaluation across both branches of
the if, we are stuck. (Besides, should we wish to evaluate speculatively, how
could we ensure that unfolding terminates?) Fortunately, either argument of
gcd actually determines an upper bound on the number of recursive calls [33,
page 360]. This upper bound makes it possible to unroll all the recursive
calls [3, 13, 34].
Let us first write the gcd function in terms of the fold function nat defined
in Section 3.3, using Finck’s upper bound:
(define upper-bound
(lambda (n)
(if (< n 2)
2
(+ 1 (inexact->exact (ceiling (* 2 (log n))))))))

The upper bound provides the number of iterations. Since the base-case
function should never be reached, we define it as an error-raising function.
The induction-step function, which is naturally continuation-passing, carries
out an iteration step.
(define nat-gcd
(lambda (i j)
(((nat (lambda (i j)
(error ’nat-gcd "out of steam"))
(lambda (k)
(lambda (i j)
(if (zero? i)
j
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(k (remainder j i) i)))))
(upper-bound (min i j)))
i j)))

Like the power function in Section 3.5, we can obtain a generating extension
of the gcd function using the same fold function. For the base case, we pass
it a constant residual function raising an error, and for the induction step,
we pass it a code-generating function residualizing an iteration step.
(define nat-gcd-gen
(lambda (i)
(mk-lambda "j" (lambda (j)
(((nat (lambda (i j)
(mk-error ’nat-gcd "out of steam"))
(lambda (k)
(lambda (i j)
(mk-if (mk-zero? i)
j
(mk-let "r"
(mk-remainder j i)
(lambda (r)
(k r i)))))))
(upper-bound i))
i j)))))

The outcome is straightforward: all the iteration steps are unrolled. Here is
a sample result:
> (nat-gcd-gen 4)
(lambda (j0)
(let ([r1 (remainder j0 5)])
(if (zero? r1)
5
(let ([r2 (remainder 5 r1)])
(if (zero? r2)
r1
(let ([r3 (remainder r1 r2)])
(if (zero? r3)
r2
(let ([r4 (remainder r2 r3)])
(error ’nat-gcd "out of steam")))))))))

The usefulness of the residual let-expressions is now plain, since the result
of each remainder (except the innermost one) may be used twice.
20

For all i and j,
((eval (nat-gcd-gen i)) j)

=
=

((eval (nat-gcd-gen j)) i)
(gcd-std i j)

Exercise 6.1: Compare the efficiency of gcd-std and of its specialized
versions. Does it match your expectations?
2

6.2

Instances of the Euclidean algorithm

We consider three more instances of the Euclidean algorithm: computing
the partial quotients of a rational number (Section 6.2.1), computing the
Euclidean coefficients recursively (Section 6.2.2), and computing them iteratively (Section 6.2.3).
6.2.1

Finite simple continued fractions

The partial quotients q0 , q1 , q2 , ..., qn of a rational number i/j are defined
by the following equality:
i
1
= q0 +
1
j
q1 + q +...
2

1
qn

They can be computed by the following variant of the Euclidean algorithm [33, Section 4.5.3]:
(define pq
(lambda (i j)
(letrec ([walk (lambda (i j)
(if (zero? i)
’()
(cons (quotient j i)
(walk (remainder j i) i))))])
(walk i j))))

Given two natural numbers representing the numerator and the denominator
of a rational number, pq constructs a list of its partial quotients.
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6.2.2

The Euclidean coefficients (a recursive solution)

The Euclidean coefficients of any natural numbers i and j are two integers
a and b such that ai + bj = gcd(i, j). Let us calculate two such ones.5
Base case: if i = 0 then a = 0 and b = 1 since, by definition of gcd,
gcd(0, j) = j = 0i + 1j.
Induction case: if i 6= 0 then by definition of gcd, gcd(i, j) = gcd(j rem i, i).
By induction hypothesis, two integers a and b exist such that gcd(j rem i, i) =
a(j rem i) + bi. Therefore we are looking for two integers a0 and b0 such
that a0 i + b0 j = a(j rem i) + bi.
Since i(j quo i)+(j rem i) = j a simple calculation leads one to a(j rem i)+
bi = (b − a(j quo i))i + aj. Therefore a0 = b − a(j quo i) and b0 = a.
The Euclidean coefficients are thus computed as follows:
(define gcd-coeff
(lambda (i j)
(letrec ([walk (lambda (i j)
(if (zero? i)
’(0 . 1)
(let ([p (walk (remainder j i) i)])
(let ([a (car p)]
[b (cdr p)])
(cons (- b (* a (quotient j i)))
a)))))])
(walk i j))))

