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Abstract

In a recent paper [31], I presented with Marcelo Fiore and Roberto Di Cosmo a new nor-
malisation tool for the � -calculus with sum types, basedon the technique of normalisation by
evaluation, and more precisely on techniques developped by Olivier Danvy for partial evalua-
tion, using control operators. The main characteristic of this tool is that it produces a result in
a canonical form we intr oduced. That is to say: two � � -equivalent terms will be normalised
into (almost) identical terms. It was not the casewith the traditional algorithm, which could
even lead to an explosion of the size of code. This canonical form is an � -long � -normal form
with constraints, which capture the de�nition of � -long normal form for the � -calculus without
sums, and reducesdrastically the � -conversion possibilities for sums.

The present paper recall the de�nition of these normal forms and the normalisation algo-
rithm, and shows how it is possible to use these tools to solve a problem of characterization
of type isomorphisms. Indeed, the canonical form allowed to �nd the complicated counter-
exampleswe exhibited in another work [6], that provesthat type isomorphisms in the � -calculus
with sums are not �nitely axiomatisable. What's more, when proving that these terms are iso-
morphisms, the new partial evaluation algorithm avoids an explosion of the size of the term
that ariseswith the old one.

Keywords: Typed lambda calculus, Strong sums,Type isomorphisms, Normalisation, Type-Dir ected
Partial Evaluation, ObjectiveCaml.

1 Introduction

Partial evaluation is a transformation of programs that generatesthe code of specialized versions
of programs to someof their inputs. Speaking in terms of � -calculus, one would say that a partial
evaluator is a � -normalisation tool. In 1996,Olivier Danvy intr oduced a simple method for imple-
menting powerful partial evaluators, which is called Type-DirectedPartial Evaluation(TDPE) [10].
It allows to produce the code of the normal form of a term from a value and its type, even if this
value is compiled! (That is, even if we cannot destructure it). It is basedon a more general tech-
nique known as NormalisationBy Evaluation, �rst intr oduced by Berger and Schwichtenberg [8]
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for the simply typed lambda calculus. They presented it as an inverse to the evaluation func-
tion, mapping a semantic value into a syntactic one in normal form. Since then, NBE has been
the subject of investigation in many domains: logic, type theory, category theory, partial evalua-
tion (see,e.g., [12]).

Olivier Danvy presentedTDPE for languages �a la ML, and intr oduced a mechanism of inser-
tion of let instructions to respect the order of evaluation, which was necessaryto preserve the
observational equivalence in the caseof a language with side-effects. To achieve this, he usesthe
control operators shift and reset(Danvy and Filinski, [13, 14]). Theseoperators were also used to
take into account sum types.

In this paper, we are interested in the caseof normalising simply typed � -calculus, extended
with product, unit and sum types. The idea consistsof using TDPE to normalise � -terms written
asML functions. But this problem is slightly dif ferent to the one of specializing ML programs,
becausewe are in a world without side effects and without let constructs (for the language we
want to normalise).

1.1 Typed lambda calculus with sums

We recall the syntax and categorical semanticsof the simply typed lambda calculus with binary
products, unit and binary sums. For details see[25].

The setof types hasa (countable) setof basetypes and one type constant 1 (the unit type), and
is closed under the formation of product, function, and sum type constructors. Formally, types
are de�ned by the following grammar:

� ::= � (Basetypes)

j 1 (Unit type)

j � 1 � � 2 (Product types)

j � 1 ! � 2 (Function types)

j � 1 + � 2 (Sum types)

The raw terms of the calculus are de�ned by the following grammar:

t ::= x (Variables)

j hi (Unit)

j pairht1, t2i (Pairing)

j � 1(t) (First projection)

j � 2(t) (Secondprojection)

j � x. t (Abstraction)

j t1 @t2 (Application)

j �1(t) (First injection)

j �2(t) (Secondinjection)

j � (t, x1. t1, x2. t2) (Discriminator)
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where x rangesover (a countable setof) variables.
The unit, pairing, and abstraction are respectively the term constructors for the unit, product,

and function types; whilst the projections and application are respectively the term destructors
for the product and function types.

The term constructors for sum types are given by the injections; whilst the discriminator is the
term destructors for sum types, allowing de�nitions by cases.

The abstraction and discriminator are binding operators; � x : � . t binds the free occurrences
of x in t, and � (t, x1. t1, x2. t2) binds the freeoccurrencesof xi in t i (i = 1, 2). The notions of free
and bound variables are standard, and terms are identi�ed up to alpha conversion

As usual we consider typing contexts as lists of type declarations for distinct variables, and
say that a term t has type � in the context � if the judgement � ` t : � is derivable from the rules
of Figure 1.

� , x : � , � 0 ` x : �

� ` hi : 1

� ` t i : � i (i = 1, 2)

� ` pairht1, t2i : � 1 � � 2

� ` t : � 1 � � 2

� ` � i(t) : � i
(i = 1, 2)

� , x : � 1 ` t : �
� ` � x. t : � 1 ! �

� ` t : � 1 ! � � ` t1 : � 1

� ` t @t1 : �

� ` t : � i

� ` � i(t) : � 1 + � 2
(i = 1, 2)

� ` t : � 1 + � 2 � , xi : � i ` t i : � (i = 1, 2)
� ` � (t, x1. t1, x2. t2) : �

Figure 1: Typing rules.

Finally, we impose the standard notion of equality on terms, including the sum extensionality
axiom, asdetailed in Figure 2.

1.2 Type-Directed Partial Evaluation with sums

We show how to build a normalisation algorithm basedon Type-Dir ectedPartial Evaluation that
puts terms in the normal form of Section ??. In fact, we use a version of TDPE written for the
language ObjectiveCaml (see[4]) slightly modi�ed to allow the use of certain powerful control
operators.