6.2.3

The Euclidean coefficients (an iterative solution)

In Section 6.2.2, gcd-coeff is recursive: walk dives to the base case and
computes a series of intermediate pairs all the way back. An iterative solution, however, exists, based on the observation that the intermediate pairs
are obtained by a linear transformation. Such a transformation is canonically represented by a 2 × 2 matrix, and multiplying this (easily calculated)
matrix with an intermediate pair yields the next pair in the series:
a0
b0

!

"

=

−(j quo i) 1
1
0

#

a
b

!

5
Euclidean coefficients are not unique, but this issue is out of the scope of these lecture
notes.
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Since matrix multiplication is associative, we can write an iterative version
of gcd-coeff using an accumulator initialized to the identity matrix. The
result reads as follows:
(define gcd-coeff-acc
(lambda (i j)
(letrec ([walk (lambda (i j x11 x12 x21 x22)
(if (zero? i)
(cons x12 x22)
(let ([q (quotient j i)])
(walk (remainder j i)
i
(- x12 (* x11 q))
x11
(- x22 (* x21 q))
x21))))])
(walk i j 1 0 0 1))))

6.3

A fold function for the Euclidean algorithm

Along the same lines as Sections 3 and 4, let us now turn to a fold function
associated to the Euclidean algorithm. The fold function we consider here
is parameterized with two functions: one for the base case and one for the
induction step.
(define euclid
(lambda (bc is)
(letrec ([walk (lambda (i j)
(if (zero? i)
(bc j)
(is i j (walk (remainder j i) i))))])
walk)))

During its course of values, euclid passes intermediate values to bc and is.
It is thus more akin to primitive recursion than to primitive iteration.
Exercise 6.2: Write a function gcd-std-alt computing the gcd function,
in terms of euclid.
2
Exercise 6.3: Write a function gcd-noi computing the number of iterations of the Euclidean algorithm, in terms of euclid.
2
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Exercise 6.4: Write a function pq-alt computing the partial quotients of
a rational number represented as a pair of integers, in terms of euclid. 2
Exercise 6.5: Write a function gcd-coeff-alt computing the Euclidean
coefficients recursively, in terms of euclid.
2
Exercise 6.6: Write a function gcd-coeff-acc-alt computing the Euclidean coefficients iteratively, in terms of euclid.
2
Exercise 6.7:

Write a generating extension euclid-gen for euclid.

Example 6.8:

Evaluating (euclid-gen 5 8) yields

2

(lambda (bc0 is1)
(is1 5 8 (is1 3 5 (is1 2 3 (is1 1 2 (bc0 1))))))

This residual program illustrates the course of values of the Euclidean algorithm for the two Fibonacci numbers 5 and 8.
2

For all i, j, bc, and is,
((eval (euclid-gen i j)) bc is) = ((euclid bc is) i j)

We are now in position to stage the Euclidean algorithm, following the
same approach used to stage the power function in Section 3.6.

6.4

Staging the Euclidean algorithm

When performing a Euclidean computation, we now have the choice of doing
it either directly, as in Section 6.2, or generically through a fold function,
as in Section 6.3. This section compares the performance of non-unfolded,
dedicated code such as
(gcd-coeff 5 8)

with unfolded, non-dedicated code such as
(euclid-5-8 (lambda (d) ...) (lambda (i j) ...))
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where euclid-5-8 denotes the value of
(lambda (bc0 is1)
(is1 5 8 (is1 3 5 (is1 2 3 (is1 1 2 (bc0 1))))))

which is the result of evaluating (euclid-gen 5 8).
The purpose of this comparison is only pedagogical, since we disregard
the cost of evaluating (euclid-gen 5 8) and its result.
6.4.1

Experiments

We conduct five comparisons, corresponding to the exercises of Section 6.3:
GCD-STD: calculating the gcd of two numbers. This is the base experiment:
we compare the non-unfolded, dedicated code and the unfolded, nondedicated code (where the result is already computed).
GCD-NOI: calculating the number of iterations of the Euclidean algorithm.
This is a witness experiment.
• The non-unfolded, dedicated code iterates and increments an integer.
• The unfolded, non-dedicated code instantiates the base case and
the induction step; at each induction step, it increments an integer.
PQ: calculating the partial quotients of a rational number.
• The non-unfolded, dedicated code iterates and computes a quotient and a remainder at each iteration.
• The unfolded, non-dedicated code instantiates the base case and
the induction step; at each induction step, it computes one quotient.
GCD-COEFF: calculating Euclidean coefficients, recursively.
• The non-unfolded, dedicated code computes a remainder at each
call; at each return, it computes a quotient and allocates a pair.
• The unfolded, non-dedicated code instantiates the base case and
the induction step; at each induction step, it computes one quotient and allocates one pair.
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GCD-COEFF-ACC: calculating Euclidean coefficients, iteratively.
• The non-unfolded, dedicated code iterates and computes a quotient, a remainder, two subtractions, and two multiplications at
each iteration.
• The unfolded, non-dedicated code instantiates the base case and
the induction step; at each induction step, it computes one quotient, one subtraction, and one multiplication.
We chose to use the Chez Scheme compiler instead of the Petite Chez Scheme
interpreter, to avoid interpretive noise. The measurements were conducted
on a Pentium 150MHz running Linux. In each case, we performed 5000 runs
of the non-unfolded, dedicated code and 5000 runs of the unfolded, nondedicated code, and we measured their performance with Chez Scheme’s
time function [19, Section 10.6]. Throughout, the Chez Scheme process
occupied a handful of megabytes and thus incurred no swapping costs.
6.4.2

Analysis of the results

Figures 1 and 2 display the results. The left columns correspond to CPU
time, including garbage collection, and the right columns correspond to
allocated memory. Each line groups two graphs and corresponds to one
experiment (GCD-STD, GCD-NOI, PQ, GCD-COEFF, and GCD-COEFFACC).
In each graph, the horizontal axis accounts for the number of iterations
of the Euclidean algorithm, and the vertical axis accounts for time (left
column) and space (right column). Figure 1 displays up to 50 iterations
and Figure 2 displays up to 250 iterations. (Further experiments up to 500
iterations yield curves that are similar to the ones in Figure 2.)
Each graph contains two curves: one for an unfolded, non-dedicated
function and one for a non-unfolded, dedicated function.
GCD-STD and GCD-NOI: as could be expected, the unfolded, non-dedicated
code incurs essentially no cost in time and space, whereas the nonunfolded, dedicated code pays for iterating and computing quotients.
PQ: Up to 45 iterations, the unfolded, non-dedicated code is about twice
as fast as the non-unfolded, dedicated code, for about the same memory usage. Beyond this threshold, the curves diverge, reflecting the
increased costs of bignum calculations. The PQ figures match the
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Figure 1: Benchmarks (up to 50 iterations)
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Figure 2: Benchmarks (up to 250 iterations)
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GCD-STD figures in that adding the GCD-STD curve to the lower
PQ curve yields the higher PQ curve.
GCD-COEFF: Up to 45 iterations, the time and space curves essentially
match. Beyond this threshold, the curves diverge: the unfolded, nondedicated code is about 50% faster than the non-unfolded, dedicated
code, while allocating about 70% less memory.
GCD-COEFF-ACC: Up to 45 iterations, the time curves essentially match,
but the non-unfolded, dedicated code allocates virtually no space,
probably reflecting a better register-allocation policy of the accumulator. Beyond this threshold, the memory usages essentially match,
while the unfolded, non-dedicated code slowly gets to be faster than
the non-unfolded, dedicated code.
Both the memory curve and the time curve suggest that the threshold between fixed-number and big-number arithmetic is reached after about 45
iterations.