An interesting point of this work is that the optimisations we intr oduce will be usable in some
other casesof partial evaluation. Here,however, we areonly concernedin normalising functional
programs corresponding to terms in the typed lambda calculus with binary sums with respect
to the equational theory of the calculus. In particular , note that the normalisation of a program
may have a dif ferent observational semantics(within the programming language that is) than the
original program; as,for instance, the evaluation order may not be preserved.
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� ` t : �
� ` t = t : �

� ` t = t 0 : �
� ` t 0= t : �

� ` t1 = t2 : � � ` t2 = t3 : �

� ` t1 = t3 : �

� ` t : 1
� ` t = hi : 1

� ` t1 : � 1 � ` t2 : � 2

� ` � i pairht1, t2i = t i : � i
(i = 1, 2)

� ` t : � 1 � � 2

� ` t = pairh� 1(t), � 2(t)i : � 1 � � 2

� , x : � 1 ` t : � � ` t1 : � 1

� ` (� x. t)( t1) = t[t1=x] : �
� ` t : � 1 ! �

� ` t = � x. t(x) : � 1 ! �
(x 62 FV(t))

� ` t : � 1 ! � � ` t1 = t 0
1 : � 1

� ` t(t1) = t(t 0
1) : �

� , x : � 1 ` t = t 0 : �
� ` � x. t = � x. t 0 : � 1 ! �

� ` t : � j � , xi : � i ` t i : � (i = 1, 2)

� ` � (� j(t), x1.t1, x2.t2) = t j[t=x j] : �
( j = 1, 2)

� ` t : � 1 + � 2 � , x : � 1 + � 2 ` t 0 : �

� ` � (t, x1.t 0[�1(x1)=x], x2.t 0[�2(x2)=x]) = t 0[t=x] : �

Figure 2: Equational theory of the typed lambda calculus with sums.

In the following section, I will recall the TDPE algorithm. Then I will show some examplesof
uses to normalise � -terms. We will seefor example that if we use it to check some complicated
type isomorphisms, it produces an explosion of the size of the term. Then I will show how to
adapt the algorithm to produce a canonical normal form, and apply this to these type isomor-
phisms examples.

2 The original TDPE

We recall the basicelementsof the original TDPE algorithm. For details see[10, 11].
NBE is basedon an � -expansion of the term using a two-level language, which in our caseis
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de�ned as follows:
t ::= s (Static terms)

j d (Dynamic terms)

s ::= x

j hi j pairht1, t2i j � 1(t) j � 2(t)

j � x. t j t1 @t2

j �1(t) j �2(t) j � (t, x1. t1, x2. t2)

d ::= x

hi j pairht1, t2i j � 1(t) j � 2(t)

j � x. t j t1 @t2

j �1(t) j �2(t) j � (t, x1. t1, x2. t2)

where x (resp. x) ranges over (a countable set of) static (resp. dynamic) variables. The s-terms
are said to be staticand the d-terms to be dynamic. In implementations, dynamic terms are often
representedby data structures,whereasstatic terms are values of the language itself.

#� V = V (� a basetype)

#1 V = hi

#� ! � V = let x be a freshvariable in � x. reset(#� (V @" � x))

#� 1� � 2 V = pairh#� 1 (� 1(V)) , #� 2 (� 2(V)) i

#� 1+ � 2 V = �
�
V, x1. �1(#� 1 x1), x2. �2(#� 2 x2)

�

" � M = M (� a basetype)

" 1 M = hi

" � ! � M = � x. " � (M @#� x)

" � 1� � 2 M = pairh" � 1 (� 1(M)), " � 2 (� 2(M))i

" � 1+ � 2 M = let x1 and x2 be freshvariables

in shift c. � ( M , x1. reset(c @�1(" � 1 x1)) , x2. reset(c @�2(" � 2 x2)) )

Figure 3: Type-dir ectedpartial evaluation without let insertion.

The TDPE algorithm without let insertion is presentedin Figure 3. It inductively de�nes two
functions for each type. One, written # , is called reify and the other one, written " , is called
reflect . The functions # and " are basically two-level � -expansions.
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To normalise a static value V of type � , �rst apply the function #� to V, and then reduce
the static part, obtaining a fully dynamic term in normal form. The reduction of static parts is
performed automatically by the abstract machine of the programming language. The control
operators shift and resetare used to place � in the right place in the �nal result.

Shift and reset. We brie�y explain the way in which shift and resetwork with an example.
For details see[13, 14].

The operator resetis used to delimit a context of evaluation, and shift abstractsthis context in
a function. Thus the term

1 + reset(2 + shift c. (3 + (c 4) + (c 5)) )

reducesto 1 + 3 + (2 + 4) + (2 + 5). Indeed, the operator resetdelimits the context 2 + 2 ,
which is abstracted into the function c; the values 4 and 5 are successivelyinserted in this context
and the resulting expressionis evaluated.

In this paper, I will use a version of TDPE we wr ote for the language ObjectiveCaml(see[4]).
Actually it is a version of ObjectiveCaml slightly modi�ed to make possible the use of control
operators.

I will use the following type for binary sums:

type ('a,'b) sum = Left of 'a | Right of 'b;;

Our normalising function is called residualise . It takesas�rst argument the type of the term
to normalise, or more precisely the pair (reify, reflect) associatedwith this type. Following
Andrzej Filinski and Zhe Yang's method, we will remark that it is possible to construct the pair

h#� 1! � 2 , " � 1! � 2 i

from h#� 1 , " � 1 i and h#� 2 , " � 2 i by an (in�x) function **-> . Samefor pairs and sums.
Thus, for example, to normalise a value v of type � + � ! � � � (where � is a basetype), we

will write

# residualise ((sum (base, base)) **-> (prod (base, base))) v

Here ((prod (base, base)) is the pair h#� � � , " � � � i and ((sum (base, base)) is the pair
h#� + � , " � + � i

The result of the normalisation is pretty-printed in the ObjectiveCamlsyntax.

3 Normalising � -calculus with sums using TDPE

To seewhere changesare needed in the TDPE algorithm, let us test the rezidualisation function
on an example suggestedby Andrzej Filinski.