6.5

Summary and conclusion

Somewhat recreationally, we have explored the Euclidean algorithm in the
light of partial evaluation, unfolding it given an upper bound on the number of iterations, and writing it generically and unfolding the generic version
prior to instantiating it. We also have measured the relative performances
of unfolded, non-dedicated code and non-unfolded, dedicated code; as contrived as the overall experiment may be—the Euclidean algorithm is already
very efficient and we are using Chez Scheme’s bignum arithmetic off-theshelf—the results are as could be expected, showing that unfolding calls
and propagating and folding constants can pay off.
Exercise 6.9: Write the fold function associated to the binary Euclidean
algorithm [33, page 338].
2

7

Regular Expressions

The goal of this section is to write an interpreter for regular expressions
and its associated generating extension. The interpreter takes a regular
expression and a list of tokens, and decides whether the list of tokens belongs
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to the set represented by the regular expression. The generating extension
compiles a regular expression into a dedicated decision procedure written in
Scheme.
We first define the regular expressions considered here (Section 7.1), and
then the corresponding interpreter (Section 7.2) and generating extension
(Section 7.3). We also consider some variations and extensions (Section 7.4).

7.1

Regular expressions and the associated fold function

The regular expressions we consider here have four constructors:
(define-record
(define-record
(define-record
(define-record

(TOKEN token))
(SEQ regexp regexp))
(ALT regexp regexp))
(STAR regexp))

TOKEN defines a fixed token, SEQ defines a sequence of regular expressions,
ALT defines two alternative regular expressions, and STAR defines a Kleene

closure.
For example, writing TOKEN without tag, SEQ with infix ·, ALT with infix
|, and STAR with superscripted ∗, the regular expression 10 · 20 represents
the set {(10 20)}; the regular expression 10 · (20 | 30) · 40 represents the set
{(10 20 40), (10 30 40)}; and the regular expression 10∗ · 20 represents the
set {(20), (10 20), (10 10 20), ...}.
The fold function for the data type of regular expressions is defined as
follows.
(define fold-regexp
(lambda (token seq alt star)
(letrec ([walk (lambda (e)
(case-record e
[(TOKEN s)
(token s)]
[(SEQ e1 e2)
(seq (walk e1) (walk e2))]
[(ALT e1 e2)
(alt (walk e1) (walk e2))]
[(STAR e)
(star (walk e))]
[else
(error ’fold-regexp "not a regexp ~s" e)]))])
walk)))
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7.2

An interpreter for regular expressions

An interpreter for regular expressions takes a regular expression and a list
of tokens, and determines whether the list belongs to the set represented by
the regular expression. If it does, then we say that the regular expression
‘accepts’ the list, and otherwise that it ‘rejects’ it.
Exercise 7.1: Write an interpreter ire for regular expressions using
fold-regexp. The interpreter should return #t if the list is accepted, and #f
otherwise.
Hint—the type of the instance of walk, in fold-regexp, should be as
follows:
regexp -> list-of-tokens * (list-of-tokens -> boolean) -> boolean

For example, here is a continuation-passing function for testing the first
element of a list of tokens. If the test is positive, the rest of the list is sent
to the continuation.
(define test-token
(lambda (a ts k)
(and (not (null? ts))
(equal? a (car ts))
(k (cdr ts)))))

N.B. Section 7.3 provides some hints about how to write ire.

7.3

2

A generating extension for regular expressions

Exercise 7.2: Write a generating extension ire-gen for regular expressions using fold-regexp. The generating extension should take a regular
expression and compile it into Scheme code, and this Scheme code should
satisfy the correctness criterion of specialization.

For all re and ts,
((eval (ire-gen re)) ts) = (ire re ts)

For example, using the same convention as above, 10 · 20 could be compiled into:
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(lambda (ts0)
(test-token 10 ts0 (lambda (ts1)
(test-token 20 ts1 (lambda (ts2)
(null? ts2))))))

Similarly, 10 · (20 | 30) · 40 could be compiled into:
(lambda (ts0)
(test-token 10 ts0 (lambda (ts1)
(let ([k4 (lambda (ts2)
(test-token 40 ts2 (lambda (ts3)
(null? ts3))))])
(or (test-token 20 ts1 (lambda (ts5)
(k4 ts5)))
(test-token 30 ts1 (lambda (ts6)
(k4 ts6))))))))