It is possible to show that for any boolean function f , one has f � f � f = f . Thus let us de�ne
the following function:
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# let fff f x = f (f (f x));;
val fff : ('a -> 'a) -> 'a -> 'a = <fun>

Let us de�ne the value bool in the following way:

# let bool = sum (unit,unit);;

Figure 4 shows the result of the normalisation of fff by TDPE.
We know that fff = � � id , but the residualisation of the identity with the sametype produces

code which is much more concise:

# let id x = x;;
val id : 'a -> 'a = <fun>
# residualise ((bool **-> bool) **-> (bool **-> bool)) id;;

- : Controls.ans =
(fun v0 v1 ->

(match v1 with
| Left v2 -> (match (v0 (Left ())) with

| Left v4 -> (Left ())
| Right v4 -> (Right ()))

| Right v2 -> (match (v0 (Right ())) with
| Left v3 -> (Left ())
| Right v3 -> (Right ()))

)
)

The �rst thing we notice is the size of the code generated by TDPE from fff , which is much
more important than for the identity . They are both in � -normal form, and fortunately , it is possi-
ble to show that the two terms are � -equivalent. The issue is to get a canonical form independent
of the choice of the input in a � � -equivalence class. It becamecrucial when we wanted to solve a
problem concerning isomorphisms of types, which is at the origin of this work.

3.1 Application to isomorphisms of types

Two data types are said to be isomorphic if it is possible to convert data between them without
loss of information. Mor e formally , two types � and � are isomorphic if there exists a function f
of type � ! � and a function g of type � ! � , such that f � g is the identity function over � and
g � f is the identity function over � .

Type isomorphisms provide a way not to worry about unessential details in the representation
of data. They are used in functional programming to provide a means to search functions by
types [16, 17, 18, 26, 27, 28, 29] and to match modules by speci�cations [7, 15, 2].

Searching for converters between particularly complex isomorphic types raises the problem
of normalising composite functions, in order to verify whether they are the identity function or
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not. Normalisation by evaluation provides an elegant solution: we simply write the functions in
ML and we residualise their composition.

The work presentedin this paper takes its inspiration from a recent joint work with Roberto
Di Cosmo, and Marcelo Fiore [6]. This work addressesthe relations between the problem of
type isomorphisms and a well-known arithmetical problem, called “Tarski's high school algebra
problem” [19].

3.1.1 Tarski' s high school algebra problem

Tarski asked whether the arithmetic identities taught in high school (namely: commutativity , as-
sociativity , distributivity and rules for the neutral elements and exponentiation) are complete to
prove all the equations that are valid for the natural numbers. His student Martin answered this
question af�rmatively under the condition that one restricts the language of arithmetic expres-
sions to the operations of product and exponentiation and the constant 1.

For arithmetic expressionswith sum, product, exponentiation, and the constant 1, however,
the answer is negative, witness an equation due to Wilkie that holds true in N but that is not
provable with the usual arithmetic identities [32]. Furthermor e, Gurevi �c has shown that in that
case,equalities are not �nitely axiomatizable [24]. To this end, he exhibited an in�nite number of
equalities in N such that for every �nite setof axioms, one of them can be shown not to follow .

3.1.2 Tarski' s high school algebra problem, type-theoretically

If one replacessum, product, and exponentiation respectively by the sum, product, and arrow
type constructors, and if one replacesthe constants 0 and 1 respectively by the empty and unit
types, one can restateTarski's question asone about the isomorphisms between types built with
these constructors. For types built without sum and empty types, Soloviev, and then Bruce, Di
Cosmo, and Longo have shown that exactly the sameaxioms are obtained [9, 30].

Continuing the parallel with arithmetic, we studied the caseof isomorphisms of types with
empty and sum types [6]. We generalized Gurevi �c's equations for the caseof equalities in N
without constantsasfollows:

(Au + Bn
u)v � (Cn

v + Dn
v)u = (Av + Bn

v)u � (Cn
u + Dn

u)v

(n � 3, odd)
where
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A = y + x

Bn = yn- 1 + xyn- 2 + x2yn- 3 + . . . + xn- 2y + xn- 1

=
P n- 1

i= 0 xi yn- i- 1

Cn = yn + xn

Dn = y2n- 2 + x2y2n- 4 + x4y2n- 6 . . . + x2n- 4y2 + x2n- 2

=
P n- 1

i= 0 x2i y2n- 2i- 2

We proved that these equalities hold in the world of type isomorphisms as well. We did so by
exhibiting a family of functions and their inverses. Figure 5 shows one of thesefunctions, written
in ObjectiveCaml, when n = 3. Let us call it f3 . The type of this term fragment is displayed at
the bottom of the �gur e. It corresponds to (Au + Bn

u)v � (Cn
v + Dn

v)u ! (Av + Bn
v)u � (Cn

u +
Dn

u)v, where 'a corresponds to v, 'b corresponds to u, 'c corresponds to y, 'd corresponds to
x, and furthermor e sum, * , and -> are type constructors for sums, products, and functions (i.e.,
exponentiations).1

For such large and interlaced functions, it is rather daunting to show that composing them
with their inverse yields the identity function. A normalisation tool that handles sums is needed.
In the presenceof sums, however, normalisation is known to be a non-trivial affair [1]. Type-
dir ected partial evaluation does handle sums, but the application to this problem results in an
explosion of the size of the code.

Indeed, let us call comp3the composition of this function with its supposed inverse (in fact
it an involution). The result of this residualisation is presentedpartly in �gur e 6. The complete
version takes approximately 1200lines (whereasf3 takes only 52 lines) . . . The question is: is it
the identity?

4 A new normaliser for the lambda-calculus with sums

4.1 Normalisation in the presenceof sum types

What �rst strikes when looking at the result of the normalisation of comp3is that many applica-
tions are computed more than once. The version of TDPE with intr oduction of let doesnot solve
the problem. In [5], we propose to combine the let insertion with a mechanism of memoization,
to produce a fully-lazy partial evaluator. This produces a �rst impr ovement on the size of the
result.

In the caseof the � -calculus without let , the explanation of the behavior of TDPE is to be
found in the fact that there are way too many possibilities of � -conversion for the same term.
TDPEproducesan � -expanded normal form, but whereasin the casewithout sum the � -expansion

1In ML's type language, the type constructors for products and functions are in�x, and the type constructor for sums
is post�x.
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is controlled (we can speak about � -long normal form), it is much more complex with sums, and
the notion of � -long normal form is not asclear.

The problem of normalisation of the � -calculus with sums is very complex. Indeed, even with
rewriting techniques, we can get results completely dif ferent from the sameterm, depending on
the order of reduction, due to the fact that it is not con�uent. In fact, the only viable approach
is that of reductionless normalisation, as put forwar d for sums in [21], and further investigated
in [1], where a sophisticated system is proposed to de�ne dir ectly normal forms, using n-ary
sums. In this work, I use instead the system for binary sums we intr oduced in [31]. It is a new
notion of normal form for the � -calculus with sums, de�ned extensionally. Using the category of
Grothendieck logical relations, we built a system of inferencerules with constraintsand proved
that every term is � � -equivalent to a term of this shape.

The inference rules de�ne the notion of normal terms, and impose them to be in � -normal
form. The constraints are strong enough to reduce drastically the possibilities of � -conversion.

Reductionless normal forms This inferencesystem presentedin [31] is shown on �gur e 7.
Let us just recall the main properties of these normal forms. The many possibilities of � -

conversion for the � -calculus with sums are mainly due to the � -rule for strong sums which is the
following:

� (t, x1. t 0[(�1(x1))=x], x2. t 0[(�2(x2))=x]) = t 0[t=x]

(where x1, x2 62 FV(t 0))
This rule cantake many dif ferent forms, and combined with the � -rules, it allows to show a lot

of conversions, sometimes intuitive, but very dif ferent from eachother, aspresentedon �gur e 8.
Theseexamplesshow that it is not easyto write an � -reduction function.

NB : In this �gur e (and in the whole paper) some parts of terms are written in bold font for
visual distinction. It hasobviously no semantic signi�cance.

To put constraints on the term, we �rst de�ne the notion of guards of a term (see[31]) as fol-
lows:

Guards(xi . N i)
def= f C 2 Guards(N i) k xi 62 FV(C) g

Guards(� (M , x1. N1, x2. N2)) def= f M g[
[

i= 1,2

Guards(xi . N i)

Guards(t)
def
= ; otherwise

FV(C) is the set of freevariable of the term C.

The threeconstraints on the terms are the following ones:
In a term of the shape� x. N :

the variable x veri�es x 2 FV(C) for all C 2 Guards(N) (A)

In a term of the shape� (M, x1. N1, x2. N2) :
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M 62
S

i= 1,2 Guards(xi . N i), (B)

and if x1 62 FV(N1) and x2 62 FV(N2) then N1 6� N2 (C)

We write � for the equivalence relation generated by

� (M , x. � (M 1, x1. N1, x2. N2), y. N) � � (M 1, x1. � (M , x. N1, y. N), x2. � (M , x. N2, y. N)

� (M , y. N, x. � (M 1, x1. N1, x2. N2)) � � M 1, x1. � (M , y. N, x. N1), x2. � (M , y. N, x. N2)

when x 62 FV(M1) et xi 62 FV(M) (i = 1, 2)

N i � N 0
i (i = 1, 2)

� (M , x1. N1, x2. N2) � � (M , x1. N 0
1, x2. N 0

2)

This relation is called equality modulo commuting conversions. It saysbasically that if there
is no problem of variables going outside the scopeof their binders, it is possible to changesthe
order of � . Actually it is not easyto be more preciseabout this order and that is why the normal
form we obtain is not “unique”. The use of an n-ary � would solve this issue.

The condition (C) forbids the two branches of a caseto be “identical”. In such case,the �
would be useless.The condition (B) forbids dead branches,that is when a � occurs inside one of
the branchesof exactly the same� . Finally the condition (A) �xes the position of � with respect
to the � . For example, the term

� x. � (t, x1. u, x2. v)

is � � -equivalent to this one:
� (t, x1. � x. u, x2. � x. v)

(x 62 FV(t))
The constraint (A) saysbasically that the � should be lifted to the highest possible place.
We obtain a de�nition of normal forms that capturesexactly the well known de�nition of � -

long � -normal form for the � -calculus without sums, and where the possibilities of � -conversion
are strictly limited for sums. I will call them canonicalnormal forms.

The paper about these extensional normal forms [31] follows a paper by Marcelo Fiore [20]
dealing with extensional normal forms for the � -calculus without sums. He usesthe samekind
of categorical concepts to de�ne normal terms and shows that the normalisation by evaluation
algorithm can be extracted from this categorical view, providing a way to compute the normal
forms, without rewriting. In another recent paper, Thorsten Altenkir ch, Peter Dybjer, Martin
Hofmann and Philip Scott try to do the same thing for the � -calculus with sums [1]. But the
concrete implementation of the technique is not obvious if we want to keep the main principle of
normalisation by evaluation which is to work on semantic (compiled) values to produce the code
of its normal forms (see[8], that's why we can say that it acts as a decompiler). Indeed, a naive
implementation of the normalisation by evaluation algorithm would need to look at the shapeof
compiled values (which is not possible) in order to know whether to put a � or not just after a � .
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In this paper, I propose to solve this problem using Olivier Danvy's solution, namely the use of
control operators. After each � , we intr oduce a resetand we use shift to put a � at this place only
if needed.

TDPE's normal forms In the following, I will show that the traditional TDPE does not produce
our canonical normal forms, and how to transform it to achieve this goal.

Let us look at a simple example. The residualisation of the following function doesnot satisfy
the condition (A), since (v2 v0) doesnot contain the variable v4:

# let f t x g = match g x with
| Left c -> (fun y -> Left y)
| _ -> (fun y -> (g t));;

# residualise (base **-> (base **-> ((base **-> (sum (base, base))) **->
((base **-> (sum (base, base))))))) f;;
- : Controls.ans =
(fun v0 v1 v2 -> (match (v2 v1) with

| Left v3 -> (fun v6 -> (Left v6))
| Right v3 -> (fun v4 -> (match (v2 v0) with

| Left v5 -> (Left v5)
| Right v5 -> (Right v5)))))

By observing this result of the normalisation of the term fff (�gur e 4), we can seethat it does
not observethe constraints, becausethere are two match (v0 (Left ())) nested(condition (B)).