And finally, 10∗ · 20 could be compiled into:
(lambda (ts0)
(letrec ([star1
(lambda (ts2)
(or (test-token 20 ts2 (lambda (ts3)
(null? ts3)))
(test-token 10 ts2 (lambda (ts4)
(star1 ts4)))))])
(star1 ts0)))

N.B. (42∗ )∗ should be compiled into a non-diverging residual program such
as the following one:
(lambda (ts0)
(letrec ([star1
(lambda (ts2)
(or (null? ts2)
(letrec ([star3
(lambda (ts4)
(or (and (not (equal? ts2 ts4))
(star1 ts4))
(test-token 42
ts4
(lambda (ts5)
(star3 ts5)))))])
(star3 ts2))))])
(star1 ts0)))
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2
Question 7.3: The second example suggests that the compiler should
name the continuation of an ALT expression. Why?
2
Exercise 7.4: Observing that the compiled regular expressions contain
many eta-redexes, how could mk-lambda be modified to avoid them? For
example, 10∗ · (20 | 30) could be compiled into:
(lambda (ts0)
(letrec ([star1 (lambda (ts2)
(or (or (test-token 20 ts2 null?)
(test-token 30 ts2 null?))
(test-token 10 ts2 star1)))])
(star1 ts0)))

2
Question 7.5: In Scheme, or-expressions can take arbitrarily many arguments, not just two. How could this be used so that the compiled code just
above reads instead as follows?
(lambda (ts0)
(letrec ([star1 (lambda (ts2)
(or (test-token 20 ts2 null?)
(test-token 30 ts2 null?)
(test-token 10 ts2 star1)))])
(star1 ts0)))

2

7.4
7.4.1

Variations and extensions
Efficiency

The compiled version of (10 · 20) | (10 · 30), or of 10 | 10 for that matter, is
sub-optimal, since the token 10 is tested repeatedly.
Food for thought 7.6: How could the situation be improved?
Hint—think of the nullable, firstpos and followpos functions in the
Dragon book [1, page 135].
2
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7.4.2

A wild card

Let us extend the language of regular expressions with a wild card, i.e., a
constructor that matches any token.
(define-record (ANY))

Exercise 7.7: Extend the fold function, the interpreter, and its generating
extension to cater for this new constructor.
Hint—define a variant of test-token.
2
7.4.3

Variables

Let us extend the language of regular expressions with non-linear variables,
i.e., with a constructor introducing a variable such that all other occurrences
of this variable must match the same token.
(define-record (VAR symbol))

For example, the regular expression x · 20 · x accepts all the lists (v1 v2 v3)
such that v2 = 20 and v1 = v3.
The goal of this section is to extend the interpreter and its generating
extension to cater for this new constructor. For example, given a function
for variables such as the following one,
(define name-token
(lambda (ts k)
(and (not (null? ts))
(k (car ts) (cdr ts)))))

the regular expression x · 20 · x could be compiled into the following residual
code:
(lambda (ts0)
(name-token ts0 (lambda (v1 ts2)
(test-token 20 ts2 (lambda (ts3)
(test-token v1 ts3 null?))))))

The key point of this residual code is that the first element of the list of
tokens is named v1, using name-token, and the second call to test-token
checks whether v1 and the third element of the list denote the same token.
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Exercise 7.8: Extend the interpreter to handle variables. To this end,
equip it with an environment mapping variables to tokens.
2
Exercise 7.9: Extend the generating extension to handle variables, so that
all references to the environment are resolved at compile time. (Indeed, there
is no track of any environment in the example just above.)
2
Food for thought 7.10: Alternatively, the interpreter could be equipped
with a run-time stack of tokens. Named tokens would be pushed on that
stack and the environment, which would live at compile time, would map
compile-time variables to run-time stack offsets.
2
7.4.4

Accepting prefixes

Suppose that we want to check whether the prefix of a list of tokens (instead
of the whole list) is accepted by a regular expression.
Exercise 7.11: Modify the interpreter so that it yields either a rejection
value or the suffix of the input list of tokens, using the two following records
to distinguish between failure and success:
(define-record (ACCEPT list-of-tokens))
(define-record (REJECT))