The original TDPE algorithm without let insertion produces terms following the inference
system of Figure 7 without taking into account the side conditions (A), (B), (C) there in.

In the following, we proposethreemodi�cations of TDPE to take them into account.

4.1.1 Remove dead branches

To ensure the condition (B) we will use the following derivable equations:

� (t , x. � ( t , x1 . t 1 , x2. t 2) , y. t0) = � (t , x. t1[x=x1], y. t0)

� (t , x. t0, y. � ( t , x1. t 1 , x2 . t 2) ) = � (t , x. t0, y. t2[y=x2])

To apply thesetransformations, notice that the residual program is an abstract syntax treebuilt in
depth-�rst manner, from left to right, the evaluation being done in call by value. The idea consists
in maintaining a global table accounting for the conditional branchesin the path from the root of
the residual program to the current point of construction. This table associatesa �ag (L or R) and
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a variable to an expressionin the following way:

" � 1+ � 2 M =

if M is globally associatedto (L, z) modulo �
then �1(" � 1 z)

else if M is globally associatedto (R, z) modulo �
then �2(" � 2 z)

else shift c.
let x1 and x2 be freshvariables,

associateM to (L, x1) while computing

n1 = reset(�1(" � 1 x1)),

associateM to (R, x2) while computing
n2 = reset(�2(" � 2 x2)),

in � ( M , x1. n1, x2. n2)

(Note that the test of global association is done modulo � ; this is explained in the next section.)
This optimisation, associatedwith let insertion and other memoization techniques, has been

used for building a fully lazy partial evaluator from TDPE; see[5].

4.1.2 Forbid redundant discriminators

To enforcethe condition (C), we write a test of membership of freevariables and implement a test
of the congruence � of two normal terms. There are dif ferent ways in which to implement this
latter test. One method is to de�ne, in a mutually recursive fashion, three tests � M 0, � N 0, and
� N that respectively test the equivalence between pur e neutral terms, pur e normal terms, and
normal terms along the following lines.

� The test � M 0 is done by structural recursion, using the test � N in the caseof applications.

� The test � N 0 is done by structural recursion, using the test � N in the caseof abstractions.

� The test N � N N 0 inspects the set of paths p given by all possible branchings in discrim-
inators containing the guards of N, and collects the sequenceof guards together with the
end pur e normal form Np. For eachof thesepaths p, it proceedsaccording to the following
sub-test: if N 0 is a pur e normal term then check whether Np � N 0 N 0, otherwise, for N 0of
the form � (M 0, x. N 0

1, y. N 0
2), there are three possibilities: if M 0 is in the path p up to � M 0

and the path branches left (resp. right) the sub-test is repeated for N 0
1 (resp. N 0

2) instead of
N 0, however, if M 0 is not in the path p up to � M 0, the sub-test is repeatedfor both N 0

1 and
N 0

2 instead of N 0, succeedingif both of thesesub-testsdo.

Note that condition (C) does not need to be checked recursively within the branches of the
discriminator; since,asTDPE builds the normal form in depth-�rst manner, it is known that each
branch satis�es it.
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4.1.3 Fix the relative positions of abstractions and discriminators

To obtain terms in normal form, we must also check the condition (A) concerning the guards of
abstractions.

For that, let us look at the example in (4.1). We want to intr oduce the � (g @t, . . .) above � y
. . . However a shift always returns to the preceding reset. Thus, it would be necessaryto be able
to name each resetand to choosethe best one at the time of intr oducing the � . This is what the
control operators cupto/ set, intr oduced in [22], allow us to do.

Set and cupto. The control operators setand cupto are very powerful, and generalise excep-
tions and continuations. Here we give the idea of how they work on an example. For details
see[22, 23].

The operators set/ cupto rely on the concept of delimiterof a continuation, that allows marking
the occurrencesof set. New delimiters can be createdupon request.For two delimiters p1 and p2,
one can write an expressionlike the following one

1 + set p1 in 2 + set p2 in 3 + cupto p1 asc in (4 + (c 5))

which evaluates to 1 + 4 + (2 + 3 + 5).

Application to TDPE. To use set/ cupto to addressthe problem of �xing the relative position
of abstractions and discriminators, we must createa new delimiter with eachcreateddynamic � .
Further, we maintain a global list associating to eachdelimiter a set of variables. To intr oduce a
new � , we look for all the freevariables of its condition, and look in this list for the last delimiter
intr oduced to which one of these variables is associated. Since the term is built in depth �rst
manner and from left to right, one obtains a closed term.

We thus modify the algorithm of TDPE in the following way:

#� ! � V = let x be a freshvariable and p be a new delimiter

in � x. set p in #� (V @" � x)

" � 1+ � 2 M = let m be the best delimiter for M

in cupto m asc

in let x1 and x2 be freshvariables,

n1 = set m in (c @�1(" � 1 x1)),

n2 = set m in (c @�2(" � 2 x2)),
in � ( M , x1. n1, x2. n2)

The complete algorithm is presentedin Figure 9.

Discussion on control operators The new algorithm doesnot useall the power of the operators
cupto/ set ; in particular we don't use their ability to code the exceptions. We could thus use only
a restricted version of these operators. There is for example a hierarchical version of shift/ reset,
making possible to have several levels of control (seeDanvy-Filinski [13]). But they require to
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know by advance the maximum depth necessary, which is impossible in our case. After multi-
ple discussions with Olivier Danvy, Andrzej Filinski and Didier Rémy, an implementation with
shift/ reset(hierarchical or not) does not seemobvious, even if it seemspossible theoretically.

5 Results and application to isomorphisms of types

Let us observethe codeproduced by the new normaliser for the function f at the end of section4.1.

# residualise2 (base **-> (base **-> ((base **-> (sum (base ,base))) **->
((base **-> (sum (base ,base))))))) f;;

- : normal =
(fun v0 v1 v2 ->
(match (v2 v1) with

| Left v3 -> (fun v5 -> (Left v5))
| Right v4 ->

(match (v2 v0) with
| Left v7 -> (fun v6 -> (Left v7))
| Right v8 -> (fun v6 -> (Right v8)))

)
)

Now it respectsthe constraints. It is the samefor fff :

# residualise2 ((bool **-> bool) **-> (bool **-> bool)) fff;;
- : normal =
(fun v0 ->
(match (v0 (Left ())) with

| Left v4 ->
(match (v0 (Right ())) with

| Left v6 -> (fun v1 -> (Left ()))
| Right v7 ->

(fun v1 -> (match v1 with
| Left v2 -> (Left ())
| Right v3 -> (Right ()))

))

| Right v5 ->
(match (v0 (Right ())) with

| Left v10 ->
(fun v1 -> (match v1 with

| Left v2 -> (Right ())
| Right v3 -> (Left ()))
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)
| Right v11 -> (fun v1 -> (Right ())))

)
)

This time, the result is identical to the residualisation of the identity:

# residualise2 ((bool **-> bool) **-> (bool **-> bool)) id;;
- : normal =
(fun v0 ->
(match (v0 (Left ())) with

| Left v4 ->
(match (v0 (Right ())) with

| Left v6 -> (fun v1 -> (Left ()))
| Right v7 ->

(fun v1 -> (match v1 with
| Left v2 -> (Left ())
| Right v3 -> (Right ()))

))

| Right v5 ->
(match (v0 (Right ())) with

| Left v8 ->
(fun v1 -> (match v1 with

| Left v2 -> (Right ())
| Right v3 -> (Left ()))

)
| Right v9 -> (fun v1 -> (Right ())))

)
)

Figure 10shows the residualisation of the function comp3with the new normaliser. Compared
with the result presentedat �gur e 6, it is approximately 48times smaller (25 lines instead of 1200,
and approximately 250without taking account of the condition (C)).

5.1 Eta-reduction

The normal forms produced by the new normaliser are � -long normal forms, aspresentedin [31].
Contrary to the general case,it is possible to write an � -reduction function etared which will
reduce thesenormal form into an identity not � -expanded.

This � -reduction function initially goes through the term depth �rst, locating the patterns
corresponding to the � rules (up to � -equivalence),and replacing them by their reductions. Sucha
naive function doesnot do “all” the � -reduction in the general case(seethe exampleson �gur e 8).
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Actually it does not seem to be easy to de�ne a notion of � -reduced form in presenceof sums.
This � -reduction function applied to the term of �gur e 6 give a result of hundr eds of lines.

With the new normaliser, we obtain the identity not � -expanded:

# etared (residualise2 ... comp3);;
- : normal = (fun a -> a)

6 Conclusions

Wepresentedin [5] an application of the optimization basedon the condition (B) with insertion of
let instructions. Thanks to the useof memo-functions, we obtain a “fully lazy” partial evaluator,
which never evaluatestwice the samesub-term. We presentedbenchmarks for the isomorphisms
functions showing a great impr ovement on the size of the result. But the optimization presented
in the presentwork allows to get better results without let intr oduction nor memoization!

To achieve this result, I mainly took into account the condition (C) from [31]. Notice that the
modi�cation concerning the constraint (A) may entail an increaseof the sizeof the result, because
if the � is shifted higher, one part of the code will be duplicated in its two branches.Nevertheless,
we think it is the only possible place to put the � to obtain a canonical form.

As shown in the example of isomorphisms of types, this work hasa theoretical interest. Mor e
generally, the new normaliser can be used to check � � -equivalence of � -terms. It is interesting to
seethat thesemodi�cations of TDPE's algorithm can be re-used in the �eld of partial evaluation.
Of course, this is valid only for a language without side-effects,since if the application of a func-
tion producesan effect, the application must occur asmany time in the residual program than in
the original.

Finally, this work provides a signi�cant test-bed for control operators, since,aswe mentioned
at the end of section 4.1.3,it provides a realistic application which seemsto really make useof the
dif ferencein expressivity between shift/ resetand cupto/ set.
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8 Concluding remarks

We have presenteda notion of normal term for the typed lambda calculus with sums and proved
that every term of the calculus is equivalent to one in normal form. Further, we have used this the-
oretical development as the basis to implement a partial evaluator that provides a reductionless
normalisation procedure for the typed lambda calculus with binary sums.
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Our partial evaluator is in the style of TDPE. Thus, it can be grafted on any suitable inter -
preter, and doesnot need to examine the structure of the compiled code during normalisation. Its
main originality is the useof the control operators set/ cupto to �x the relative position of abstrac-
tions and discriminators. This is the �rst non-trivial exploitation of the extra expressivepower of
set/ cupto over shift/ reset. The effectivenessof the partial evaluator has been tested on the very
sophisticated terms that comefrom the study of isomorphisms in the typed lambda calculus with
sums [6], that make previously existing partial evaluators explode.

The new algorithm does not use all the power of the operators set/ cupto. In particular we
do not use their ability to code exceptions. One could thus use only a restricted version of these
operators. There is, for example, a hierarchical version of shift/ reset[13], that allows several, but
�xed, levels of control. An implementation with shift/ reset(hierarchical or not) is not obvious.
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to Olivier Danvy, Andrzej Filinski, and Didier Rémy for interesting discussions about control
operators.
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[28] M. Rittri. Using types assearch keys in function libraries. Journalof FunctionalProgramming,
1(1):71–89,1991.

[29] C. Runciman and I. Toyn. Retrieving re-usablesoftware components by polymorphic type.
JournalofFunctionalProgramming, 1(2):191–211,1991.

[30] S. V. Soloviev. The category of �nite sets and cartesian closed categories. Journalof Soviet
Mathematics, 22(3):1387–1400,1983.

[31] R.D. C. Vincent Balat and M. Fiore. Extensional normalisation and type-dir ectedpartial eval-
uation for typed lambda calculus with sums. In Proceedingsof theAnnual ACM Symposiumon
Principlesof ProgrammingLanguages, Venice,Italy, January 2004.ACM Press.

[32] A. J.Wilkie. On exponentiation – asolution to Tarski's high school algebraproblem. Quaderni
di Matematica, 2001.To appear. Mathematical Institute, University of Oxford (preprint).