Hint—start by modifying test-token.
7.4.5

2

Multiple answers

There may be several ways for a list of tokens to be accepted by a regular
expression.
Exercise 7.12: Modify the interpreter so that it yields the number of ways
in which a regular expression accepts a list of tokens—0 signifying failure.
2
7.4.6

Collecting suffixes

Building on Sections 7.4.4 and 7.4.5, we want to construct the list of suffixes
of the input list of tokens such that the prefix of each of these lists is accepted
by the regular expression.
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Exercise 7.13: Modify the interpreter to make it construct a list of accepted suffixes.
Hint—add an extra continuation.
2

7.5

Summary and conclusion

We have gone through a classical example of partial evaluation, namely an
interpreter for regular expressions. Specializing it with respect to a given
regular expression amounts to unrolling all of its recursive calls and constructing residual calls to atomic tests. As in the previous sections, we have
shown that this specialization strategy is not ad hoc: the compiler is an
instance of a fold function which is defined inductively on the structure of
regular expressions and therefore it is guaranteed to terminate.
Further references about interpreters for regular expressions include Neil
Jones, Carsten Gomard, and Peter Sestoft’s textbook [31], Bob Harper’s article on proof-directed debugging [25], and Andrzej Filinski and the author’s
work on continuations [10].
The programming techniques reviewed in Section 7.4 apply directly to
writing programming-language interpreters and specializing them with respect to a program, which is one of the most celebrated applications of
partial evaluation. Further references about programming-language interpreters include the above-mentioned textbook, Yoshihiko Futamura’s seminal article on self-applicable partial evaluation [23], and the author’s joint
work on imperative languages [7, 16].

8

Conclusion and Issues

Through a series of examples and exercises, we have illustrated some programming techniques for partial evaluation, focusing on generating extensions and structuring them as instances of fold functions. We conclude these
lecture notes with some further issues.

8.1

Type-directed partial evaluation

The functions reify-fun and reflect-fun of Section 2.3 can be generalized to work at arbitrary type rather than at exp -> exp. The resulting
type-indexed reify function implements a practical and efficient normalization function for the λ-calculus. This normalization function is efficient because—like the generating extensions considered here—it requires
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no translation overhead and operates at native speed. It is also practical
because, for example, it enables one to obtain the effect of all the generating
extensions considered here without writing a single quasiquote and unquote:
these are all factored out in the normalization function. More detail and further bibliographic references can be found in the author’s 1998 lecture notes
on type-directed partial evaluation [9] and in Andrzej Filinski’s semantic
account [22].

8.2

Sharing residual code

The following observation applies to all the examples considered here: when
specializing a compositional program with respect to a given data structure for its induction variable, we map this data structure into the control
structure of the residual program, homomorphically. This means that when
the data structure is tree-shaped, the control-flow graph of the specialized
program is also tree-shaped. In particular, when the source program is recursive rather than inductive over a part of the data structure (e.g., a Kleene
star in regular expressions or a while loop in an imperative program), the
residual program contains a recursive definition (e.g., an instance of star in
Section 7).
Exercise 8.1: In this light, revisit how regular expressions are traditionally compiled into finite automata in, e.g., the Dragon Book [1, Sections 3.7,
3.8, and 3.9].
2
DAG-shaped, rather than tree-shaped, residual programs can be obtained as follows.
By construction, each residual program point is a version of a source
program point, specialized with respect to some static values. Suppose that
we index some source program points with some static values, together with
a pointer to the corresponding residual code. This indexing makes it possible, at specialization time, to share residual computations. If, later in
the specialization, the same source program point needs to be specialized
with respect to the same static values, there is no need to duplicate the
specialization and the residual code. This strategy is known as polyvariant
program-point specialization, and has proven instrumental, e.g., to derive
Knuth, Morris, and Pratt’s linear string matcher out of a naive quadratic
one [6]. More detail can be found in Jones, Gomard, and Sestoft’s textbook,
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including a study of the program speedups enabled by partial-evaluation
techniques [31].