20



# residualise ((bool **-> bool) **-> (bool **-> bool)) fff;;
- : Controls.ans = (fun v0 v1 ->

(match v1
with
| Left

v2 -> (match (v0 (Left ()))
with
| Left v10 -> (match (v0 (Left ())) with

| Left v14 -> (match (v0 (Left ())) with
| Left v16 -> (Left ())
| Right v16 -> (Right ()))

| Right v14 -> (match (v0 (Right ())) with
| Left v15 -> (Left ())
| Right v15 -> (Right ()))

)

| Right v10 -> (match (v0 (Right ())) with
| Left v11 -> (match (v0 (Left ())) with

| Left v13 -> (Left ())
| Right v13 -> (Right ()))

| Right v11 -> (match (v0 (Right ())) with
| Left v12 -> (Left ())
| Right v12 -> (Right ()))

)
)

| Right
v2 -> (match (v0 (Right ()))

with
| Left v3 -> (match (v0 (Left ())) with

| Left v7 -> (match (v0 (Left ())) with
| Left v9 -> (Left ())
| Right v9 -> (Right ()))

| Right v7 -> (match (v0 (Right ())) with
| Left v8 -> (Left ())
| Right v8 -> (Right ()))

)

| Right v3 -> (match (v0 (Right ())) with
| Left v4 -> (match (v0 (Left ())) with

| Left v6 -> (Left ())
| Right v6 -> (Right ()))

| Right v4 -> (match (v0 (Right ())) with
| Left v5 -> (Left ())
| Right v5 -> (Right ()))

)
)))

Figure 4: Normalisation of fff by TDPE.
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let f3 =
fun (a1,a2) -> (

(fun u ->
match (a2 u) with

Left b -> Left (fun v ->
match (a1 v) with

Left c -> (c u)
| Right c -> (match (c u),(b v) with

(Left d), (Left e) -> (* y2,y3 *) Left (fst d)
| (Left d), (Right e) -> (* y2,x3 *) Right (fst e)
| (Right (Left d)), (Left e) -> (* yx,y3 *) Right (snd d)
| (Right (Left d)), (Right e) -> (* yx,x3 *) Left (fst d)
| (Right (Right d)), (Left e) -> (* x2,y3 *) Left (fst e)
| (Right (Right d)), (Right e) -> (* x2,x3 *) Right (fst d))

)
| Right b -> Right (fun v ->

match (a1 v) with
| Left c -> (match (c u),(b v) with

(Left d), (Left e) -> (* y,y4 *) Left (d,(fst e))
| (Left d), (Right (Left e)) -> (* y,y2x2 *) Right (Right (snd (snd e)))
| (Left d), (Right (Right e)) -> (* y,x4 *) Right (Left ((d,fst e)))
| (Right d), (Left e) -> (* x,y4 *) Right (Left ((fst e,d)))
| (Right d), (Right (Left e)) -> (* x,y2x2 *) Left (fst e,(fst (snd e)))
| (Right d), (Right (Right e)) -> (* x,x4 *) Right (Right (d,fst e)))

| Right c -> (c u)
)),
(fun v ->

match (a1 v) with
Left c -> Left (fun u ->

match (a2 u) with
Left b -> (b v)

| Right b -> (match (c u),(b v) with
(Left d), (Left e) -> (* y,y4 *) Left (snd e)

| (Left d), (Right (Left e)) -> (* y,y2x2 *) Left (d,((fst e),(fst (snd e))))
| (Left d), (Right (Right e)) -> (* y,x4 *) Right (snd e)
| (Right d), (Left e) -> (* x,y4 *) Left (snd e)
| (Right d), (Right (Left e)) -> (* x,y2x2 *) Right (d,(snd (snd e)))
| (Right d), (Right (Right e)) -> (* x,x4 *) Right (snd e))

)
| Right c -> Right (fun u ->

match (a2 u) with
| Left b -> (match (c u),(b v) with

(Left d), (Left e) -> (* y2,y3 *) Left ((snd d),e)
| (Left d), (Right e) -> (* y2,x3 *) Right (Left (fst d,(snd d,snd e)))
| (Right (Left d)), (Left e) -> (* yx,y3 *) Left ((fst d),e)
| (Right (Left d)), (Right e) -> (* yx,x3 *) Right (Right ((snd d),e))
| (Right (Right d)), (Left e) -> (* x2,y3 *) Right (Left ((fst (snd e)),

((snd (snd e)),d)))
| (Right (Right d)), (Right e) -> (* x2,x3 *) Right (Right ((snd d),e)))

| Right b -> (b v)
)));;

val f3 : ('a -> ('b -> ('c, 'd) sum, 'b -> ('c * 'c, ('c * 'd, 'd * 'd) sum) sum) sum) *
('b -> ('a -> ('c * ('c * 'c), 'd * ('d * 'd)) sum,
'a -> ('c * ('c * ('c * 'c)), ('c * ('c * ('d * 'd)),
'd * ('d * ('d * 'd))) sum) sum) sum)
->
('b -> ('a -> ('c, 'd) sum, 'a -> ('c * 'c, ('c * 'd, 'd * 'd) sum) sum) sum) *
('a -> ('b -> ('c * ('c * 'c), 'd * ('d * 'd)) sum,
'b -> ('c * ('c * ('c * 'c)), ('c * ('c * ('d * 'd)),
'd * ('d * ('d * 'd))) sum) sum) sum) = <fun>

Figure 5: Isomorphism in the casen = 3.
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# let comp3 x = f3 (f3 x);;

# residualise ... comp3;;

- : Controls.ans =
(fun a ->
((fun u ->

(match ((proj1 a) u)
with
| Left v160 ->

(Left (fun v ->
(match ((proj2 a) v)
with
| Left v241 -> (match ((proj1 a) u)

with
| Left v313 -> (match (v313 v)

with
| Left v319 -> (Left v319)
| Right v319 -> (Right v319))

| Right v313 -> (match (v313 v)
with
| Left v314 -> (match (v241 u) with

| Left v318 -> (Left (proj1 v314))
| Right v318 -> (Right (proj1 v318)))

| Right v314 -> (match v314 with
| Left v315 -> (match (v241 u) with

| Left v317 -> (Right (proj2 v315))
| Right v317 -> (Left (proj1 v315)))

| Right v315 -> (match (v241 u) with
| Left v316 -> (Left (proj1 v316))
| Right v316 -> (Right (proj1 v315)))

)
)

)

| Right v241 -> (match ((proj1 a) u)
with
| Left v242 -> (match (v242 v) with

...
...

Figure 6: Residualisation of the composition of f3 with itself (small extract).
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� , x : � , � 0 ` M 0 x : �

� ` M 0 M : � 1 � � 2

� ` M 0 � i(M) : � i
(i = 1, 2)

� ` M 0 M : � 1 ! � � ` N 0 N : � 1

� ` M 0 M @N : �

� ` M 0 M : �

� ` M M : �

� ` M 0 M : � 1 + � 2 � , xi : � i ` M M i : � (i = 1, 2)

� ` M � (M , x1. M1, x2. M2) : �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� ` M 0 M : �

� ` N 0 M : �
(� a basetype)

� ` N 0 hi : 1

� ` N 0 N i : � i (i = 1, 2)

� ` N 0 pairhN1, N2i : � 1 � � 2

� ` N 0 N : � i

� ` N 0 � � 1,� 2
i (N) : � 1 + � 2

(i = 1, 2)

� ` N 0 N : �

� ` N N : �

� , x : � 1 ` N N : �
� ` N 0 � x : � 1. N : � 1 ! �

�
x 2 FV(C) for all C 2 Guards(N)

�
(A)

� ` M 0 M : � 1 + � 2 � , xi : � i ` N N i : � (i = 1, 2)

� ` N � (M , x1. N1, x2. N2) : �

�
M 6� C for all C 2

S
i= 1,2 Guards(xi . N i)

N1 6� N2 whenever x1 62 FV(N1) and x2 62 FV(N2)

�
(B)
(C)

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

Guards(N) def=

8
<

:

f M g[
S

i= 1,2 Guards(xi . N i) , if N = � (M, x1. N1, x2. N2)

; , otherwise

Guards(xi . N i)
def=

�
C 2 Guards(N i) j xi 62 FV(C)

	

Figure 7: Neutral and normal terms.
(The context is assumedconsistent unless stated otherwise.)
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� (� (t, �1 � h1, �2 � h2), f , g) = � � � (t, f � h1, g � h2)

( f ((� (t, x1. t1, x2. t2)) )) = � � � (t, x1. ( f (t1)) , x2. ( f (t2)))

((� (t, x1. t1, x2. t2))( t 0)) = � � � (t, x1. (t1(t 0)) , x2. (t2(t 0)) )

� (t , x. � ( t , x1. t 1 , x2. t 2) , y. u) = � � � (t , x. t1[x=x1], y. u)

� (t , x. � (t 0, x1. u1, x2. u2), y. u) = � � � (t 0, x1. � (t , x. u1, y. u), x2. � (t , x. u2, y. u))

if x 62 FV(t 0) and xi 62 FV(t) (i = 1, 2)

Figure 8: Someexamples of � � -conversion with sum types

#� V = V

#1 V = hi

#� ! � V = let x be a freshvariable and p a new delimiter in � x. set p in #� (V @" � x)

#� 1� � 2 V = pairh#� 1 (� 1(V)) , #� 2 (� 2(V)) i

#� 1+ � 2 V = �
�
V, x1. �1(#� 1 x1), x2. �2(#� 2 x2)

�

" � M = M

" 1 M = hi

" � ! � M = � x. " � (M @#� x)

" � 1� � 2 M = pairh" � 1 (� 1(M)), " � 2 (� 2(M))i

" � 1+ � 2 M = if M is globally associatedto (L, z) modulo �
then �1(" � 1 z)
else if M is globally associatedto (R, z) modulo �

then �2(" � 2 z)
else let m be the best delimiter for M

in cupto m asc
in let x1 and x2 be freshvariables

associateM to (L, x1) while computing n1 = set m in (c @�1(" � 1 x1))
associateM to (R, x2) while computing n2 = set m in (c @�2(" � 2 x2))

in if x1 62 FV(n1), x2 62 FV(n2), and n1 � n2
then n1
else � (M, x1. n1, x2. n2)

Figure 9: Optimised type-dir ectednormalisation.
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# residualise2 ... comp3;;
- : normal =
(fun a ->
((fun u -> (match ((proj1 a) u) with

| Left v32 -> (Left (fun v -> (match (v32 v) with
| Left v36 -> (Left v36)
| Right v37 -> (Right v37))

))
| Right v33 -> (Right (fun v -> (match (v33 v) with

| Left v50 -> (Left ((proj1 v50) , (proj2 v50)))
| Right v51 -> (match v51 with

| Left v54 -> (Right (Left ((proj1 v54) , (proj2 v54))))
| Right v55 -> (Right (Right ((proj1 v55) , (proj2 v55)))))

))))
) ,

(fun v ->
(match ((proj2 a) v) with
| Left v0 -> (Left (fun u -> (match (v0 u) with

| Left v4 -> (Left ((proj1 v4) , ((proj1 (proj2 v4)) , (proj2 (proj2 v4)))))
| Right v5 -> (Right ((proj1 v5) , ((proj1 (proj2 v5)) , (proj2 (proj2 v5))))))

))
| Right v1 -> (Right (fun u -> (match (v1 u) with

| Left v20 -> (Left ((proj1 v20) , ((proj1 (proj2 v20)) ,
((proj1 (proj2 (proj2 v20))) , (proj2 (proj2 (proj2 v20)))))))

| Right v21 -> (match v21 with
| Left v22 -> (Right (Left ((proj1 v22) , ((proj1 (proj2 v22)),

((proj1 (proj2 (proj2 v22))) , (proj2 (proj2 (proj2 v22))))))))
| Right v23 -> (Right (Right ((proj1 v23) , ((proj1 (proj2 v23)) ,

((proj1 (proj2 (proj2 v23))) , (proj2 (proj2 (proj2 v23)))))))))
)))))))

Figure 10: Residualisation of the composition of f3 with itself, with the new algorithm.
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