8.3

Data specialization

There is ample room for variation in the area of partial evaluation. One
is data specialization. The issue is crystallized in the following example.
Rather than generating a residual program such as
(lambda (bc0 is1)
(is1 3 5 (is1 2 3 (is1 1 2 (bc0 1)))))

one could store the static values 3, 5, etc. in a residual table and generate a
more compact residual program accessing this table at run time. Such data
specialization has proven to be practically useful in scientific computing,
where it allows one to share and reuse the result of expensive computations.
More detail and further bibliographic references can be found in Sandrine
Chirokoff, Charles Consel and Renaud Marlet’s recent article on program
and data specialization [5].

8.4

Binding times

Let us conclude with the following quote from Jerome Feldman’s PhD thesis,
written in the early sixties.
“One of the most difficult concepts in translator writing is the
distinction between actions done at translation time and those
done at run time. Anyone who has mastered this difference has
taken the basic step towards gaining an understanding of computer languages.” [21]
This quote is visionary in that the issue it raises occurs both in Yoshihiko
Futamura’s statement of the problem of self-applicable partial evaluation [23]
and in Neil Jones’s solution [31]. Jones’s solution hinges on a binding-time
analysis occurring prior to specialization and determining which parts of a
source program can be safely performed at specialization time and which
parts should be reconstructed. This solution spawned the so-called offline
approach to partial evaluation, which is a topic of active research today [17].

38

Feldman’s point is as valid today as it was almost 40 years ago: even
though binding-time analyses provide automated support to distinguish,
e.g., between compile time and run time, this support does not dispense
one from understanding personally the distinction between binding times
and its consequences for programming.6 This distinction is the underlying
theme of these lecture notes.
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A
A.1

Some residual-code constructors
Section 2.2.1
(define mk-zero?
(lambda (n)
(if (number? n)
(zero? n)
‘(zero? ,n))))

(define mk-error
(lambda (f s . vs)
‘(error ’,f ,s ,@vs)))

(define mk-if
(lambda (test then else)
(if (boolean? test)
(if test then else)
‘(if ,test ,then ,else))))

Question A.1:

A.2

(define mk-remainder
(lambda (i j)
(if (and (number? i)
(number? j))
(remainder i j)
‘(remainder ,i ,j))))

Why is this definition of mk-if unsatisfying?

2

Section 2.2.2
(define mk-lambda
(lambda (stub f)
(let ([x (gensym! stub)])
‘(lambda (,x)
,(f x)))))
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(define mk-lambda2
(lambda (stub1 stub2 f)
(let* ([x1 (gensym! stub1)]
[x2 (gensym! stub2)])
‘(lambda (,x1 ,x2)
,(f x1 x2)))))

A.3

Section 2.2.3
(define mk-let
(lambda (stub e f)
(let ([x (gensym! stub)])
‘(let ([,x ,e])
,(f x)))))

A.4

(define mk-letrec
(lambda (stub header body)
(let ([x (gensym! stub)])
‘(letrec ([,x ,(header x)])
,(body x)))))

Section 2.2.4
(define mk-let*
(lambda (stub e f)
(let* ([x (gensym! stub)]
[body (f x)])
(cond
[(equal? x body)
e]
[(and (pair? body) (equal? (car body) ’let*))
‘(let* ([,x ,e] ,@(cadr body)) ,(caddr body))]
[else
‘(let* ([,x ,e])
,body)]))))
(define mk-let mk-let*)

Exercise A.2:
mk-let*.

Motivate the clause (equal? x body) in the definition of
2

Exercise A.3: What happens if the second argument of mk-let* is atomic,
i.e., a symbol, a number, a string, or a boolean? Modify mk-let* to cater
for this case.
2

B

An alternative to continuations

In several exercises, we have hinted at continuations for constructing flat
residual let-expressions. Alternatively, one could modify mk-let* to exploit
the following equation [26]:
(let* ([x (let* ([x1 e1] [x2 e2] ...) e)]) body)
= (let* ([x1 e1] [x2 e2] ... [x e]) body)

(This equation is valid if there is no name clash, which is the case here
because of gensym.)
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Question B.1: What else should be modified in the toolkit to enable this
alternative version of mk-let*?
2
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